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PREFACE. 


Thk  discovery  of  the  great  law  of  nature,  the  law  of  grayitation,  by 
Newepn,  prepared  the  way  for  the  brilliant  achievements  which  have 
distinguished  the  history  of  astronomical  science.  A  first  essential,  how- 
ever, to  the  solution  of  those  recondite  problems  which  wei^e  to  exhibit 
the  effect  of  the  mutual  attraction  of  the  bodies  of  our  system,  was  the 
development  of  the  infinitesimal  calculus;  and  the  labors  of  those  who 
devoted  themselves  to  pure  analysis  have  contributed  a  most  inipoi-tant 
part  in  the  attainment  of  the  high  degree  of  perfection  which  character- 
izes the  results  of  astronomical  inv^tigations.  Of  the  earlier  efforts  to 
develop  the  great  results  following  from  the  law  of  gi-avitation,  those  of 
EuLEK  stand  pre-eminent,  and  the  memoirs  which  he  published  have, 
in  reality,  furnished  the  germ  of  all  subsequent  investigations  in 
celestial  mechanics.  In  this  connection  also  the  names  of  BekhouillIj 
Claikaut,  and  D'Alembebt  deserve  the  most  honorable  mention  as 
having  contributed  also,  in  a  high  degree,  to  give  direction  to  the  inves- 
tigations which  were  to  unfold  so  many  mysteries  of  nature.  By  means 
of  the  researches  thus  inaugurated,  the  great  problems  of  mechanics 
were  successfully  solved,  many  beautiful  theorems  relating  to  the  planet- 
ary motions  demonstrated,  and  many  useful  formulfe  developed. 

It  ia  true,  however,  that  in  the  early  stage  of  the  science  methods 
were  developed  which  have  since  been  found  to  be  impracticable,  even 
if  not  erroneous;  still,  enough  was  efiected  to  direct  attention  in  the 
proper  channel,  and  to  prepare  the  way  for  the  more  complete  labors  of 
Lagkanqe  and  Laplace.  The  genius  and  the  analytical  skill  of  these 
extraordinary  men  gave  to  the  progress  of  Theoretical  Astronomy  the 
most  rapid  strides ;  and  the  intricate  investigations  which  they  success- 
fully performed,  served  constantly  to  educe  new  discoveries,  so  that  of 
all  the  problems  relating  to  the  mutual  attraction  of  the  several  p 
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4  PREFACE. 

but  little  more  remained  to  be  accomplished  by  their  successors  than  to 
develop  and  simplify  the  methods  which  they  made  knowu,  and  to  intro- 
duce such  modifications  as  should  be  indicated  by  experience  or  rendered 
possible  by  the  latest  discoveries  in.  the  domain  of  pure  analysis. 

The  problem  of  determining  the  elements  of  the  orbit  of  a  comet 
moving  in  a  parabola,  by  means  of  observed  places,  which  had  been 
considered  by  Newtos,  Euler,  Boscovich,  Lameekt,  and  others, 
received  from  Lagrange  and  Laplace  the  most  careful  consideration 
in  the  light  of  all  that  had  been  previously  done.  The  solution  given 
by  the  former  is  analytically  complete,  but  far  from  being  practically 
complete;  that  given  by  the  latter  is  especially  simple  and  practical  so 
far  as  regards  the  labor  of  computation;  but  the  results  obtained  by  it 
are  so  affected  by  the  unavoidable  errors  of  observation  as  to  be  often 
little  more  than  rude  approximations.  The  method  which  was  found  to 
answer  best  in  actual  practice,  was  that  proposed  by  Olbeks  in  his 
work  entitled  Ldchteste  mid  bequemsfe  Metkode  die  Bahn,  eines  Cometen 
nu  bereehnen,  in  which,  by  making  use  of  a  beautiful  theorem  of  para- 
bolic motion  demonstrated  by  Euler  and  also  by  Lambert,  and  by 
adopting  a  method  of  trial  and  error  in  the  numerical  solution  of 
certain  equations,  he  was  enabled  to  effect  a  solution  which  could  be 
performed  with  remarkable  ease.  The  accuracy  of  the  results  obtabied 
by  Olbeks's  method,  and  the  facility  of  its  application,  directed  the 
attention  of  Legendre,  Ivory,  Gauss,  and  Ekcke  to  this  subject,  and 
by  them  the  method  was  extended  and  generalized,  and  rendered  appli- 
cable in  the  exceptional  cases  in  which  the  other  methods  failed. 

It  should  be  observed,  however,  that  the  knowledge  of  one  element, 
the  eccentricity,  greatly  facilitated  the  solution;  and,  although  elliptic 
elements  had  been  computed  for  some  of  the  comets,  the  first  hypothesis 
was  tliat  of  parabolic  motion,  so  that  the  subsequent  process  required 
simply  the  determination  of  the  corrections  to  be  applied  to  these  ele- 
ments in  order  to  satisfy  the  observations.  The  more  difiicult  problem 
of  determining  al!  the  elements  of  planetary  motion  directly  from  three 
observed  places,  remained  unsolved  until  the  discovery  of  Ceres  by 
PlAzzi  in  1801,  by  which  the  attention  of  Gauss  was  directed  to  this 
subject,  the  result  of  which  was  the  subsequent  publication  of  his 
Theoria  Motus  Gorporum  C€elesUuni,n  most  able  work,  in  which  he  gave 
to  the  world,  in  a  finished  form,  the  results  of  many  years  of  attention 
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to  the  subject  of  which  it  treats.  His  method  for  determining  all  tlie 
elements  directly  from  given  observed  places,  as  given  in  the  Tkeoria 
Moius,  and  as  subsequently  given  in  a  revised  form  by  Ekcke,  leaves 
scarcely  any  thing  to  be  desired  on  this  topic.  In  the  same  work  he 
gave  the  first  explanation  of  the  method  of  least  eqnares,  a  method 
which  has  been  of  inestimable  service  in  investigations  depending  on 
observed  data. 

The  discovery  of  the  minor  planets  directed  attention  also  to  the 
methods  of  determining  their  perturbations,  since  those  applied  in  the 
case  of  the  major  planets  were  found  to  be  inapplicable.  For  a  long 
time  astronomers  were  content  simply  to  compute  the  special  perturba- 
tions of  these  bodies  from  epoch  to  epoch,  and  it  was  not  until  the  com- 
mencement of  the  brilliant  researches  by  Hansen  that  serious  hopes 
were  entertained  of  being  able  to  compute  successfully  the  general  per- 
turbations of  these  bodies.  By  devising  an  entirely  new  mode  of  con- 
sidering the  perturbations,  namely,  by  determining  what  may  be  called 
the  perturbations  of  the  time,  and  thus  passing  from  the  undisturbed 
place  to  the  disturbed  place,  and  by  other  ingenious  analytical  and 
mechanical  devices,  he  succeeded  in  effecting  a  solution  of  this  most 
difficult  problem,  and  his  latest  worts  contain  all  the  formulte  which  are 
required  for  the  cases  actually  occurring.  The  refined  and  difiicult 
analysis  and  the  laborious  calculations  involved  were  such  that,  even 
after  Hansen's  methods  were  made  known,  astronomers  still  adhered  to 
the  method  of  special  perturbations  by  the  variation  of  constants  aa 
developed  by  Lasrange. 

The  discovery  of  Aslrcsa  by  Hencke  was  speedily  followed  by  the 
discovery  of  other  planets,  and  fortunately  indeed  it  so  happened  that 
the  subject  of  special  perturbations  was  to  receive  a  new  improvement. 
The  discovery  by  Bond  and  Enckb  of  a  method  by  which  we  determine 
at  once  the  variations  of  the  rectangular  co-ordinates  of  the  disturbed 
body  by  integrating  the  fundamental  equations  of  motion  by  means  of 
mechanical  quadrature,  directed  the  attention  of  Hansen  to  this  phase 
of  the  problem,  and  soon  after  he  gave  formulte  for  the  determination 
of  the  perturbations  of  the  latitude,  the  mean  anomaly,  and  the  loga- 
rithm of  the  radius-vector,  which  are  exceedingly  convenient  in  the 
process  of  integration,  and  which  have  been  found  to  give  the  most 
satisfactory  results.    The  formulae  for  the  perturbations  of  the  latitude, 
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true  longitude,  and  radius- vector,  to  be  integrated  in  the  sa 
were  aftenvards  given  by  BeHhhow, 

Having  thus  stated  briefly  a  few  historical  facts  relating  to  the 
problems  of  theoretical  astronomy,  I  proceed  to  a  statement  of  the 
object  of  this  work.  The  discovery  of  so  many  planets  and  comets  has 
furnished  a  wide  field  for  exercise  in  the  calculations  relating  to  their 
motions,  and  it  has  occurred  to  me  that  a  work  which  should  contain  a 
development  of  all  the  formulae  required  in  determining  the  orbits  of  the 
heavenly  bodies  directly  from  given  observed  places,  and  in  correcting 
tbeae  orbits  by  means  of  more  extended  discussions  of  series  of  observa- 
tions, including  also  the  determination  of  the  perturbations,  together 
with  a  Goinplete  collection  of  auxiliary  tables,  and  also  such  practical 
directions  as  might  guide  the  inexperienced  computer,  might  add  very 
materially  to  the  progress  of  the  science  by  attracting  the  attention  of  a 
greater  number  of  competent  computers.  Having  carefully  read  the 
works  of  the  great  masters,  my  plan  was  to  prepare  a  complete  work  on 
this  subject,  commencing  with  the  fundamental  principles  of  dynamics, 
and  systematically  treating,  from  one  point  of  view,  all  the  problems 
presented.  The  scope  and  the  arrangement  of  the  work  will  be  best 
understood  after  an  examination  of  its  contents ;  and  let  it  sufEce  to  add 
that  I  have  endeavored  to  keep  constantly  in  view  the  wants  of  the 
computer,  providing  for  the  exceptional  cases  as  they  occur,  and  giving 
all  the  formulfe  which  appeared  to  me  to  be  best  adapted  to  the  problems 
under  consideration.  I  have  not  thought  it  worth  while  to  trace  out  the 
geometrical  signification  of  many  of  the  auxiliary  quantities  introduced. 
Those  who  are  curious  in  such  matters  may  readily  derive  many  beau- 
tiful theorems  from  a  consideration  of  the  relations  of  some  of  these 
auxiliaries.  For  convenience,  the  formula  are  numbered  consecutively 
through  each  chapter,  and  the  references  to  those  of  a  preceding  chapter 
are  defined  by  adding  a  subscript  figure  denoting  the  number  of  the 
chapter. 

Besides  having  read  the  works  of  those  who  have  given  special  atten- 
tion to  these  problems,  I  have  consulted  the  Astronofnisolie  Naehrichten, 
the  Astronomieal  Journal,  and  other  astronomical  periodicals,  in  which 
is  to  be  found  much  valuable  information  resulting  from  the  experi- 
ence of  those  who  have  been  or  arc  now  actively  engaged  in  astro- 
nomical pursuits.     I  must  also  express  my  obligations  to  the  publishers. 
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Messrs.  J.  B.  Lipfikcott  &  Co.,  for  the  geaerous  interest  which,  they 
have  manifested  in  the  publication  of  the  work,  and  also  to  Dr.  B.  A. 
Gould,  of  Cambridge,  Mass.,  and  to  Dr.  Oppolzer,  of  Vienna,  for 
valuable  suggestions. 

For  the  detei-mination  of  the  time  from  the  perihelion  and  of  the  true 
anomaly  in  very  eccentric  orbits  I  have  given  the  method  proposed  by 
e  Monatliehe  Correspondent,  vol.  xii., — the  tables  for  which 
Y  given  by  Brunnow  in  his  Astronomical  NoUaes, — and 
also  the  method  proposed  by  Gauss,  but  in  a  more  convenient  form. 
For  obvious  reasons,  I  have  given  the  solution  for  the  special  case  of 
parabolic  motion  before  completing  the  solution  of  the  general  problem 
of  finding  all  of  the  elements  of  the  orbit  by  means  of  three  observed 
places.  The  differential  formulae  and  the  other  formulae  for  correcting 
approximate  elements  are  given  in  a  form  convenient  for  application, 
and  the  formulje  for  finding  the  chord  or  the  time  of  describing  the 
subtended  arc  of  the  orbit,  in  the  case  of  very  eccentric  orbits,  will  be 
found  very  convenient  in  practice. 

I  have  given  a  pretty  full  development  of  the  application  of  the 
theory  of  probabilities  to  the  combination  of  observations,  endeavoring 
to  direct  the  attention  of  the  reader,  as  far  as  possible,  to  the  sources  of 
error  to  be  apprehended  and  to  the  most  advantageous  method  of  treat- 
ing the  problem  so  as  to  eliminate  the  effects  of  these  errors.  For  the 
rejection  of  doubtful  observations,  according  to  theoretical  considerations, 
I  have  given  the  simplo  formula,  suggested  by  Chauvenet,  which  fol- 
1  d'  tl  f  m  th  f  dam  ntal  q  at"  f  th  p  1  ability  of 
and    hwanwfhpp        h  irdas  well  as 

m  pp  PiEElnh     chapter 

hh  fpap  b       niha        akn  particular 

p  n         m  and      a     cal  form, 

k    pm  n  b  m  a        a     a  d    onvonient 

m  p.a  Th  dhnpnd.  variable 

nh  a  fbpb  hmnd       tly,  since 

experience  has  established  the  convenience  of  this  form;  and  should  it 
be  desired  to  change  the  independent  variable  and  to  use  the  differential 
coefBcIents  with  respect  to  the  eccentric  anomaly,  the  equations  between 
this  function  and  the  mean  motion  will  enable  us  to  effect  readily  the 
required  transformation. 
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The  numerical  examples  invulve  data  ileilved  from  actual  obBerva- 
tions,  and  care  has  been  taken  to  make  them  complete  in  every  respect, 
so  as  to  serve  as  a,  guide  to  the  efforts  of  those  not  familiar  with  these 
calculations;  and  when  different  fundamental  planes  are  spoken  of,  it  ia 
presumed  that  the  reader  ia  familiar  with  the  elements  of  spherical 
astronomy,  so  that  it  ia  unnecessary  to  atate,  in  all  cases,  whether  the 
centre  of  the  sphere  is  taken  at  the  centre  of  the  earth,  or  at  any  other 
point  in  space. 

The  preparation  of  the  Tables  has  cost  me  a  great  amount  of  labor, 
logarithms  of  ten  decimals  being  employed  in  order  to  be  sure  of  the 
last  decimal  given.  Several  of  those  in  previous  use  have  been  recom- 
puted and  extended,  and  others  here  given  for  the  first  time  have  been 
prepared  with  special  care.  The  adopted  value  of  the  constant  of  the 
solar  attraetion  is  that  given  by  Gauss,  which,  as  will  appear,  is  not 
accurately  in  accordance  wltL  tJie  adoption  of  tte  mean  distance  of  the 
earth  from  the  sun  aa  the  unit  of  space;  but  until  the  absolute  value  of 
the  earth's  mean  motion  is  known,  it  is  best,  for  the  sake  of  uniformity 
and  accuracy,  to  retain  Gadss'b  constant. 

The  preparation  of  this  work  has  been  effected  amid  many  interrup- 
tions, and  with  other  labors  constantly  pres. '  m  by  wh'  h  th  i  ^  ss 
of  its  publication  has  been  somewhat    11yd  tl       t 

typing  was  commenced,  so  tliat  in  som  Ih         bnat     itel 

in  the  publication  of  formula  which  wo  Id  h         1  pp         1  f      th 

first  time.     I  have,  however,  endeavored  t    p    f    m      n  u  h  th 

self-imposed  task,  seeking  always  to  sec        a  1      cal      q     n  tl     d 

velopment  of  the  formulse,  to  preserve  un  f    m  t     and     I  tl 

notation,  and  to  elucidate  the  successive   t  p     n  th    an  1)  tl    t  tl 

work  raav  be  read  by  those  who  posseosmg  a  respectable  mathematical 
educati  n  desue  to  be  informed  of  the  means  bj  which  a^tionomera  are 
enibled  to  inne  at  so  manv  grand  results  connected  with  the  motiona 
of  the  heavenly  bodies  an  I  bj  which  the  grandeui  and  sublimity  of 
cieation  aie  unveiled  The  labor  of  the  piepaiation  (f  the  wo»k  will 
ha\e  been  fullj  repaid  if  it  shall  be  the  meins  of  directng  a  nirre 
gei  eial  attent  on  to  the  sti  dy  f  the  wonderful  mechanism  of  the  hea 
vens  the  contemplation  of  which  mist  evei  sei^c  to  impresi  up  n  tl  e 
mmd  the  reality  of  the  peifection  ci  the  jmmpotent  the  limn    COD' 

Observatory,  Ann  Abbok,  June,  1867. 
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THEORETICAL  ASTRONOMY. 


CHAPTER  I. 


EQUATIONS  OP  MO" 
"OWH    EtEMBBTS,   1 

NUMERICAL  COMPCTA- 


1,  The  study  of  the  motions  of  the  heavenly  bodies  does  not  re- 
quire tliat  we  should  know  the  ultimate  limit  of  divisibility  of  the 
m^itter  of  which  tliey  are  composed, — whether  it  may  be  subdivided 
indefinitely,  or  whether  the  limit  is  an  indivisible,  impenetrable  atom. 
Nor  ai-e  we  concerned  with  the  relations  which  exist  between  the 
separate  atoms  or  molecules,  except  so  far  as  they  form,  in  the  aggre- 
gate, a  definite  body  whose  relation  to  other  bodies  of  the  system  it 
is  required  to  investigate.  On  the  contrary,  in  considering  the  ope- 
ration of  the  laws  in  obedience  to  which  matter  is  aggregated  into 
single  bodies  and  systems  of  bodies,  it  is  sufficient  to  conceive  simply 
of  its  divisibility  to  a  limit  which  may  be  regarded  as  infinitesimal 
compared  with  the  finite  volume  of  the  body,  and  to  regard  the  mag- 
nitude of  the  element  of  matter  thus  arrived  at  as  a  mathematical 

An  element  of  matter,  or  a  material  body,  cannot  give  itself 
motion;  neither  can  it  alter,  in  any  manner  wliatever,  any  motion 
which  may  have  been  communicated  to  it.  This  tendency  of  matter 
to  resist  all  changes  of  its  existing  state  of  rest  or  motion  is  known 
as  inertia,  and  is  the  fundamental  law  of  the  motion  of  bodies.  Ex- 
perience invariably  confirms  it  as  a  law  of  nature;  the  continuance  of 
motion  as  resistances  are  removed,  as  well  as  the  sensibly  unchanged 
motion  of  the  heavenly  bodies  during  many  centuries,  affording  the 
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most  convincing  proof  of  ite  universality.  Whenever,  therefore,  a 
material  point  experiences  any  change  of  ite  state  as  respects  rest  or 
motion,  the  cause  must  be  attributed  to  the  operation  of  something 
external  to  the  element  itself,  and  which  we  designate  by  the  word 
force.  The  nature  of  forces  is  generally  unknown,  and  we  estimate 
them  by  the  effects  which  they  produce.  They  are  thus  rendered  com- 
parable with  some  unit,  and  may  be  expressed  by  abstract  numbers. 

2.  If  a  material  point,  free  to  move,  receives  au  impulse  by  virtue 
of  the  action  of  any  force,  or  if,  at  any  instant,  the  force  by  which 
motion  is  communicated  shall  cease  to  act,  the  subsequent  motion  of 
the  point,  according  to  the  law  of  inertia,  must  be  rectilinear  and 
uniform,  equal  spaces  being  described  in  equal  times.  Tlius,  if  s,  v, 
and  (  represent,  respectively,  the  space,  the  velooUy,  and  the  time,  the 
measure  of  v  being  the  space  described  in  a  unit  of  time,  we  shall 
have,  in  this  ease, 


It  is  evident,  however,  that  the  space  described  in  a  unit  of  time  will 
vary  with  the  intensity  of  the  force  to  which  the  motion  is  due,  and, 
the  nature  of  the  force  being  unknown,  we  must  necessarily  compare 
the  velocities  commnnieated  to  the  point  by  different  forces,  in  oi"der 
to  arrive  at  the  relation  of  their  effects.  We  are  thus  led  to  regard 
tlie  force  as  proportional  to  the  velocity;  and  this  also  has  received 
the  most  indubitable  proof  as  being  a  law  of  nature.  Hence,  the 
principles  of  the  composition  and  resolution  of  forces  may  be  applied 
also  to  the  composition  and  resolution  of  velocities. 

If  the  force  acts  incessantly,  the  velocity  will  be  accelerated,  and 
the  force  which  produces  this  motion  is  called  an  acoderatinff  force. 
In  regard  to  the  mode  of  operation  of  the  force,  however,  we  may 
consider  it  as  acting  absolutely  without  cessation,  or  we  may  regard 
it  as  acting  instaiite.neously  at  successive  infinitesimal  intervals  repre- 
sented by  dt,  and  hence  the  motion  as  uniform  during  each  of  tlicse 
intervals.  The  latter  supposition  is  that  which  is  best  adaptetl  to 
the  requirement  of  the  infinitesimal  calculus;  and,  according  to  the 
fundamental  principles  of  this  calculus,  the  finite  result  will  be  the 
same  as  in  tlie  case  of  a  force  whose  action  is  absolutely  incessant. 
Therefore,  if  we  represent  the  element  of  space  by  ds,  and  the  ele- 
ment of  time  by  dt,  the  instantaneous  velocity  will  be 

'"~~dt' 
which  will  vary  from  one  instaut  to  another. 
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3.  Since  the  force  is  proportional  to  the  velocity,  its  measure  at 
any,  instant  will  be  determined  by  the  corresponding  velocity.  If 
the  accelerating  force  is  constant,  the  motion  will  be  uniformly  accele- 
rated; and  if  we  designate  the  aoeeleratwn  due  to  the  force  by/,  the 
unit  of/  being  the  velocity  generated  in  a  unit  of  time,  we  shall  have 

If,  however,  the  force  be  variable,  we  shall  have,  at  any  instant, 
the  relation 


the  force  being  regarded  as  constant  in  its  action  during  the  element 
of  time  dt.    The  instantaneous  value  of  v  gives,  by  differentiation, 


dt        df" 
and  hence  we  derive 

so  that,  in  varied  motion,  the  acceleration  due  to  the  force  is  mea^ 
sured  by  the  second  differential  of  the  space  divided  by  the  sc^uare 
of  the  element  of  time. 

4.  By  the  mass  of  the  body  we  mean  its  absolute  quantity  of  mat- 
ter. The  density  is  the  mass  of  a  unit  of  volume,  and  hence  the 
entire  mass  is  equal  to  the  volume  multiplied  by  tlie  density.  If  it 
is  required  to  compare  the  forces  which  aot  upon  different  bodies,  it 
is  evident  that  the  masses  must  be  considered.  If  equal  masses 
receive  impulses  by  the  action  of  instantaneous  forces,  the  tbrces 
acting  on  each  will  be  to  each  other  as  the  velocities  imparted ;  and 
if  we  consider  as  the  unit  of  force  that  which  gives  to  a  unit  of  mass 
the  unit  of  velocity,  we  have  for  the  measure  of  a  force  /'',  denoting 
the  mass  by  M, 

This  is  called  the  qunTiHty  of  motion  of  the  body,  and  expresses  its 
capacity  to  overcome  inertia.  By  virtue  of  the  inert  state  of  matter, 
there  can  be  no  action  of  a  force  without  an  equal  and  contrai-y  re- 
action ;  for,  if  tlie  body  to  whicli  the  force  is  applied  is  fixed,  tlie 
equilibrium  between  the  resistance  and  the  force  necessarily  implies 
the  development  of  an  equal  and  contrary  force ;  and,  if  the  body  be 
free  to  move,  in  the  change  of  state,  its  inertia  will  oppose  equal  and 
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contiury  resistance.  Hence,  as  a  necessary  consequence  of  inei'tia,  it 
follows  tliat  action  and  reaction  are  simultaneous,  equal,  and  contrary, 
if  the  body  is  acted  upou  by  a  force  such  that  the  motion  is  varied, 
the  accelerating  force  upon  each  element  of  it-S  mass  is  represented  by 
— ,  and  the  entire  motive  force  F  is  expressed  by 

at 
M  being  the  sum  of  all  the  elements,  or  the  mass  of  the  body.   Since 


F^Mft. 

which  is  the  expression  for  the  intensity  of  the  motive  force,  or  of 
the  force  of  inertia  developed.  For  the  unit  of  mass,  the  measuro 
of  the  force  is 

and  this,  therefore,  expresses  that  part  of  the  intensity  of  the  motive 
force  which  is  impressed  upon  the  unit  of  mass,  and  is  what  is  usually 
called  the  aeaeleratrng  force. 

5.  The  force  in  obedienc*  to  which  the  heavenly  bodies  perform 
their  joui'ney  through  space,  is  known  as  the  aitraction  of  gravUaMon; 
and  the  law  of  the  operation  of  this  force,  in  itself  simple  and  unique, 
has  been  eonlirmed  and  generalized  by  the  accumulated  researches  of 
modern  science.  Not  only  do  we  find  that  it  controls  the  m.otions  of 
the  bodies  of  our  own  solar  system,  but  that  the  revolutions  of  binai-y 
systems  of  stars  in  the  remotest  ri^ions  of  space  proclaim  the  uni- 
vei-sality  of  its  operation.  It  unfeilingly  explains  all  the  phenomena 
observed,  and,  outstripping  observation,  it  has  furnished  the  means 
of  predicting  many  phenomena  subsequently  observed.  The  law  of 
this  force  is  that  euery  ■paHide  of  matter  is  atfracsted  by  every  otkm- 
particle  by  a  force  which  varies  directly  as  the  mass  and  inversely  as 
the  square  of  the  disfamce  of  the  atiraetmg  particle. 

This  reciprocal  action  is  instantaneous,  and  is  not  modified,  in  any 
degree,  by  the  interposition  of  other  particles  or  bodies  of  matter.  It 
is  also  absolutely  independent  of  the  nature  of  the  molecules  them- 
selves, and  of  their  aggregation. 
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If  we  coi    de   t  vo  bod  e    tl  e  m  s.  e?  of    vl     !  a  e      a  id  »    and 

whose  raagi  t  des  are   o  smill  rel  t     1    to  tl  e  r  mut  al  disti  oe  p, 

that  we  maj   egi  d  them  a.  material  \    at    i  ^  1  ng  t    tl  e  la  v  of 

gravitixtioii,  the  actoiof      on  eacl       olecule  t    f           H  be 
F  11  be 


The  action  of  m'  on  each  molecule  of  m  will  be  expressed  by  - 
its  total  action  by 


The  absolute  or  moving  force  with  which  the  masses  m  and  m'  tend 
toward  each  other  is,  therefore,  the  same  on  each  body,  which  result 
is  a  necessary  consequence  of  the  equality  of  action  and  reaction, 
The  velocities,  however,  with  which  these  bodies  would  approach 
each  other  must  be  different,  the  velocity  of  the  smaller  mass  exceed- 
ing that  of  the  greater,  and  in  the  ratio  of  the  masses  moved.  The 
expression  for  the  velocity  of  m',  which  would  be  generated  in  a  unit 
of  time  if  the  force  remained  constant,  is  obtained  by  dividing  the 
absolute  force  exerted  by  m  by  the  mass  moved,  which  gives 


and  this  ia,  therefore,  the  measure  of  the  acceleration  due  to  the 
action  of  m  at  the  distance  p.  For  the  acceleration  dne  to  the 
action  of  m'  we  derive,  in  a  similar  e 


6.  Observation  shows  that  the  heavenly  bodies  are  nearly  spherical 
in  form,  and  we  shall  therefore,  preparatory  to  finding  the  equations 
which  express  the  relative  motions  of  the  bodies  of  the  system,  de- 
termine the  attraction  of  a  spherical  mass  of  uniform  density,  or 
varying  from  the  centre  to  the  surface  according  to  any  law,  for  a 
point  exterior  to  it. 

If  we  suppose  a  straight  line  to  be  drawn  throi^h  the  centre  of  the 
sphere  and  the  point  attracted,  the  total  action  of  the  sphere  on  the 
point  will  be  a  force  acting  along  this  line,  since  the  mass  of  the 
sphere  is  symmetrical  with  respect  to  it.     Let  dm  denote  an  element 
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of  the  mass  of  the  sphere,  and  f>  its  distance  from  the  point  attracted; 
then  will 

dm 

p' 

express  the  action  of  this  element  on  the  point  attracted.  If  we  sup- 
pose the  density  of  the  sphere  to  be  constant,  and  equal  to  unity,  tlie 
element  dm  becomes  an  element  of  volume,  and  will  be  expressed  by 

dm  =  dx  dy  dz ; 

X,  y,  and  z  being  the  co-ordinates  of  the  element  referred  to  a  system 
of  j-ectangular  co-ordinates.  If  we  take  the  origin  of  co-ordinates 
at  the  centre  of  the  sphere,  and  introduce  polar  co-ordinates,  so  that 

x  =  raos<p  cos  8, 
y^^rcosp  sin  0, 
3  =  r  sin  p, 

the  expression  for  dvi  heoomes 

dm  =  r'  cos  y  dr  df  d8 ; 

and  its  action  on  the  point  attracted  is 

IS  tp  dr  dtp  dS 


df=- 

If  we  suppose  the  axis  of  z  to  be  directed  to  the  point  attracted, 
the  co-ordinates  of  tliis  point  will  be 

a  being  the  distance  of  the  point  from  the  centre  of  the  sphere,  and, 
since 

/,-'  =  (^  -  ^y  -f-  (j,  -  yy  -!-(._  z'Y, 


The  component  of  the  force  df  in  the  direction  of  the  line  a,  join- 
ing the  point  attracted  and  the  centre  of  the  sphere,  is 

dj  cos  y, 

where  y  is  the  angle  at  the  point  attracted  between  the  element  dm 
and  the  centre  of  the  sphere.  It  is  evident  that  the  sum  of  all  the 
components  which  act  in  the  direction  of  the  line  «  will  express  the 
total  action  of  the  sphere,  since  the  sum  of  those  which  act  perpen- 
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dicular  to  this  line,  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  is  zero. 
But  we  have 

a^z~i-  p  cosy, 
and  hence 


The  differentiation  of  the  expression  for  p^,  with  respect  t«  a,  gives 


Therefore,  if  we  denote  the  attraction  of  the  sphere  by  A,  we  shall 
have,  by  means  of  the  values  of  df  and  cos  y, . 

.  . r'  cos  ^  dr  d<p  dd    dp 

P^  da 


dA  =  —  r'  cos  0  dr  d<p  dO  -—. 
da 

The  polar  co-ordinates  r,  f,  and  ?  are  independent  of .«.,  and  hence 

iA  = J^  . 

Let  us  now  put 


dV= 
and  we  shall  have 


Consequently,  to  find  the  total  action  of  the  sphere  on  the  given 
point,  wc  have  only  to  find  Y  by  means  of  equation  (2),  the  limits 
of  the  integration  being  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  and  then  find  its  differential  coefficient  with  respect  to  a. 

If  we  integrate  equation  (2)  first  with  "reference  to  9,  for  which  p 
is  constant,  between  the  limits  fl  ^  0  and  d  '=  27T,  we  get 

la  ^  dr  dp 


This  must  be  integrated  between  the  limits  p  ^  +  |:r  and  ^  - 
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but  since  pis  a,  fimction  of  f^,  if  we  difFerentiate  the  expression  for 
jO*  with  respect  to  p,  we  have 


7=  —  ^ffr  dr  dp. 

Correspouding  to  the  limits  of  f  we  have  p==a  —  r,  and  p  =  a--'r  r; 
and  taking  tlie  integral  with  respect  to  p  between  these  limits,  we 
obtain 

4?!:  /-■'■ 
F=  — —  _prfr. 

Integrating,  finally,  between  tlie  limits  r  ^  0  and  r  =:  r,,  we  get 

r,  being  the  radius  of  the  sphere,  and,  if  we  denote  its  entire  mass  by 
m,  this  becomes 

Therefore, 


from  which  it  appears  that  the  action  of  a  homogeneous  spherical 
mass  on  a  point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were 
concentrated  at  its  centre.  If,  in  the  integration  with  i-espect  to  r, 
we  take  the  limits  r'  and  r",  we  obtain 


A=i 


.(r">-r-) 


■and,  denoting  by  m„  the  mass  of  a  spherical  shell  whose  radii  are  r" 
and  »■',  this  becomes 


Consequently,  the  attraction  of  a  homogeneous  spherical  shell  on  a 
point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre. 

The  supposition   that  the  point  attracted   is  situated   within  a 
spherical  shell  of  uniform  density,  does  not  change  the  form  of  tlie 
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general  equation ;  but,  in  the  integration  with  reference  to  p,  the 
Kmits  will  be  /a  —  i-  +  «,  and  /?  =  r  —  «,  which  give 

and  this  being  independent  of  a,  we  have 

Whence  it  follows  that  a  point  placed  in  the  interior  of  a  spherical 
sliell  is  equally  attracted  in  all  directions,  and  that,  if  not  subject  to 
the  action  of  any  extraneous  force,  it  will  be  in  equilibrium  in  every 
position. 

7.  Whatever  may  be  the  law  of  the  change  of  the  density  of  the 
heavenly  bodies  from  the  surface  to  the  centre,  we  may  regard  them 
as  composed  of  homogeneous,  concentric  layers,  the  density  varying 
only  from  one  layer  to  another,  and  the  number  of  the  layers  may 
be  indefinite.  The  action  of  each  of  these  will  be  the  same  as  if  its 
mass  were  united  at  the  centre  of  tlie  shell ;  and  hence  the  total  action 
of  the  body  will  be  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre  of  gi'avity.  The  planets  are  indeed  not  exactly  spheres, 
but  oblate  spheroids  differing  but  little  from  spheres ;  and  the  error 
of  the  assumption  of  an  exact  spherical  form,  so  iar  as  relates  to 
their  action  upon  each  other,  is  extremely  small,  and  is  in  fact  com- 
pensated by  the  magnitude  of  their  distances  from  each  other ;  for, 
whatever  may  be  the  form  of  the  body,  if  its  dimensions  are  small 
in  comparison  with  its  distance  from  the  body  which  it  attracts,  it  is 
evident  that  its  action  will  be  sensibly  the  same  as  if  its  entire  mass 
were  concentrated  at  its  centre  of  gravity.  If  we  suppose  a  system 
of  bodies  to  be  composed  of  spherical  masses,  each  unattended  with 
any  satellite,  and  if  we  suppose  that  the  dimensions  of  the  bodies 
are  small  in  comparison  with  their  mutual  distances,  the  formation 
of  the  equations  for  the  motion  of  the  bodies  of  the  system  will  be 
reduced  to  the  consideration  of  the  motions  of  simple  points  endowed 
with  forces  of  attraction  corresponding  to  the  respective  masses.  Our 
solar  system  is,  in  reality,  a  compound  system,  the  several  systems 
of  primaiy  and  satellites  corresponding  nearly  to  the  case  supposed ; 
and,  before  proceeding  with  the  formation  of  the  equations  which  are 
applicable  to  the  general  case,  we  will  consider,  at  first,  those  for  a 
simple  system  of  bodies,  considered  as  points  and  subject  to  their 
mutual  actions  aud  the  action  of  the  forces  which  correspond  to  the 
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actual  velocities  of  tlie  difFereut  parts  of  tlie  system  for  aiiy  instant. 
It  is  evident  that  we  cannot  consider  tlie  motion  of  any  single  Ixidy 
as  free,  and  subject  only  to  the  action  of  the  primitive  impulsion 
which  it  has  received  and  the  accelerating  forcea  which  act  upon  it ; 
but,  on  the  contrary,  the  motion  of  each  body  will  depend  on  tlie 
force  which  acts  upon  it  directly,  and  also  on  the  reaction  due  to  the 
other  bodies  of  the  system.  The  consideration,  however,  of  the  varia- 
tions of  the  motion  of  the  several  bodies  of  the  system  is  reduced  to 
the  simple  case  of  equilibrium  by  means  of  the  general  principle  that, 
if  we  assign  to  the  different  bodies  of  the  system  motions  which  are 
modified  by  their  mutual  action,  we  may  regard  these  motions  as 
composed  of  those  which  the  bodies  actually  have  and  of  otlier 
motions  which  are  desti-oyed,  and  which  must  therefore  necessarily 
be  such  that,  if  they  alone  existed,  the  system  would  be  in  equi- 
librium. |We  are  thus  enabled  to  form  at  once  the  equations  for  the 
motion  of  a  system  of  bodies.  Let  m,  m',  m",  &e.  be  the  masses  of 
the  several  bodies  of  the  system,  and  x,  y,  z,  x',  y' ,  z',  &c.  thfir  co- 
ordinates referred  to  any  system  of  rectangular  axes.  Further,  let 
tlie  components  of  the  total  force  acting  upon  a  unit  of  the  mass  of 
m,  or  of  the  accelerating  force,  resolved  in  directions  parallel  to  the 
co-ordinate  axes,  be  denoted  by  X,  Y,  and  Z,  respectively,  then  will 

viX,  ■niY,  mZ, 

be  the  forces  which  act  upon  the  body  in  the  same  directions.  The 
velocities  of  the  body  m  at  any  instant,  in  directions  parallel  to  the 
co-ordinate  axes,  will  be 

dx  dy  6,& 

IE'  It'  'dt' 

and  the  corresponding  forces  arc 


By  virtue  of  the  action  of  the  accelerating  force,  tliese  forces  for  the 
next  instant  become 

m^  +  viXdt,  m-ii- +mYd(,  m^  +  mZdt, 

at    '  dt    '  di    '  ' 

which  may  be  written  respectively : 


stsd  by  Google 


MOTION    OP   A    SYSTEM    OF   BODIES. 


4+-*- 

-- i^  +  mXJf, 

-md^  +  mZdt.- 

The  actual  velocities  for  this  instant  arc 


^  +  a^.  1  +  .- 


dt' 


and  the  corresponding  forces 

"}  +  md 


dx    ,       ,dx  dy    ,        ,  dy 

dt  at  dt  dt 


Comparing  these  with  the  preceding  expressions  for  the  forces,  it 
appears  that  the  forces  which  are  destroyed,  in  directions  pai-allel  to 
the  co-ordinate  axes,  are 


""**- 

+  »ix<a, 

-^ 

+  mYdt, 

+  mZdi. 

In  the  same  manner  we  find  for  the  forces  which  will  be  destroyed 
in  the  case  of  the  body  m' : 


dt 


+  tn'Z'di; 


and  similarly  for  the  other  bodies  of  the  system.  According  to  the 
general  principle  above  enunciated,  the  system  under  the  action  of 
these  forces  alone,  will  be  in  equilibrium.  The  conditions  of  equi- 
librium for  a  system  of  points  of  invariable  but  arbitrary  form,  and 
subject  to  the  action  of  forces  directed  in  any  manner  whatever,  are 

sx,  =  0,  ■^  y,  =  0,  2Z,  ^  0, 

S(Y,x~  X,y)  =0,  S  (X,z  —  Z,x)  =  0,  2'  (Z.y  —  Y,i)  =  0 ; 

in  which  X,  Y,,  Z,,  denote  the  components,  resolved  parallel  to  the 
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co-ordiuatc  axes,  of  the  forces  acting  on  any  point,  and  x,  y,  z,  the 
co-ordinates  of  the  point.  These  equations  are  equally  applicable  to 
the  case  of  the  equilibrium  at  any  instant  of  a  system  of  variable 
form ;  and  substituting  in  them  the  expressions  (3)  for  the  foroes  de- 
stroyed in  the  case  of  a  system  of  bodies,  we  shall  have 


Sm^  —  SmY^a, 


Sm-^^~-SmZ=0, 


^  df      df  j 

■which  are  the  general  equations  for  the  motions  of  a  system  of  bodies, . 

8.  Let  x„  yi,  z„  be  the  co-ordinates  of  the  centre  of  gravity  of  the 
system,  and,  by  difFerentiation  of  tbc  equations  for  the  co-ordinatea 
of  the  centre  of  gravity,  which  are 

Iww;  Smy  Smz 

'        Sm. '  "'        2')ji '  '        £m ' 

we  get 

d%  _       dfi  dhj, dt^  drz,  _       dC 

"dff  ^T'  1^  2^'  d^         I^' 

Introducing  these  values  into  the  first  three  of  equations  (4),  tliey 

become 

d'x,  _  SmX  d:^._SmY  d'z,  _  SmZ^ 

dp  ~    Sm'  "^         Sm"  .  'dF~  Sm  '  ''^ 

fi-om  which  it  appears  that  the  centre  of  gravity  of  the  system  moves 
in  space  as  if  the  masses  of  the  diiferent  bodies  of  which  it  is  com- 
posed, were  united  in  that  point,  and  the  forces  directly  applied  to  it. 
If  we  suppose  that  the  only  accelerating  forces  which  act  on  the 
bodies  of  the  system,  are  those  which  result  from  their  mutual  action, 
we  have  the  obvioas  relation : 

mX=  —  m'X',  mr^  —  m'  Y',  mZ=  —  m'Z', 
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and  similarly  for  any  two  bodied ;  and,  consequently, 

2mX  =-  0,  Jm  K  =  0,  SmZ  =  0 ; 

so  that  equations  (5)  become 

d%^n  ^^~n  A_n 


Integrating  these  once,  and  denoting  the  constants  of  integration  by 
c,  a',  c",  we  find,  by  combining  the  results, 

^;,  -^  -c  +C-  +C    , 

and  hence  the  absolute  motion  of  the  centre  of  gravity  of  the  system, 
wlien  subject  only  to  the  mutual  action  of  the  bodies  -which  compose 
it,  must  be  uniform  and  rectilinear.  Whatever,  therefore,  may  be 
the  relative  motions  of  tlie  different  bodies  of  the  system,  the  motion 
of  ita  centre  of  gravity  is  not  thereby  affected. 

9.  Let  us  now  consider  the  last  three  of  equations  (4),  and  suppose 
the  system  to  be  submitted  only  to  the  mutual  action  of  the  bodies 
which  compose  it,  and  to  a  force  directed  toward  the  origin  of  co- 
ordinates. The  action  of  m'  on  m,  according  to  the  law  of  gravita- 
tion, is  expi'essed  by  — ,  in  which  p  denotes  the  distance  of  m  from  m'. 
To  resolve  this  force  in  directions  parallel  to  the  three  rectangular 
axes,  we  mnst  multiply  it  by  the  cosine  of  the  angle  which  the  line 
joining  tlie  two  bodies  mak^  mth  the  co-ordinate  axes  respectively, 
which  gives 

^__^m'(^-x)_  Y^r^'Clf-y)^  ^^^'(,'-,)^ 


Further,  for  the  components  of  the  accelerating  force  of  tn  on  m',  we 
have 

P  P  I' 

Hence  we  derive 


and  generally 


n{Yx~Xy)Jr  «*'  ( Y'^'  -  S'f)  =  0, 
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In  a  similar  mannev,  we  find 

^m  {Xz  —  2d)  =  %  (7) 

I'm  (i^  ~  Fs)  ^  0. 

Tliese  relations  ifill  not  be  altered  if,  in  addition  to  their  reciprocal 
action,  tlie  bodies  of  the  system  arc  acted  upon  by  forces  directed  to 
the  origin  of  co-ordinates.  Thus,  in  the  case  of  a  force  acting  upon 
m,  find  directed  to  the  origin  of  co-ordinates,  we  have,  for  its  action 
alone, 

Yx  ^  Xy,  Xz  ^Zx,  Zy  =  Yz, 

and  similarly  for  the  other  bodies.  Hence  these  forces  disappear 
from  the  equations,  and,  therefore,  when  the  several  bodies  of  the 
system  are  subject  only  to  their  reciprocal  action  and  to  forces  directed 
to  the  origin  of  co-ordinates,  the  last  three  of  equations  (4)  become 


,^\ 


the  integration  of  which  g 


Im  {xdy  —  ydx")  =  edt, 

Im  Izdx  ~  xdz)  t=  ddt,  (8) 

Smiydz  —xdy)  ^d'dt, 

e,  c',  and  c"  being  the  constants  of  integration.  Now,  xdi/  —  ydx 
is  double  the  area  described  about  the  origin  of  co-ordinates  by  the 
projection  of  the  radius-vector,  or  line  joining  m  with  the  origin  of 
co-ordinat«s,  on  the  plane  of  xy  during  the  element  of  time  dt;  and, 
further,  ndx  —  xdz  and  ydz  —  zdy  are  respectively  double  the  areas 
described,  during  the  same  time,  by  the  projection  of  the  radius-vector 
on  the  planes  of  xz  and  yz.  The  constant  e,  therefore,  expresses  the 
sum  of  the  producis  formed  by  multiplying  the,,a»-ea^  vdooity  of  each 
body,  in  the  direction  of  the  co-opdinate  plane  xy,  by  its  mass;  and 
o',  o",  express  the  same  sum  with  reference  to  the  co-ordinate  planes 
xz  and  yz  respectively.  Hence  the  sura  of  the  areal  velocities  of  the 
several  bodies  of  the  system  about  the  origin  of  co-ordinates,  each 
multiplied  by  the  corresponding  mass,  is  constant;  and  the  sum  of 
the  areas  traced,  each  multiplied  by  the  corresponding  mass,  is  pro- 
portional to  the  time.     If  the  only  forces  which  operate,  are  those 
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i-eaulting  from  the  mutual  action  of  the  bodies  which  compose  the 
system,  this  result  is  correct  whatever  may  be  the  point  in  space 
taken  as  the  origin  of  co-ordinates. 

The  areas  described  by  the  projection  of  the  radius-vector  of  each 
body  on  the  co-ordinate  planes,  are  the  projections,  on  these  planes,  of 
the  areas  actually  described  in  space.  We  may,  therefore,  .conceive  of 
a  resultant,  or  principal  plane  of  projection,  such  that  the^sum  of  the 
areas  traced  by  the  projection  of  each  radius- vector .  on  this  plane, 
when  projected  on  the  three  co-ordinate  planes,  each  being  multiplied 
by  the  corresponding  mass,  will  be  respectively  equal  to  the  fii-st 
members  of  the  equations  (8).  Let  a,  /3,  and  j-  be  the  angles  which 
this  principal  plane  makes  with  the.  co-ordinate  planes  xy,  xz,  and  yz, 
respectively;  and  let  8  denote  the^^sum  of  the  areas  traced  on  this 
plane,  in  a  unit  of  time,  by  the  projection  of  the  radius-veetor  of 
each  of  the  bodies  of  the  system,  each  area  being  multiplied  by  the 
corresponding  mass.  The  sum  8  will  be  found  to  be  a  raivximum, 
and  its  projections  on  the  co-ordinate  planes,  corresponding  to  the 
element  of  time  cU,  are 

S  cos  a  dt,  S  cos  /i  dt,  S  cos  j-  dt. 

Therefore,  by  means  of  equations  (8),  we  have 

c  =  S  cos  a,  d  ^S  cos  /5,  d'  =  8  cos  j-, 

and,  since  cos^w  -|-  eos^^  -\-  cosV  =  1, 

Hence  M'C  derive 

0  o  C 


Ve^d^^d'^  i/c'  +  c-'  +  c'" 


These  angles,  being  therefore  constant  and  independent  of  the  time, 
show  tliat  this  principal  plane  of  projection  remains  constantly  par- 
allel to  itself  during  the  motion  of  the  system  in  space,  whatever 
may  be  the  relative  positions  of  the  several  bodies ;  and  for  this 
reason  it  is  called  the  invariable  plane  of  the  system.  Its  position 
with  reference  to  any  known  plane  is  easily  determined  when  the 
velocities,  in  directions  parallel  to  the  co-ordinate  axes,  and  the 
masses  and  co-ordinates  of  the  several  bodies  of  the  system,  are 
known.     The  values  of  e,  e',  c"  are   given  by  equations  (8),  and 
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lieiice  the  values  of  a,  ^,  and  ■/-,  wliieb  determine  tlie  position  of  the 
invariable  plane. 

Since  the  positions  of  the  co-ordinate  planes  are  arbitrary,  we  may 
suppose  that  of  xy  to  coincide  with  the  invariable  plane,  which  gives 
cos  ^  :^  0  and  cos  y  =  0,  and,  therefore,  e'  =  0  and  c"  =  0.  Further, 
since  the  positions  of  the  axes  of  x  and  y  in  this  plane  are  arbitrary, 
it  follows  that  for  every  plane  perpendicular  to  the  invariable  piane, 
the  sum  of  the  areas  ti'aced  by  the  projections  of  the  radii-veetores 
of  the  several  bodies  of  the  system,  each  multiplied  by  the  cori'e- 
sponding  mass,  is  zero.  It  may  also  be  observed  that  the  value  of  iS 
is  constant  whatever  may  be  the  position  of  the  co-ordinate  planes, 
and  that  its  value  is  necessarily  greater  than  that  of  either  of  the 
quantities  in  the  second  member  of  the  equatity.  ' 

S'  =  c^  +  e"  +  c"=, 

except  when  two  of  them  are  each  equal  to  zero.    It  is,  therefore,  a 
maximum,  and  the  invariable  plane  is  also  the  plane  of  maximum 

10.  If  we  suppose  the  origin  of  co-ordinates  itself  to  move  with 
uniform  and  rectilinear  motion  in  space,  the  relations  expressed  by 
equations  (8)  will  remain  unchanged.  Thus,  let  x„  y„  2,  be  the  co- 
ordinates of  the  movable  origin  of  co-ordinates,  referred  to  a  fixed 
point  in  space  taken  as  the  origin;  and  let  x^,  y„,  %  x^',  yj,  %',  &c.. 
be  the  co-ordinates  of  the  several  bodies  referred  to  the  movable 
origin.  Then,  since  the  co-ordinate  planes  in  one  system  remain 
always  parallel  to  those  of  the  other  system  of  co-ordinates,  we  sliall 
have 

and  similarly  for  tlic  other  bodies  of  the  system.     Introducing  thej^e 
values  of  x,  y,  and  z  into  the  first  three  of  equations  (4),  they  become 


The  condition  of  uniform  rectilinear  motion  of  the  movable  origin 
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and  tlie  preceding  equations  become 

£m    ,■  °  —  2mX  =  0, 


■  df 


-SmY=0, 

-  SmZ  ^  0. 


Substituting  fclie  same  values  ia  the  last  three  of  equations  (4),  ob- 
serving that  the  co-ordinates  Xi,  y„  z,  are  the  same  for  all  the  bodies 
of  the  system,  and  reducing  the  resulting  equations  by  means  of 
equations  (9),  we  get 


^)-r,.(x..-^,.)=o. 


'  dt^ 


Hon^'c  it  appears  that  the  form  of  the  equations  for  the  motion  of  the 
system  of  bodies,  remains  unchanged  when  we  suppose  the  origin  of 
co-ordinates  to  move  in  space  with  a  uniform  and  rectilinear  motion. 

11.  The  equations  already  derived  for  the  motions  of  a  system  of 
bodies,  considered  as  reduced  to  material  points,  enable  us  to  form  at 
once  those  for  the  motion  of  a  solid  body.  The  mutual  distances  of 
the  parts  of  the  system  are,  in  this  case,  invariable,  and  the  masses 
of  the  several  bodies  become  the  elements  of  the  mass  of  the  solid 
body.  If  we  denote  an  element  of  the  ma^  by  dm,  the  equations  (5) 
for  the  motion  of  the  centre  of  gravity  of  the  body  become 

,.^=fxdM,        »^=/Km,        mi?t=/7^m,     (11) 

the  summation,  or  integration  with  reference  to  dm,  being  taken  so  as 
to  include  the  entire  mass  of  the  body,  from  which  it  appears  that 
tlie  centre  of  gravily  of  the  body  moves  in  space  as  if  the  entire  mass 
were  concentrated  in  that  point,  and  the  forces  applied  to  it  directly. 
If  we  take  the  origin  of  co-ordinates  at  the  centre  of  gravity  of 
the  body,  and  suppose  it  to  have  a  rectilinear,  uniform  motion  in 
space,  and  denote  the  co-ordinates  of  the  element  dm,  in  reference  to 
this  origin,  by  %  j/^,  e^,  we  have,  by  means  of  the  equations  (10), 
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f{'.  ^ -'.%-)■!••>- fl.^'.-i^.')''''  =0.  (12) 

the  integration  with  respect  to  dm  being  taken  so  as  to  include  the 
entire  mass  of  the  body.  These  equations,  therefore,  determine  the 
motion  of  rotation  of  the  body  around  its  centre  of  gravity  regarded 
as  fixed,  or  as  having  a  uniform  rectilinear  motion  in  space.  Equa- 
tions (11)  determine  the  position  of  the  centre  of  gravity  for  any 
instant,  and  hence  for  the  successive  instants  at  intervals  equal  to  d(; 
and  we  may  consider  the  motion  of  the  body  during  the  element  of 
time  dt  as  rectilinear  and  uniform,  whatever  may  be  the  form  of  its 
trajectory.  Hence,  equations  (11)  and  (12)  completely  determine  the 
position  of  the  body  in  space, — the  former  relating  to  the  motion  of 
translation  of  the  centre  of  gravity,  and  the  latter  to  the  motion  of 
rotation  about  this  point.  It  follows,  therefore,  that  for  any  forces 
which  act  upon  a  body  we  can  always  decompose  the  actual  motion 
into  those  of  the  translation  of  the  centre  of  gravity  in  space,  and  of 
the  motion  of  rotation  around  this  point;  and  these  two  motions  may 
be  considei-ed  independently  of  each  other,  the  motion  of  the  centre 
of  gravity  being  independent  of  the  form  and  position  of  the  body 
about  this  point. 

If  the  only  forces  whicli  act  upon  the  body  are  the  reciprocal  action 
of  the  elements  of  ite  mass  and  forces  directed  to  the  origin  of  co- 
ordinates, the  second  terms  of  equations  (12)  become  each  equal  to 
zero,  and  the  results  indicated  by  equations  (8)  apply  in  this  case 
also.  The  parts  of  the  system  being  invariably  connected,  the  plane 
of  maximum  areas,  or  invariable  plane,  is  evidently  that  which  is 
perpendicular  to  the  axis  of  rotation  passing  through  the  centre  of 
gravity,  and  therefore,  in  the  motion  of  tmnslation  of  the  centre  of 
gravity  in  space,  the  ajiis  of  rotation  remains  constantly  parallel  to 
itself.  Any  extraneous  force  which  tends  to  disturb  this  relation 
will  necessarily  develop  a  contrary  reaction,  and  hence  a  rotating  body 
resists  any  change  of  its  plane  of  rotation  not  parallel  to  itself.  We 
may  observe,  also,  that  on  account  of  the  invariability  of  the  mutual 
distances  of  the  elements  of  the  mass,  according  to  equations  (8),  the 
motion  of  rotation  must  be  uniform. 

12.  We  shall  now  consider  the  action  of  a  system  of  bodies  on  a 
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distant  mass,  which  we  will  denote  by  M.  Let  »„;  Vot  %>  ^ai  Va!  h'f 
&c.  be  the  co-ordinates  <rf  the  several  bodies  of  the  system  referred 
to  ite  centre  of  gravity  as  the  origin  of  co-ordinates;  x„  y„  and  z, 
the  co-ordinates  of  the  centre  of  gravity  of  the  ayst«m  referred  to 
the  centre  of  gravity  of  the  body  M.  The  eo-ordinates  of  the  body 
m,  of  the  system,  referred  to  this  origin,  will  therefore  be 

and  similarly  for  the  other  bodies  of  the  system.  If  we  denote  by 
r  the  distance  of  the  centre  of  gravity  of  in  from  that  of  M,  the 
accelerating  force  of  the  former  on  an  element  of  mass  at  the  centre 
of  gravity  of  the  latter,  resolved  parallel  to  the  axis  of  x,  will  be 


and,  therefore,  that  of  the  entire  system  on  the  element  of  M,  resolved 
in  the  same  direction,  will  be 

We  have  also 

r^  =  {x,  +  x,y+(y,  +  y,y  +  (.,  +  aJS 

and,  if  we  denote  by  r,  the  distance  of  the  centre  of  gravity  of  the 
system  from  M, 

r;  ^  -T,'  +  )/,=  -I-  e,\ 
Therefore 

|  =  (»,  +  i.)  {r,'  +  2(^,^,+  s,S.  +  V,)  +  -r,')      '■ 

We  shall  now  suppose  the  mutual  distances  of  the  bodies  of  the 
system  to  be  so  small  in  comparison  with  the  distance  r,  of  its  centre 
of  gravity  from  that  of  M,  that  terms  of  the  order  r^  may  be  neglected ; 
a  condition  which  is  actually  satisfied  in  the  case  of  the  secondary 
systems  belongit^  to  the  solar  system.  Hence,  developing  the  second 
fiictor  of  the  second  member  of  the  last  equation,  and  neglecting  terms 
of  the  order  r^,  we  shall  have 

^  =  ^'  -I-  f?  —  ^^^i^rV+^%+fX)^ 
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But,  since  x^,  y^  z^,  are  the  co-ordinates  iu  reference  to  the  centre  of 
gravity  of  the  system  as  origin,  we  have 

and  the  preceding  equation  reduces  to 


In  a  similar  manner,  we  find 


The  second  members  of  these  equations  are  the  expressions  for  the 
total  accelerating  force  due  to  the  action  of  the  bodies  of  the  system 
'  on  M,  resolved  parallel  to  the  co-ordinate  axes  respectively,  when  we 
consider  the  several  massra  to  be  collected  at  the  centre  of  gravity 
of  the  system.  Hence  we  conclude  that  when  an  element  of  mass 
is  attracted  by  a  system  of  bodies  so  remote  from  it  that  terms  of  the 
order  of  the  squares  of  the  co-ordinates  of  the  several  bodies,  referred 
to  the  centre  of  gravity  of  the  system  as  the  origin  of  co-ordinates, 
may  he  neglected  in  comparison  with  the  distance  of  the  system  from 
the  point  attracted,  the  action  of  the  system  will  be  the  same  as  if 
the  masses  were  all  united  at  its  centre  of  gravity. 

If  we  suppose  the  masses  m,  m',  m",  &c.  to  be  the  elements  of  the 
mass  of  a  single  body,  the  form  of  the  equations  remains  unchanged; 
and  hence  it  follows  that  the  mass  J!f  is  acted  upon  by  another  mass, 
or  by  a  system  of  bodies,  as  if  the  entire  mass  of  the  body,  or  of  the 
system,  were  collected  at  its  centre  of  gravity.  It  is  evident,  also, 
that  reciprocally  in  the  ease  of  two  systems  of  bodies,  in  which  the 
mutual  distances  of  the  bodies  are  small  in  comparison  with  tJie 
distance  between  the  centres  of  gravity  of  the  two  systems,  their 
mutual  action  is  the  same  as  if  all  the  several  mass^  in  each  system 
were  collected  at  the  common  centre  of  gravity  of  that  system ;  and 
the  two  centres  of  gravity  will  move  as  if  the  masses  were  thus 
united. 

13.  The  rrauits  already  obtained  are  sufficient  to  enable  us  to  form 
the  equations  for  the  motions  of  the  several  bodies  which  compose  the 
solar  system.  If  these  bodies  were  exact  spheres,  which  could  be 
considered  as  composed  of  homogeneous  concentric  spherical  shells, 
the  density  varying  only  from  one  layer  to  another,  the  action  of 
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each  on  an  element  of  the  mass  of  another  would  be  the  sarae  as  if 
the  entire  mass  of  the  attracting  body  were  conceiiti-ated  at  its  centre 
of  gravity.  The  sliglit  deviation  from  this  law,  arising  from  the 
ellipsoidal  form  of  the  heavenly  bodies,  is  compensated  by  the  mag- 
nitude of  their  mutual  distances;  and,  besides,  these  mutual  distances 
are  so  great  that  tlie  action  of  the  attracting  body  on  the  entire  mass 
of  the  body  attracted,  is  the  same  as  if  the  latter  were  concentrated 
at  its  centre  of  gravity.  Hence  the  consideration  of  the  reciprocal 
action  of  the  single  bodies  of  the  system,  is  reduced  to  tliat  of  material 
points  corresponding  to  their  respective  centres  of  gravity,  the  masses 
of  which,  however,  are  equivalent  to  those  of  the  corresponding 
bodies.  The  mutual  distances  of  the  bodies  composing  the  secondary 
systems  of  planets  attended  with  satellites  are  so  small,  in  comparison 
with  the  distances  of  the  different  systems  from  each  other  and  from 
tlie  other  planets,  that  they  act  upon  these,  and  are  reciprocally  acted 
upon,  in  nearly  the  same  manner  as  if  the  masses  of  the  secondary 
systems  were  united  at  their  common  centres  of  gravity,  respectively. 
The  motion  of  the  centre  of  gravity  of  a  system  consisting  of  a 
planet  and  its  satellites  is  not  affected  by  the  reciprocal  action  of  the 
bodies  of  that  system,  and  hence  it  may  be  considered  independently 
of  this  action.  The  difference  of  the  action  of  the  other  planets  on 
a  planet  and  its  satellites  will  simply  produce  inequalities  in  the 
relative  motions  of  the  latter  bodies  as  determined  by  their  mutual 
action  alone,  and  will  not  affect  tlie  motion  of  their  common  centre 
of  gravity.  Hence,  in  the  formation  of  the  equations  for  the  motion 
of  translation  of  the  centres  of  gravity  of  the  several  planets  or 
secondary  systems  which  compose  the  solar  system,  we  have  simply 
to  consider  them  as  points  endowed  with  attractive  forces  correspond- 
ing to  the  several  single  or  aggregated  masses^.  The  investigation 
of  the  motion  of  the  satcili(«s  of  eaoli  of  the  planets  thus  attended, 
forms  a  problem  entirely  distinct  from  that  of  the  motion  of  thq 
common  centre  of  gravity  of  such  a  system.  The  consideration  of 
the  motion  of  rotation  of  the  several  bodies  of  the  solar  system  about 
their  respective  centres  of  gravity,  is  also  independent  of  the  motion 
of  translation.  If  the  resultant  of  all  the  forces  which  act  upon  a 
planet  passed  through  the  centre  of  gravity,  the  motion  of  rotation 
would  be  undisturbed;  and,  since  this  resultant  in  all  cases  very 
nra,rly  satisfies  this  condition,  the  disturbance  of  the  motion  of  rota- 
tion is  very  shght.  The  inequalities  thus  produced  in  the  motion 
of  rotation  are,  in  fact,  sensible,  and  capable  of  being  indicated  by 
observation,  only  in  the  case  of  the  eai-th  and  moon.     It  has,  indeed, 
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been  rigidly  demoostrated  that  the  axis  of  rotation  of  the  earth  rela- 
tive to  the  body  itself  is  fixed,  so  that  the  poles  of  rotation  and  the 
terrestrial  equator  preserve  constantly  the  same  position  in  reference ' 
to  the  surface;  and  that  also  the  velocity  of  rotation  is  constant. 
This  assures  us  of  the  permanency  of  geographical  positions,  and, 
in  connection  with  the  fact  that  the  change  of  the  length  of  tlie 
mean  solar  day  arising  from  the  variation  of  the  obliquity  of  the 
ecliptic  and  in  the  length  of  the  tropical  year,  due  to  the  action  of 
the  sun,  moon,  and  planets  upon  the  earth,  is  absolutely  insensible, 
— amounting  to  only  a  small  fraction  of  a  second  in  a  million  of 
years, — assures  us  also  of  the  permanence  of  the  interval  whicli  we 
adopt  as  the  unit  of  time  in  astronomical  investigations. 

14.  Placed,  as  we  are,  on  one  of  the  bodies  of  the  system,  it  is 
only  possible  to  deduce  from  observation  the  relative  motions  of  the 
different  heavenly  bodies.  These  relative  motions  in  the  case  of  the 
comets  and  primary  planets  are  referred  to  the  centre  of  the  sun, 
since  the  centre  of  gravity  of  this  body  is  near  the  centre  of  gravity 
of  the  system,  and  its  preponderant  mass  fitcilitates  the  integration 
of  the  equations  thus  obtained.  In  the  case,  however,  of  the  secondary 
systems,  the  motions  of  the  satellites  are  considered  in  reference  to 
the  centre  of  gravity  of  their  primaries.  We  shall,  therefore,  form 
the  equations  for  the  motion  of  the  planets  relative  to  the  centre  of 
gravity  of  the  sun;  for  which  it  becomes  necessary  to  consider  more 
particularly  the  relation  between  the  heterogeneous  quantities,  space, 
time,  and  mass,  which  are  involved  in  them.  Each  denomination, 
being  divided  by  the  unit  of  its  kind,  is  expressed  by  an  abstract 
number ;  and  hence  it  offers  no  difficulty  by  its  presence  in  an  equa- 
tion. For  the  unit  of  space  we  may  arbitrarily  take  the  mean  dis- 
tance of  the  earth  from  the  sun,  and  the  mean  solar  day  may  be 
taken  as  the  unit  of  time.  But,  in  order  that  wheu  the  space  is 
expressed  by  1,  and  the  time  by  1,  the  force  or  velocity  may  also  be 
expressed  by  1,  if  tlie  unit  of  space  is  first  adopted,  the  relation  of 
the  time  and  the  mass — which  determines  the  measure  of  the  force — 
will  be  such  that  the  units  of  both  cannot  be  arbitrarily  chosen. 
Thus,  if  we  denote  by  /  the  acceleration  due  to  the  action  of  the 
mass  m  on  a  material  point  at  the  distance  a,  and  by/'  the  accelera- 
tion corresponding  "to  another  mass  m'  acting  at  the  same  distance, 
we  have  the  relation 

/'       W ' 
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and  hence,  since  the  acceleration  is  proportional  to  the  mass,  it  may 
be  talien  as  the  measure  of  the  latter.     But  we  have,  for  the  measure 

^     df 

Integrating  this,  regarding/as  constant,  and  t\w  point  to  move:  fi-om 

a  state  of  rest,  we  get  

.-±=Ml:  (13) 

The  accelei-ation  in  the  case  of  a  variable  force  is,  at  any  instant, 
measured  by  the  velocity  which  the  force  acting  at  that  instant  would 
generate,  if  supposed  to  remain  constant  in  its  action,  during  a  nnit 
of  tijne.     The  last  equation  gives,  when  t^  1, 

and  hence  the  acceleration  is  also  measured  by  double  the  space  which 
woH\d  be  described  by  a  material  point,  from  a  state  of  rest,  during 
a  unit  of  time,  the  force  being  supposed  eonstent  in  its  action  during 
this  time.  In  each  case  the  duration  of  the  unit  of  time  is  involved 
in  the  measure  of  the  acceleration,  and  hence  in  that  of  the  mass  on 
which  the  acceleration  depends ;  and  the  unit  of  mass,  or  of  the  foi-ce, 
will  depend  on  the  duration  which  is  chosen  for  the  unit  of  time.  In 
general,  therefore,  we  regard  as  the  unit  of  mass  that  which,  acting 
constantly  at  a  distance  equal  to  unity  on  a  material  point  firee  to 
move,  will  give  to  this  point,  in  a  unit  of  time,  a  velocity  which, 
if  the  force  ceased  to  act,  would  cause  it  to  describe  the  unit  of  dis- 
tance in  the  unit  of  time. 

Let  the  unit  of  time  be  a  mean  solar  day;  Id'  the  acceleration  due 
to  the  force  exerted  by  the  mass  of  the  sun  at  the  unit  of  distance; 
and/the  acceleration  corresponding  to  the  distance  r;  tlien  will 

^=? 

and  P  becomes  the  measure  of  the  mass  of  the  sun.  The  unit  of 
mass  is,  therefore,  equal  to  the  mass  of  the  sun  taken  as  many  times 
as  ^  is  conta,ined  in  unity.  Hence,  when  we  take  the'  mean  solar 
day  as  the  unit  of  time,  the  mass  of  the  sun  is  measured  by  ^;  by 
which  we  are  to  understand  that  if  the  sun  acted  during  a  mean  solar 
day,  on  a  material  point  free  to  move,  at  a  distance  constantly  equal 
to  the  mean  distance  of  the  earth  from  the  siin,  it  would,  at  the  end 
of  that  time,  have  communicated  to  the  point  a  velocity  which,  if 
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the  force  did  not  thei'eafiter  act,  would  cause  it  to  describe,  in  a  unit 
of  time,  the  space  expressed  by  h". 

The  acceleration  due  to  tlie  action  of  tiie  sun  at  the  unit  of  distance 
13  designated  by  P,  since  the  square  root  of  this  quantity  appears 
frequently  in  the  formulae  which  will  be  derived. 

If  we  take  arbitrarily  the  mass  of  the  sun  as  the  unit  of  mass,  the 
unit  of  time  must  be  determined.  Let  t  denote  the  number  of  mean 
solar  days  which  must  be  taken  for  the  unit  of  time  when  the  unit 
of  mass  is  the  mass  of  the  sun.  The  space  which  the  foi-ee  due  to 
this  mass,  acting  constantly  on  a  material  point  at  a  distance  equal  to 
the  mean  distance  of  the  earth  from  the  sun,  would  cause  the  point 
to  describe  in  the  time  t,  is,  according  to  equation  (13), 

But,  since  (  expresses  the  number  of  mean  solar  days  in  the  unit  of 
time,  the  measure  of  the  acceleration  corresponding  to  this  unit  is  2s, 
and  this  being  the  unit  of  force,  we  have 


Therefore,  if  the  mass  of  the  sun  is  regarded  as  the  unit  of  mass,  tlie 
number  of  mean  solar  days  in  the  unit  of  time  will  be  equalto  unity 
divided  by  the  square  root  of  the  acceleration  due  to  the  force  exerted 
by  this  mass  at  the  unit  of  distance.  The  numerical  value  of  k  will 
be  subsequently  found  to  be  0.0172021,  which  gives  58.13244  mean 
solar  days  for  the  unit  of  time,  when  the  mass  of  the  sun  is  taken  as 
the  unit  of  mass.  \ 

15.  Let  X,  y,  z  be  the  co-ordinates  of  a  heavenly  body  referred  to 
the  centre  of  gravity  of  the  Bun  as  the  origin  of  co-ordinates;  t  its 
radim-vedor,  or  distance  from  this  origin;  and  let  m  denote  the 
quotient  obtained  by  dividing  its  mass  by  that  of  the  sun;  then, 
taking  the  mean  solar  day  as  the  unit  of  time,  the  mass  of  the  sun  is 
expressed  by  F,  and  that  of  the  planet  or  comet  by  m^.  For  a 
second  body  let  the  co-ordinates  be  x',  y',  z' ;  the  distance  from  the 
sun,  r' ;  and  the  mass,  m'^;  and  similarly  for  the  other  bodies  of  the 
system.  Let  the  eo-ordinates  of  the  centre  of  gravity  of  the  sun 
referred  to  any  fixed  point  in  space  be  ?,  ^,  C,  the  co-ordinate  planes 
being  parallel  to  those  of  o;,  y,  and  z,  r^pectively;   then  will  the 
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a<!G«leration  due  to  tbe  action  of  in  on  the  sun  be  expi'essed  by  — ^ 
and  the  three  components  of  this  force  iu  directions  parallel  to  the 
co-ordinate  axes,  resiiectively,  will  be 


-'V 

mh^^,                 mie-- 

The  action  of 

m'  on  the  si 

m  will  be  expressed  by 

m7c'4-. 

»'.4,       ™*4 

and  hence  the  acceleration  due  to  the  combined  and  simultaneous 
action  of  the  several  bodies  of  the  system  on  the  sun,  resolved  par- 
allel to  the  co-ordinate  axes,  will  be 


The  motion  of  the  centre  of  gravity  of  the  sun,  relative  to  the  fixed 
origin,  will,  therefore,  be  det€i'mined  by  the  equations 

dt'  1^  dv  r  dv  ^      •-    '  ■ 

Let  p  denote  the  distance  of  m  from  m' ;  fi'  its  distance  from  nt", 
adding  an  accent  for  each  successive  body  considered;  then  will  the 
action  of  the  bodies  m',  m",  &c,  on  m  be 


of  which  the  three  components  parallel  to  the  co-ordinate  axes,  le- 
spectively,'  are 

i-zm'!^,  ;«wtl,  h-s.ii^. 

The  action  of  the  sun  on  m,  resolved  in  the  same  manner,  is  expressed 
by 

h''x  ]i?y  h^z 

which  are  negative,  since  the  force  tends  to  diminisli  the  co-ordinates 
X,  y,  and  z.  The  three  components  of  the  total  action  of  the  other 
bodies  of  the  system  on  m  are,  tl 
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and,  since  the  co-ordinates  of  tn  referred  to  tlie  fixed  origin  a 

S  +  x,  r,  +  y,  C  +  s, 

the  equations  which  determine  the  absolute  motion  are 

dhj       d'y        i^j  ^ 


Ji^- 

-') 

i,v' 

-/) 

p>;" 

/ 

/(/- 

^«) 

the  symbol  of  summation  in  the  second  members  relating  simply  to 
the  masses  and  co-ordinates  of  the  several  bodies  which  act  on  m, 


given  by  equations  (14),  wo  get 


df  r*  \     p"  r '  / 

Since  x,  y,  z  are  the  co-ordinates  of  m  relative  to  the  centre  of  gravity 
of  the  sun,  these  equations  determine  the  motion  of  m  relative  to  that 
point.  The  second  members  may  be  put  in  another  form,  which 
greatly  fecilitates  the  solution  of  some  of  the  problems  relating  to 
the  motion  of  m.     Thus,  let  us  put 

'       .  .  .  .     ^V^ 

and  we  shall  have  for  the  partial  differential  coefficient  of  tliis  witJi 

respect  to  x, 

idSi\        m'    I       1    dp        3/  \  ,     m"    /       1   dp'       a/'  \   ,         „ 

U)=i+i.r7^-E-/')+i+s(-?i-/")+-*°- 
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and  hence  we  derive 
ldP-\        m'    Ix'- 


We  find,  also,  in  iJie  same  manner,  for  the  partial  differential  coeffi- 
cients with  respect  to  y  and  z, 


The  equations  (16),  therefore,  become 

It  will  be  observed  that  the  second  members  of  equations  (16)  ex- 
press the  difference  between  the  action  of  the  bodies  m',  m",  &c.  on 
m  and  on  the  sun,  resolved  parallel  to  the  co-ordinate  axes  respect- 
ively. The  mutual  distances  of  the  planets  are  such  that  these  quan- 
tities are  generally  very  small,  and  we  may,  therefore,  in  a  first 
approximation  to  the  motion  of  m  relative  to  the  sun,  neglect  the 
second  members  of  these  equations;  and  the  integrals  which  may 
then  be  derived,  express  what  is  called  the  undisturbed  motion  of  m. 
By  means  of  the  results  thus  obtained  for  the  several  bodies  succes- 
sively, the  approximate  values  of  the  second  members  of  equations 
(16)  may  be  found,  and  hence  a  still  closer  approximation  to  the 
actual  motion  of  m.  The  force  whose  components  are  expressed  by 
the  second  members  of  these  equations  is  called  the  disturhhuj  force; 
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and,  using  tlie  second  form  of  the  equations,  the  ftinction  Q,  which 
determines  these  components,  is  called  the  f&rtwbmg  fmiction.  The 
complete  solution  of  the  problem  is  fecilitated  by  an  artifice  of  the 
infinitesimal  calculus,  known  as  the  variation  of  parameters,  or  of 
constants,  according  to  which  the  complete  integrals  of  equations  (16) 
are  of  the  same  form  as  those  obtained  by  putting  the  second  mem- 
bers equal  to  zero,  the  arbitrary  consents,  however,  of  the  latter 
integration  being  regarded  as  variables.  These  constants  of  integra- 
tion are  the  dements  which  determine  the  motion  of  m  relative  to  tho 
sun,  and  when  the  disturbing  force  is  neglected  tlie  elements  are  pure 
constants.  The  variations  of  these,  or  of  the  co-ordinates,  arising 
from  the  action  of  the  disturbing  force  are,  in  almost  all  cases,  very 
small,  and  are  called  the  pertvrbaiions.  The  problem  which  first 
presents  itself  is,  therefore,  the  determination  of  all  the  circumstances 
of  the  undisturbed  motion  of  the  heavenly  bodies,  after  which  the 
action  of  the  disturbing  forces  may  be  considered. 

It  may  be  further  remarked  that,  in  the  formation  of  the  preceding 
equations,  we  have  supposed  the  different  bodies  to  be  free  to  move, 
and,  therefore,  subject  only  to  their  mutual  action.  There  are,  in- 
deed, facts  derived  from  the  study  of  the  motion  of  the  comets  which 
seem  to  indicate  that  there  exists  in  space  a  resiaUng  medium  which 
opposes  the  free  motion  of  all  the  bodies  of  the  system.  If  such  a 
medium  actually  exists,  its  effect  is  very  small,  so  that  it  can  be  sen- 
sible only  in  the  case  of  rare  and  attennat«d  bodies  lite  the  comets, 
since  the  accumulated  observations  of  the  different  planets  do  not 
exhibit  any  effect  of  such  resistance.  But,  if  we  assume  its  existence, 
it  is  evidently  necessary  only  to  add  to  the  second  members  of  equa- 
tions (16)  a  force  which  shall  represent  the  effect  of  this  resistance, — 
which,  therefore,  becomes  a  part  of  the  disturbing  force, — and  the 
motion  of  m  will  be  completely  determined, 

,  16.  When  we  consider  the  undisturbed  motion  of  a  planet  or 
comet  relative  to  the  sun,  or  simply  the  motion  of  the  body  relative 
to  the  sun  as  subject  only  to  the  reciprocal  action  of  the  two  bodies, 
the  equations  (16)  become 


3?  +  *'»+" 

.);,  =  0. 

^  +  .■(1  +  . 

0^  =  0, 

£+«i+- 

.)i  =  o. 
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The  equations  for  the  undisturbed  motion  of  a  satellite  relative  to  its 
prinmry  are  of  the  same  form,  the  value  of  ^,  however,  being  in  this 
case  the  acceleration  due  to  tlie  force  exerted  by  the  mass  of  the 
primary  at  the  unit  of  distence,  and  m  the  ratio  of  the  mass  of  the 
satellite  to  tliat  of  the  primary. 

The  integrals  of  these  equations  introduce  six  ;irbiti-ary  coustaut-s 
of  integration,  which,  when  known,  will  complef«ly  determine  the 
undistni-bed  motion  of  m  relative  to  the  sun. 

If  we  multiply  the  first  of  these  equations  by  ^,  and  the  second  by 
X,  and  subtract  the  last  product  from  the  first,  we  shall  find,  by  inte- 
grating the  result, 

xdy  —  ydx, 

di  ''' 

e  being  an  arbitrary  constant. 
In  a  similar  manner,  wc  obtain 

xrh  —  zdx  ^_  ,  ydz  —  zdy „ 


If  we  multiply  these  three  equations  respectively  by  s,  —  y,  and  x, 
and  add  tlie  products,  we  obtain 

This,  being  the  equation  of  a  plane  passing  through  the  origin  of 
co-ordinates,  shows  that  the  path  of  the  body  relative  to  the  sun  is  a 
plane  curve,  and  that  the  plaite  of  the  orbit  passes  through  tlie  centre 
of  the  sun. 

Again,  if  we  multiply  the  firat  of  equations  (19)  by  2die,  the  second 
by  2dy,  and  the  third  by  2dz,  take  the  sum  and  integrate,  we  shall 
find 

But,  since  r^  =  a^  -'r  y^  -\-  z',  we  shall  have,  by  differentiation, 

rdr  =:  xdx  +  ydy  -\~  adi. 
Therefore,  introducing  this  value  into  the  preceding  equation,  we  obtain 

"^ttf+^-MLdlil  +  j^o,  (20) 

h  being  an  arbitrary  constant. 


stsd  by  Google 


THEORETICAL   ASTRONOMY. 


If  we  add  together  the  squares  of  the  expressions  for  c,  c',  i 
and  put  e'  +  o'^  +  c"*  ^  4/^,  we  shall  have 


If  wc  represent  by  dv  the  infinitely  small  angle  contained  between 
two  consecutive  radii-vectores  r  and  r  +  dr,  since  ditr'  +  (ft/^  +  da^  is 
the  square  of  the  element  of  path  described  by  the  body,  we  shall 
have 

dz'  +  dy^  -\-  dz'  =  dr'  -j-  r'djf. 

Substituting  this  value  in  the  preceding  equation,  it  becomes 

-    r'dv^'Zfdt.  (22) 

The  quantity  r'dv  is  double  the  area  Included  by  the  element  of  path 
described  in  the  element  of  time  dt,  and  by  the  radii-vectores  r  and 
r  +  dr;  and/,  therefore,  represents  the  areal  velocity,  which,  being  a 
constant,  shows  that  the  radius-vector  of  a  phmd  or  comd  describes 
equal  areas  in  equal  intervals  of  time. 

From  the  equations  (20)  and  (21)  we  find,  by  elimination, 

di=    ^  '^'  (23) 

V%rk^  (1  +  ot)  —  W  —  if 

Substituting  this  value  of  dt  in  equation  (22),  we  get 

2/rf?- 

dv  =  ■■    -  ■'  (24) 

'•l/2rF  (1  +  m)  —  At'—  if' 

which  gives,  in  order  to  find  the  maximum  and  minimum  values  of  )■, 

dr  _  rl/2>'F(l  +  m)  —  Ar'—  4/'  _ 
dv-  2/  -^' 

or 

2rk'  (1  +  m)  —  Jir'  —  if  =  0. 


A*(l_-M 


F(l +m)  f       4/^ 

k  ^         h    '^ 

are,  respectively,  the   maximum   and  minimum  values  of  3 
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points  of  the  orbit,  or  trajectory  of  the  body  relative  to  the  sun,  cor- 
responding to  these  values  of  )■,  are  called  the  apsides;  the  former, 
the  aphelion,  and  the  latter,  the  periJielion.  If  we  represent  these 
values,  respectively,  by  a(l  +  e)  and  <i(l  —  e),  we  shall  have 


_y(i+'»). 


4/'  =  ci- (1  +  m)  (1  - e>)  =  t>(l  + .»), 


m  which p^a  (1 — e^),     Introdiiciiig  these  values  into  the  equatioa 
(24),  it  heoomes 

'  d- 
i,=       yf!,^^ '     - 

the  integral  of  which  gives 

.=„  +  eos-l(f^l), 

<u  beiojz;  an  arbitrary  constant.     Thei'efore  we  shall  have 


1  +  ecos  ()»  —  «.)' 

which  is  the  polar  equation  of  a  conic  section,  the  pole  being  at  the 
focus,  p  being  the  somi-parameter,  e  the  eccentricity,  and  v  —  w  the, 
angle  at  the  focus  between  the  radius-vector  and  a  fixed  line,  in  the 
plane  of  the  orbit,  making  the  angle  ot  with  the  semi-transverse 
axis  a. 

If  the  angle  «  ^  co  is  counted  from  the  perihelion,  we  have  o>  =  0, 

The  angle  v  is  called  the  true  anotiialy. 

Hence  we  conclude  that  ihe  orbit  of  a  JiPMve'nly  hody  revolving 
arownd  the  sun  is  a  o&rtio  section  with  the  sun  in  one  of  the  fod. 
Observation  shows  that  the  planets  revolve  around  the  suu  in  ellipses, 
usually  of  small  eccentricity,  while  the  comets  revolve  either  in 
ellipses  of  great  eccentricity,  in  parabolas,  or  in  hyperbolas,  a  cir- 
cumstance which,  as  we  shall  have  occasion  to  notice  hereafter,  greatly 
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lessens  the  amount  of  labor  iu  many  computations  respecting  their 
motion. 

Introducing  into  equation  (23)  the  values  of  h  and  if  already 
found,  we  obtain 


which 

may 

be  written 

h-^/l  +  m 

'    l^"' 

e'- 

-{a- 

-  r)"'' 

dt~  — 

«f 

(- 

-"lz. 

-^y 

'(^) 

the  integration  of  which  gives 


t/l  +  s 


In  the  perihelion,  r  ^  n  (1  —  e),  smd  the  integral  reduces  to  ('  =  C; 
therefore,  if  we  denote  the  time  from  the  perihelion  by  i^,  we  sliall 
have 


In  the  aphelion,  r  ^  a.  (1  -\-  e)  ;  and  therefore  we  shall  have,  for  the 
time  in  which  the  body  passes  from  the  perihelion  to  the  aphelion, 
i„  =  ir,  or 

r  being  the  periodic  time,  or  time  of  one  revolution  of  the  planet 
around  the  sun,  a  the  semi-transverse  axis  of  the  orbit,  or  mean  dis- 
tance from  the  sun,  and  t  the  semi-circumference  of  a  circle  whose 
radius  is  unity.     Therefore  we  shall  have 


""•"ra+is- 
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For  a  second  planet,  we  shall  have 


and,  consequently,  between  the  mean  distances  and  periodic  times  of 
any  two  planets,  wc  bavo  tbe  relation 

If  the  masses  of  the  two  planets  m  and  m'  are  very  nearly  tbe 
same,  we  may  take  1  +  m  —  1  +  m' ;  and  hence,  in  this  case,  it  follows 
that  the  squares  of  the  periodie  times  are  to  each  other  as  the  Gtibes  of 
the  mean  distances  from,  the  sum,.  The  sajne  result  may  be  stated  in 
another  form,  which  is  sometimes  more  convenient.  Tims,  since  7:ah 
is  the  area  of  the  ellipse,  a  and  b  representing  the  semi-axes,  we 
shall  have 

'- —  =/^=  areal  velocity; 

and,  since  6^  ^=  a^  (I  —  e^),  ive  have 

/  r  I-      ' 

which  becomes,  by  substituting  the  value  of  r  already  found, 

/=4Al/p(l  +  «0-  (30) 

In  like  manner,  for  a  second  planet,  we  have 


and,  if  the  masses  are  such  that  we  may.  take  1  +  m  sensibly  equal 
to  1  +  in',  it  follows  that,  in  this  ease,  the  areas  described  in,  equal 
times,  in  different  orbits,  are  proportional  to  (lie  square  roots  of  tlieir 
parameters. 

17.  We  shall  now  consider  the  signification  of  some  of  the  con- 
stants of  integration  already  introduced.  Let  i  denote  the  inclination 
of  the  orbit  of  m  to  the  plane  of  x^,  which  is  thus  taken  as  the  plane 
of  reference,  and  let  SJ  be  the  angle  formed  by  the  axis  of  x  and  tbe 
line  of  intersection  of  the  plane  of  the  orbit  with  the  plane  of  an/; 
then  will  the  angles  i  and  Si  determine  the  position  of  the  plane  of 
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the  orbit  in  space.  The  coiistaiita  c,  e',  and  c",  involved  in  the 
equation 

are,  respectively,  double  the  projections,  on  the  co-ordinate  planes, 
xy,  xz,  and  yz,  of  the  areal  velocity  /,-  and  hence  we  shall  have 

The  projection  of  2/  on  a  plane  passing  through  the  intersection  of 
the  plane  of  tlie  orbit  with  the  plane  of  xy,  and  perpendicular  to  the 
latter,  is 

If  ami; 

and  the  projection  of  this  on  the  plane  of  xx,  to  which  it  is  inclined 
at  an  angle  equal  to  Q,,  gives 

c'  =  2/sinicosft. 

Its  projection  on  the  plane  of  yz  gives 

c"-2/dnisinS^.      . 
Hence  we  derive 

scosj  — ;/sinieos£J  +  a:  sin  i  sin  JJ  =  0,  (31) 

which  is  the  equation  of  the  plane  of  the  orbit;  and,  by  means  of 
tJie  value  of  /  in  terms  of  p,  and  the  values  of  o,  o',  c",  we  derive, 


=  ky-p  (1  4-  m)  cos  Si  s 


dz  dy  ,       , -r:. ; r     .       _      .       . 

These  equations  will  enable  us  to  determine  £J,  i,  and  -p,  when,  for 
any  instant,  the  mass  and  co-ordinates  of  m,  and  the  components  of 
its  velocity,  in  dii'ections  parallel  to  the  co-ordinate  axes,  are  known. 
The  constants  a  and  e  are  involved  in  the  valne  of  f,  and  hence  four 
constants,  or  elmJimts,  are  introduced  into  these  equations,  two  of 
which,  a  and  e,  relate  to  the  form  of  the  orbit,  and  two,  iJ  and  i,  to 
the  position  of  its  plane  in  space.  If  we  measure  the  angle  jj  —  oj 
from  the  point  in  which  the  orbit  intersects  the  plane  of  xy,  the  con- 
stant o)  will  determine  the  position  of  the  orbit  in  its  own  plane. 
Finally,  the  constant  of  integration  0,  in  equation  (26),  is  the  time 
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of  passage  through  the  perihelion;  and  this  determines  the  position 
of  the  body  in  its  orbit.  When  these  six  constants  are  linown,  the 
undisturbed  orbit  of  the  body  is  completely  determined. 

Let  V  denote  the  velocity  of  the  body  in  its  orbit;  then  will 
equation  (20)  become 


V 


=  F(1  +  ™)(| 


At  the  perihelion*  r  is  a  minimum,  and  hence,  according  to  this 
equation,  the  corresponding  vakie  of  F^  is  a  maximum.  At  the 
aphelion,  T^is  a  minimum. 

In  the  parabola,  a='  ca,  and  hence 


.hv-TT^yj?-, 


■which  will  determine  the  velocity  at  any  instant,  when  r  is  known, 
It  will  be  observed  that  the  velocity,  corresponding  to  the  same  value 
of  r,  in  an  elliptic  orbit  is  less  than  in  a  parabolic  orbit,  and  that, 
since  a  is  n^ative  in  the  hyperbola,  the  velocity  in  a  hyperbolic 
orbit  is  still  greater  than  in  the  case  of  the  parabola.  Further,  since 
the  velocity  is  thus  found  to  be  independent  of  the  eccentricity,  the 
direction  of  the  motion  has  no  influence  on  the  species  of  conic  section 
described.      •. 

If  the  position  of  a  heavenly  body  at  any  instant,  and  the  direction 
and  magnitude  of  its  velocity,  are  given,  the  relations  already  derived 
will  enable  us  to  determine  the  sis  constant  elements  of  its  orbit. 
But  since  we  cannot  know  in  advance  the  magnitude  and  direction 
of  the  primitive  impulse  commimicated  to  the  body,  it  is  only  by 
the  aid  of  observation  that  these  elements  can  be  derived;  and 
therefore,  before  considering  the  formulae  necessary  to  determine 
unknown  elements  by  means  of  observed  positions,  we  will  investi- 
gate those  which  are  necessary  for  the  determination  of  the  helio- 
centric and  geocentric  places  of  the  body,  assuming  the  elements  to 
be  known.  The  results  thus  obtained  will  facilitate  the  solution  of 
the  problem  of  finding  the  unknown  elements  from  the  data  furnished 
by  observation. 

18.  To' determine  tlie  value  of  k,  which  is  a  constant  for  the  solar 
system,  we  have,  from  equation  (28), 


VT+i. 
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Ill  the  case  of  the  earth,  a^^l,  ami  therefore 


In  reducing  this  formula  to  numbers  wc  ^should  pioperly  use,  for  r, 
the  absolute  length  of  the  sidereal  ve^i,  \^hn,h  is  invariable.  The 
effect  of  the  action  of  the  othei  bodies  of  the  system  on  the  earth  ia 
to  produce  a  very  small  secnlai  change  in  its  mean  longitude  corre- 
sponding to  any  fixed  date  taken  it  the  epoch  of  the  elements;  and 
a  correction  corresponding  to  this  secular  variation  should  be  applied 
to  the  value  of  r  derived  from  observation.  The  effect  of  this  cor- 
rection is  to  slightly  increase  the  observed  value  of  z;  but  to  deter- 
mine it  with  precision  requires  an  exatt  knowledge  of  the  masses  of 
all  the  bodies  of  the  system,  and  a  complete  theory  of  their  relative 
motions, — a  problem  ■which  is  yet  incompletely  solved.  Astronomical 
usage  has,  therefore,  sanctioned  the  employment  of  the  value  of  h 
found  by  means  of  the  length  of  the  sidereal  year  derived  directly 
from  observation.  This  is  virtually  adopting  as  the  unit  of  space  a 
distance  whicli  is  very  little  leas  than  the  absolute,  invaiiable  mean 
distance  of  the  earth  from  the  sun;  but,  since  this  unit  may  be  arbi- 
trarily chosen,  the  accuracy  of  the  results  is  not  tliereby  affected. 

The  value  of  r  from  which  the  adopted  value  of  h  has  been  com- 
puted, is  365.2563835  mean  solar  days;  and  the  value  of  the  com- 
bined mass  of  the  earth  and  moon  is 


Hence  we  have  log  t  -=  2.5626978148 ;  log  i/l  +  «i  =  0.0000006122 ; 
log  2^-=^  0.7981798684;  and,  consequently, 

log  A -=8.2355814414. 

If  we  multiply  this  value  of  h  by  206264.81,  the  number  of  seconds 
of  arc  corresponding  to  the  radius  of  a  circle,  we  shall  obtain  its 
value  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  unity,  or 
on  the  orbit  of  the  earth  supposed  to  be  circular.  The  value  of  k  in 
seconds  is,  therefore, 

log -6^3.5500065746. 

The  quantity  - —  expresses  the  mean  angular  motion  of  a  planet 
in  a  mean  solar  day,  and  is  usually  designated  by  /i.  We  shall, 
therefore,  have 


sted  by  Google 


MOTION    RELATIVE   TO  THE    SUN.  51 

^  = r — ■->  (33) 

for  the  expression  for  the  mean  daily  motion  of  a  planet. 

Since,  in  the  case  of  the  earth,  VI  -j-  m  differs  very  little  from  1, 
it  will  be  observed  that  k  very  nearly  expresses  the  mean  angular 
motion  of  the  earth  in  a  mean  solar  day. 

In  the  case  of  a  small  planet  or  of  a  comet,  the  mass  m  is  no  small 
that  it  may,  without  sensible  eri'or,  be  neglected;  and  then  we  shall 
have 

For  the  old  planets  whose  masses  are  considerable,  the  rigorous  ex- 
pression (33)  must  be  used, 

19.  Let  us  now  resume  the  polar  equation  of  the  ellipse,  the  pole 
being  at  the  focus,  which  is 


1   +  6  COB  U 

If  we  represent  by  f  the  angle  included  between  the  conjugate  axis 
and  a  line  drawn  from  the  extremity  of  this  axis  to  the  focus,  we 
shall  have 

sin  15  =  e; 

and,  since  a(l~c^)  is  half  the  parameter  of  the  transverse  axis, 
which  we  have  designated  by  p,  we  have 


The  angle  f  is  called  the  angle  of  ecceniridty. 
Again,  since  p^«{l  —  e^^acon^f,  we  have 


1  +  sin  f>  cos  V 


(35) 


It  is  evident,  from  this  equation,  that  the  maximum  value  of  r  in  an 
elliptic  orbit  corresponds  to  c  =  180°,  and  that  the  minimum  value 
of  r  corresponds  to  w  =  0.  It  therefore  increases  from  the  perihelion 
to  the  aphelion,  and  then  decreases  as  the  planet  approaches  the  peri- 
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In  the  case  of  the  parabola,  f  =  90°,  and  B\Q<p  =  e  =  l;  conse- 
quently, 

j) 

'■-1  +  cosi- 

But,  binoe  1  +  00=1  i  =  2  cos^  \i ,  it  we  put  <]—  ^p  i\  c  ^hall  li  i\  e 

•=^  '■!<>) 

in  which  5  is  the  penhdicm  distance  In  thi%  fise,  theiefoie  -when 
« ;=  rb  1S0°,  r  will  be  infinite,  and  the  eomet  will  ne\  ei  letum,  but 
course  its  way  to  other  sj  sterna 

The  angle  f  cannot  be  applied  to  the  case  of  the  hypeibola,  =*ince 
in  a  hyperbolic  orbit  e  is  greater  than  1,  •md,  theicfoie,  the  eccen- 
tricity cannot  be  cxpres«cd  by  the  sine  ot  an  irt  If,  hi^iesei  we 
designate  by  1^  the  angle  which  the  asymptote  to  the  h)  pei  bold  malies 
with  the  transverse  axis,  we  shall  have 

ecos+-l. 

Introdueing  this  valne  of  e  into  the  polar  equation  of  the  hyperbola, 
it  becomes 

p  cos  4 

cos  V  +  cos  +' 

But,  since  cos  u  +  cos  nj-  =  2  cos  -^  («  +  4')  ^'s  ^  (if  — -  tJ^),  this  gives 

_ p  cos-j.' ,^^- 

It  appears  from  this  formula  that  r  increases  with  v,  and  becomes  in- 
finite when  1  +  e  cosv^O,  or  cosv  =  ^cost/',  in  which  ease  w^^  180° 
—  4--  consequently,  the  maximum  positive  value  of  «  is  represented 
by  180°^'\J/,  and  the  maximum  negative  value  by  — (180°  —  4'), 
Further,  it  is  evident  that  the  orbit  will  be  that  branch  of  the  hyper- 
bola which  corresponds  to  the  focus  in  which  the  sun  is  placed,  since, 
under  the  operation  of  an  attractive  force,  the  path  of  the  body  must 
be  concave  toward  the  centre  of  attraction,  A  body  subject  to  a, 
force  of  repulsion  of  the  same  intensity,  and  varying  according  to 
the  same  law,  would  describe  the  other  branch  of  the  curve. 

The  problem  of  finding  the  position  of  a  heavenly  body  as  seen 
from  any  point  of  reference,  consists  of  two  parts:  first,  the  deter- 
mination of  the  pla«e  of  the  body  in  its  orbit;  and  then,  by  means 
of  this  and  of  the  elements  which  fix  the  position  of  the  plane  of  the 
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orbit,  and  that  of  the  orbit  in  its  o-wii  plane,  the  determination  of 
the  position  in  space. 

In  deriving  the  formulse  for  finding  the  plaee  of  tlie  body  in  its 
orbit,  we  will  consider  each  species  of  conic  section  sepai-ately,  com- 
mencing with  the  ellipse. 

20.  Since  the  value  of  a  —  r  can  never  exceed  the  limits  —  ae  and 
+  cw,  we  may  introdnee  an  auxiliary  angle  such  that  we  shall  have 


This  auxiliary  angle  E  is  called  the  eeeentHo  ammncdy ;  and  its  geo- 
metrical signification  may  be  easily  known  from  its  relation  to  the 

true  anomaly.     Introdncing  this  value  of —-  into  the  equation 

(27)  and  writing  t~  Tin  place  of  t^,  T being  the  Ume  of  perihelion 
passage,  and  t  the  time  for  which  the  place  of  the  planet  in  its  orbit 
is  to  be  computed,  we  obtain 

h-]/l  +  '^(^t—T)=E—esmi;.  (38) 

But  ——-—. —  ^mean  daily  motion  of  the  planet  =  //;  therefore 


,.it-T)=E- 


The  quantity  /t(t  —  T)  represents  what  would  be  the  Sngular  diatanee 
from  the  perihelion  if  the  planet  had  moved  uniformly  in  a  circular 
orbit  whose  radius  is  a,  its  mean  distance  from  the  sun.  It  is  called 
the  mean  anomaly,  and  is  usually  designated  by  M.  We  shall,  there- 
fore, have 

M=ii{t—T), 

M=E—esmE.  (39) 

When  the  planet  or  comet  is  in  its  perihelion,  the  true  anomaly, 
mean  anomaly,  and  eccentric  anomaly  are  each  equal  to  zero.  All 
three  of  these  increase  from  the  perihelion  to  the  aphelion,  where 
they  are  each  equal  to  180°,  and  decrease  from  the  aphelion  to  the  peri- 
helion, provided  that  they  arc  considered  negative.  From  the  peri- 
helion to  the  aphelion  v  is  greater  than  E,  and  E  is  greater  than  M. 
The  same  relation  holds  true  from  the  apheUon  to  the  perihelion,  if 
we  regard,  in  this  case,  the  values  of  v,  E,  and  Mas  negative. 

As  soon  as  the  auxiliary  angle  E  is  obtained  by  means  of  the  mean 
motion  and  eccentricity,  the  values  of  r  and  v  may  be  derived.     For 


stsd  by  Google 


64  THEORETICAL    ASTRONOMY. 

this  purpose  there  are  various  fonniilfe  which   may  be  applied  in 
praetic«,  and  which  we  will  now  develop. 
The  equation 

gives 

r  =  ail  —  ecosE).  (40) 

This  also  gives 

—  ae  ^=  a  cos  £  —  ae. 


which,  by  means  of  equation  (25),  reduces  to 

r  cos)J=  a  cosE — ae.  "    (41) 

If  we  square  both  members  of  equations  (40)  and  (41),  and  subtract 
the  latter  result  from  tlie  former,  we  get 

r' sinH  :^  a' (1  —  e")  sin' £•, 
or 

)■  sin  1)  =  «v^n=7  sin  £  =  6  sin  K  (42) 

By  means  of  the  equations  (41)  and  (42)  it  may  be  easily  shown 
tliat  the  auxiliary  angle  E,  or  eccentric  anomaly,  is  the  angle  at  the 
centre  of  the  ellipse  between  the  semi- transverse  axis,  and  a  line 
drawn  from  the  centre  to  the  point  where  the  prolongation  of  tlie 
ordinate  perpendicular  to  this  axis,  and  drawn  through  the  place  of 
the  body,  meets  the  circumfei'ence  of  the  circumscribed  circle. 

Equations  (40)  and  (41)  give 

r(l  q:  cos»)  =  a(l  ±  e)  (1  q:  cos^}. 

By  usiitg  first  the  upper  sign,  and  then  the  lower  sign,  we  obtain,  by 
reduction, 

■     Vr  sin  >  =  l/a(l  +  e)  sin  ^E, 

Vt  cos  Iv  =  i/(((l  — e)  cos  IE,  (43) 

which  are  convenient  for  the  calculation  of  )■  and  n,  and  especially  so 
when  several  places  are  required.     By  division,  these  equations  give 

tan  \v  =  \'t^-^  tan  ^E.  (44) 
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Since  e  =  sin  f,  we  have 

l^  =  !  7  'I"  ^  =  tan'  (45^  -  l^)- 
1  +  e       1  +  smp  ^  ' 

Conse(|vientIy, 

tan-^B=taa(45°~^p)  taiUi).    ""  (45) 

Again, 

Vl  +  e  =  -/l  H-  sin  ^  =  1/1  +  2  sin  i^  cos  Jf, 

whicli  may  be  written 

1/1  +  e  =  l^sin'  ^^  +  co3=  Jf  +  2  sin  J??  00s  i<p, 
or  ____ 

In  a  similar  n^anner  wc  find 

y  1  —  e  =  —  sin  ^s"  +  cos  ^p. 

From  these  two  equations  we  obtain 

VTT^  +  VT^^=  2  cos  Jp, 

l/l  +  e  —  -|/1  —  e  =  2  ain  ip,  (46) 

which  are  convenient  in  many  transformations  of  equations  involving 
e  or  fi. 

Equation  (42)  gives 


""-^^      6      ^6(1  +  ecosi;)' 
but  p  =  a  cos^  ;p,  and  6  =  a  cos  ^,  hence 

sin  -B  =  ^^^^  =  -^^i^^. 
Equation  (41)  gives 

cos  £  =  ^^-^        -  «(l  +  ecos*^)  + ' 

or 

^      B  cos  u  +  ae  +  ae'  cos  u 

"■-^"     .(1  +  ..0.,)     ' 

and,  putting  a  cos^  if  instead  of  p,  and  sin  (p  ibi'  e,  we  g 


(48) 


If  we   multiply  tlie  first  of  equations  (43)  by  cos^-E,  and   tlie 
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second  by  Bn^E,  successively  add  and  subtract  the  products,  and 
reduce  by  means  of  the  preceding  equations,  we  obtain 

mn^iv  -\-  E):^ ■*/-  cos ^p  sin .E, 

sin  i  (-y  ~  E)  =  ■yj^  sin  ^f  sin  E.  (49) 

Tlie  perihelion  distance,  in  an  elliptic  orbit,  is  given  by  the  cc[ua- 
tion 

,  =  »(!-.). 

21.  The  diiference  between  the  true  and  the  mean  anomaly,  or 
w  —  Jf,  is  called  the  equati/yn  of  the  centre^  and  is  positive  from  the 
pei'ihelion  to  the  aphelioD,  and  negative  from  the  aphelion  to  tho 
perihelion.  When  the  body  is  in  either  apsis,  the  ecLiiation  of  the 
centre  will  be  equal  to  zero. 

We  have,  from  equation  (39),     , 

E  =  M+c  sinE. 
Expanding  this  by  Lagrange's  theorem,  we  get 


HJS-)  =  l'm+AM"}^-'.'r  + 


dnM)j_^_i_i..,^,„djm\^^ 


*^  dM'\  dM    /1-2-3+  ^ 

Let  us  now  take,  equation  (40), 

ii-C-E)  =  (1  —  «  C03-E)""=  J 
and,  consequently, 

F(,M)  =  (l  —  e<i<iB3rr'. 

Therefore  we  shall  have 

T  =  (1  —  «  COB  Mf'—2e-  Biu-ilf  (1  —  e  cos  Mf' 

-  <f  Jg{'in-M(l-,  CO,  11)-')  ~.... 

Expanding  these  terms,  and  performing  the  operations  indicated,  ■ 
get 

j  =  1  -|-  2e  coail/+ n  (6  cos'Jf — 4sin'ilf) 

+  J  (16  cos'itf  —  36  sin'Jf  cos  JH")  +  . . . , 
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which  reduces  to 
^=l+2ecosAf+|ci+5cos2jt/)+J(13cos3J'/+3cosj¥)+....    (61) 

Equation  (22)  gives 

dv  =  -^Y-i 


and,  siiice/=pi/p(l  +  m),  we  have 


dv^ 5 


dv ^  Vi^^^ %  Mi  =  i/r^^  -,  dM. 

By  expanding  the  faetor  i/l  —  <?,  we  obtain 

and  hence 

(;«  =  (!  — ^e=—...)^  dM. 

Substituting  for  —  its  value  trom  equation  (51),  and  integrating,  we 
get,  since  u  =  0  when  M^O, 

v~M=='lesmM-\-%e  wm2M+^0.Zsm'iM~ZsiaM) -{-. . .    (53) 

which  is  the  expression  for  the  equation  of  the  centre  to  terms  involving 
e^.  In  the  same  manner,  this  series  may  bo  extended  to  higher  powers 
of  e. 

When  the  eccentricity  is  very  small,  this  series  converges  very 
rapidly;  and  the  value  of  v  —  Mior  any  planet  may  bo  arranged  in 
a  table  with  the  argument  M. 

For  the  purpose,  however,  of  computing  the  places  of  a  heavenly 
body  from  the  elements  of  its  orbit,  it  is  preferable  to  solve  the 
equations  which  give  v  and  B  directly;  and  when  the  eccentricity  is 
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very  great,  this  mode  is  indispensable,  since  the  series  will  not  in 
tliat  case  be  sufSciently  coavei'gent, 

It  will  be  observed  that  the  formula  which  must  be  used  in  obtain- 
ing the  eccentric  anomaly  from  the  mean  anomaly  is  transcendental, 
and  hence  it  can  only  be  solved  either  by  series  or  by  trial.  But 
fortunately,  indeed,  it  ao  happens  that  the  circumstances  of  the  celes- 
tial motions  render  these  approximations  very  rapid,  the  orbits  being 
usually  either  nearly  circular,  or  else  very  eccentric. 

If,  in  eq.uation  (50),  we  put  F{E)  =  E,  and  consequently  F{M) 
^=  M,  we  shall  have,  performing  the  operations  indicated  and  reducing, 

£=  if  +  e  ain  Jf  +  -Je^  sin  2.M-\-  &c.  (54) 

Let  us  iiow'denote  tlie  approximate  value  of  A' computed  from  this 
equation  by  E^,,  then  will 

E„+  a.E^=E, 

in  which  nEg  is  the  correction  to  be  applied  to  the  assumed  value  of  E. 
Substituting  this  in  equation  (39),  we  get 

M=Ea+  ^E„  —  e  maE^—e  eo&E^AE^; 

and,  denoting  by  Mf,  the  value  of  M  corresponding  to  E^,  we  shall 
also  liave 

M,  =  E,  —  esmE^. 

Subtracting  this  equation  from  the  preceding  one,  we  obtain 


1  — e 


=  aE. 


It  remains,  therefore,  only  to  add  the  value  of  aE^  found  from  this 
formula  to  the  first  assumed  value  of  E,  or  to  E„,  and  then,  using 
this  for  a  new  value  of  Eo,  to  proceed  in  precisely  the  same  manner 
for  a  second  approximation,  and  so  on,  until  the  cori'ect  value  of  £  is 
obtained.  When  the  values  of  E  for  a  succession  of  dates,  at  equal 
intervals,  ai'e  to  be  computed,  the  assumed  values  of  E^  may  be  ob- 
tained so  closely  by  interpolation  that  the  iirst  approximation,  in  the 
manner  just  explained,  will  give  the  correct  value;  and  in  nearly 
every  case  two  or  three  approximations  in  this  manner  will  suffice. 

Having  thus  obtained  the  value  of  E  corresponding  to  M  for  any 
instant  of  time,  we  may  readily  deduce  from  it,  by  the  formulte 
already  investigated,  the  corresponding  values  of  r  and  v. 

In  the  case  of  an  ellipse  of  very  great  eccentricity,  corresponding 
to  tlie  orbits  of  many  of  the  comets,  the  most  convenient  method  of 
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computing  r  and  «,  for  any  instant,  is  somewhat  different.  The 
manner  of  proceeding  in  the  computation  in  such  cases  we  shall  con- 
sider hereafter;  and  we  will  now  proceed  to  investigate  tiie  formidai 
for  determining  r  and  v,  when  the  orbit  is  a  parabola,  the  formulEe 
for  elliptic  motion  not  being  applicable,  since,  in  tJie  parabola,  n  ^  co , 
and  e  ^  1, 

.  22.  Observation  shows  that  the  masses  of  the  comets  are  insensible 
in  comparison  with  that  of  the  sun;  and,  consequently,  in  this  case, 
m  =  0  and  equation  (52),  putting  for  f  its  value  2^,  becomes 

W'%1  dt  =  r'dv, 

■which  may  be  written 

■■  _;  -■  =  1(1  -|-  tan'  ^v)  sec'  f^vdv  =  (1  -f  t^i'  ^v)  d  tan  ^v. 

Integrating  tliis  expression  bct(veeii  the  limits  T  and  t,  ^ve  obtain 

Mi:::?-^  =  tan  iv  +  J  tan'  ^v,  '     (55) 

which  is  tlie  expression  for  the  relation  between  the  true  anomaly 
and  the  time  from  the  perihelion,  in  a  pai'abolic  orbit. 

Let  us  now  represent  by  r^  the  time  of  describing  the  arc  of  a 
parabola  corresponding  to  v  =  90° ;  then  we  shall  have 


T/2g' 


1/2         r„ 

Sit 
Now,  —p=^  is  constant,  and  its  logarithm  is  8.5621876983;  and  if  we 

V2  '  ^ 

take  q  =  l,  which  is  equivalent  to  supposing  the  comct-to  move  in 
a  pai'abola  whose  perihelion  distance  is  equal  to  the  semi-transverse 
axis  of  the  earth's  orbit,  we  find 

log  r„ """  =  2.03987229,  or  r,  =  109.61.558  days ; 
that  is,  a  comet   moving  in  a  parabola  whose  perihelion   distance 
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is  equal  to  the  mean  distance  of  the  eartli  frord  the  sun,  requires 
109.61558  days  to  describe  an  arc  corresponding  to  i!  ^  90°. 

Equation  (55)  contains  only  such  quantities  as  are  comparable  with 
each  other,  and  by  it  t^  T,  the  time  from  the  perihelion,  may  be 
readily  found  when  the  remaining  terms  are  known;  but,  in  order 
to  find  V  from  tliis  formula,  it  will  be  necessary  to  solve  the  equation 
of  the  tliird  degree,  tan  J?i  being  the  unknown  quantity.  If  we  put 
X  =  tan  Iv,  this  equation  becomes 

x'  +  Sx  —  a^O, 

in  which  a  is  the  known  quantity,  and  is  negative  before,  and  positive 
after,  the  perihelion  passage.  According  to  the  general  principle  in 
the  theory  of  equations  that  in  every  equation,  whether  complete  or 
incomplete,  the  number  of  positive  roots  cannot  exceed  the  number 
of  variations  of  sign,  and  that  the  number  of  negative  roots  cannot 
exceed  the  number  of  variations  of  sign,  when  the  signs  of  the  terras 
containing  the  odd  powers  of  the  unknown  quantity  are  changed,  it 
follows  that  when  a  is  positive,  there  is  one  positive  root  and  no 
n^ative  root.  When  a  is  negative,  there  is  one  negative  root  and 
no  positive  root;  and  hence  we  conclude  that  equation  (55)  can  have 
but  one  real  root. 

We  may  dispense  with  the  direct  solution  of  this  equation  by 
forming  a  table  of  the  values  of  v  corresponding  to  those  of  ( ^  ^ 
in  a  parabola  whose  perihelion  distance  is  equal  to  the  mean  distance 
of  the  earth  from  the  sun.  This  table  will  give  the  time  correspond- 
ing to  the  anomaly  v  in  any  parabola,  whose  perihelion  distance  is 
g,  by  multiplying  by  g^,  the  time  which  corresponds  to  the  same 
anomaly  in  the  table.  We  shall  have  tlie  anomaly  v  corresponding 
to  the  time  ( -—  2'  by  dividing  t  —  7*  by  q',  and  seeking  in  the  table 
the  anomaly  corresponding  to  the  time  resulting  from  this  division. 

A  more  convenient  method,  however,  of  finding  the  true  anomaly 
from  the  time,  and  the  reverse,  is  to  use  a  table  of  the  form  gene- 
rally known  as  Barker's  Table.  The  following  will  explain  its  con- 
struction : — 

Multiplying  equation  (55)  by  75,  we  obtain 

^^,  ((  —  T)  =  75  tan  {v  -\-  25  tan'  ^t^. 
Let  us  now  put 


75  tan  ^v  -j-  25  tan'  ^v, 
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and  C„  =  ■ — =■,  which  is  a  constant  quantity ;  tlien  will 

y  2 


The  value  of  C,  is 

log  C„  =  9.9601277069. 
Again,  let  us  take 


which  ia  called  the  mean  daily  motion  in  the  parabola;  then  will 

M=  m  (t—T)  =  75  tan  iv  +  25  tan'^. 

If  we  now  compute  the  values  of  M  corresponding  to  successive 
values  of  1!  from  v^0°  to  ?)  =  180°,and  arrange ' them  in  a  table 
with  the  argument  v,  we  may  derive  at  once,  from  this  table,  for  the 
time  (( —  T)  either  Jlf  when  v  is  known,  or  i;  when  M=in(t  —  T) 
ia  known.  It  may  also  be  observed  that  when  t  — Tib  negative,  the 
value  of  -u  h  considered  as  being  negative,  and  hence  it  is  not  neces- 
sary to  pay  any  further  attention  to  the  algebraic  s^n  of  i  —  T  than 
to  give  the  same  sign  to  the  value  of  v  obtained  from  the  table. 

Table  VI-  gives  the  values  of  Jf  for  values  of  v  from  0°  to  180°, 
with  differences  for  interpolation,  the  application  of  which  will  be 
easUy  understood 

23.  When  v  apj  oi  !  es  eai  to  180  tl  a  tible  11  be  extremely 
inconvenient,  since  th  case  tl  e  difle  en  es  between  the  values  of- 
M  for  a  difference  of  one  m  ni  te  n  tl  e  v^l  le  of  v  ncrease  very 
rapidly;  and  it  v  U  be  \ery  tioubleaoi  e  to  obti  the  value  of  v 
from  the  table  with  the  e  [u  te  lee  ee  of  accuracy  To  obviate 
the  necessity  of  exten  1  g  th  til  le  e  ^  i  ce  1  i  the  following 
manner : — 
?*     Equation  (55)  may  be  written 


and,  multiplying  and  dividing  the  second  member  by  (1  +  cot^lvfy 
we  shall  have 

■        ,_    a       =  S   tai   ^V  (1  +  COt'^u)'  ,~ TdT^k- 
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Biit  1  +  cot'^  i<!  =^  — ; ;—  and  consequently 

smiitan^i)  '■  ■' 

1  +  3  cot'  I 


l/2qi  Ssin'i;      (l  +  cot^t^)'' 

Now,  when  v  approaches  near  to  180°,  cotjf  will  be  very  small,  and 
the  second  factor  of  the  second  member  of  this  equation  will  nearly 
=  1.  Let  us  therefore  denote  by  w  the  value  of  v  on  the  supposition 
tliat  this  factor  is  equal  to  unity,  which  will  be  strictly  true  when 
V  =  180°j  and  we  shall  have,  for  the  correct  value  of  v,  the  following 
equation : 


\  being  a  very  small  quantity.     We  shall  therefore  have 
y^~  ^  3  tan  ^  (w  +  i„)  +  tan' -J  (w  +  fl.„), 

and,  putting  tan  Jw^  d,  and  tan^A^^ic,  we  get,  from  tliis  equation, 

(l  +  d'f  g  +  x         (O  +  x)' 

IP       ~''-\.~0x^  (X  —  Oxf 

Multiplying  this  through  by  6^  (1  —  6x)^,  expanding  and  reducing, 
tha'e  results  the  following  equation : 

14-3C'=3fl(l  +  4^+  2(?*  +  e')  a:  —  30' (1  +4fl"+  2fl*+(5*)a^ 
+  6«  (2  +  6fl"  +  35*  4-  00  ^■ 

Dividing  through  by  the  coefficient  of  x,  we  obtain 

1  +  3^^ (^^2  +  6f+S0^-M^' 

Zd  (1  +  40=  +  2^  -f  0^  ~  ^   3  (1  +  Aif'  +  20*  +  0«)  ■ 

Let  us  now  put 

1  +  33^ 

3fl  (1  +  4^=  +  29*  +  0«)  "  ^' 

then,  substituting  this  in -the  preceding  equation,  inverting  the  series 
and  reducing,  we  obtain  finally 

,-_„  I   ,..  I  »-(4  +  18»-  +  M'  +  5>') 

But  tan  ^A^  =  fl;,  tlierefore 

Ao  — 2^  — 1^+ 
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Substituting  in  this  the  vahie  of  x  above  found,  and  reducing,  we 
obtain 

A,  =  2y  +  20f  +  -^^Y+i^^i^'W^  ^  +  *'■ 

For  all  tlic  case,s  in  which    this  equation  is  to  be  applied,  the  tliird 
term  of  the  second  member  will  be  insensible,  and  wc  shall  have,  to 
.  a  aufUcient  degree  of  approximation, 

\  =  2y  +  20y\ 

Table  VII.  gives  the  values  of  Ao)  expressed  in  seconds  of  arc, 
corresponding  to  consecutive  values  of  w  from  w  =^  155°  to  w  ^  180°. 
In  the  application  of  this  table,  we  have  only  to  compute  the  value 
of  M  precisely  as  for  the  case  in  which  Table  VI.  is  to  be  used, 
namely, 

M=m{t  —  T); 

tiieu  Avill  tt!  be  given  by  the  formula 


.^1 


e  we  have  already  found 

k  (t  —  T)  ^ 
1/2?' 


__j/2^^ 
3  (( —  T)  A 


Having  computed  the  value  of  w  from  tliis  equation,  Table  VII, 
will  furnish  the  corresponding  value  of  \;  and  then  we  shall  have, 
for  the  correct  value  of  the  true  anomaly, 

which  will  be  precisely  the  same  as  that  obtained  directly  from  Table 
VI.,  when  the  second  and  higher  orders  of  differences  are  taken  into 
account. 

If  u  is  given  and  the  time  t  —  2"  is  required,  the  table  will  give, 
by  inspection,  an  approximate  value  of  i^  using  v  as  argument,  and 
then  w  is  given  by 


stsd  by  Google 


64  THEOBETIOAT-   ASTllONOMT. 

The  exact  value  of  a^  is  tlien  found  from  tlic  teble,  aiid  hence  we 
derive  that  of  w ;  and  finally  t  —  T  from 

24.  The  problem  of  finding  the  time  t  —  T  when  the  true  anomaly 
is  given,  may  also  be  solved  conveniently,  and  especially  so  when  v  is 
small,  by  the  following  process: — 

Equation  (55)  is  easily  transformed  into 


34(1- 

-T) 

=  ; 

i:^'^  ^ 

from 

which  we 

obtain, 

since 

r- 

=  T  COS'^, 

3t(l- 
2rl 

n^ 

=  3 

(1^)-' 

Let. 
and 

ns  now  pnl 
we  hnve 

3i(i- 
2ri 

D.= 

gin 
=  3 

sinai  — isin'^ 

Consequently, 

which  admits  of  an  accurate  and  convenient  numerical  solution.  To 
facilitate  the  calculation  we  put 

the  values  of  which  may  be  tabulated  witli  the  argument  u.  When 
J)  :^  0,  we  shall  have  ^=  W%  ^^^  when  c  =^  90,  we  have  JV:=  1 ; 
from  which  it  appears  that  the  value  of  iV  changes  slowly  for  values 
of  V  from  0°  to  90°.  But  when  -v  =  180°,  we  shall  have  iV"=  co ; 
and  hence,  when  v  exceeds  90°,  it  becomes  necessary  to  introduce  an 
auxiliary  different  from  JV.     We  shall,  thereforej  put  in  this  case, 

A''  =  iVsini'  =  ein3»; 
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from  which  it  appears  that  JV'  =  1  when  v  =  90°,  and  that  N'  =  |l/2 
when  V  =  180°,     Therefore  we  have,  finally,  when  v  is  less  than  9,0'^, 

and,  when  v  is  greater  tlian  90°, 

in  which  log -^  =  1.5883272995,  from  which  t—T'is  easily  derived 
when  V  is  known. 

Table  VIII.  gives  the  values  of  N,  with  differences  for  interpola- 
tion, for  values  of  v  from  v  ^  0°  to  t?  ^  90°,  and  the  values  of  N' 
for  those  of  V  from  v  =  90°  to  u  =^  180°. 

25.  We  shall  now  consider  the  case  of  the  hyperbola,  which  differs 
from  the  ellipse  only  that  e  is  greater  than  1 ;  and,  consequently,  the 
formnlje  for  elliptic  and  hyperbolic  motion  will  difier  from  each  other 
only  that  certain  quantities  which  are  positive  in  the  ellipse  are  nega- 
tive or  imaginary  in  the  hyperbola.  We  may,  however,  introduce 
ansiliary  quantities  which  will  serve  to  preserve  the  analogy  between 
the  two,  and  yet  to  mark  the  necessary  distinctions. 

For  this  purpose,  let  us  resume  the  equation 

p  COS  + 

*■  ~  2  cos  i  (w  +  ^)  cos  I  (,v  —  4)' 

When  V  ^=  0,  the  factors  cos|(w  +  4")  ^i*^  cos^(i'  —  '4')  in  the  de- 
nominator will  be  equal;  and  since  the  limits  of  the  values  of  v  are 
180°— -^j/  and  — (180°  — il^)?  i*  follows  that  the  first  factor  will  vanish 
for  the  maximum  positive  value  of  v,  and  that  the  second  fiujtor  will 
vanish  for  the  maximum  negative  value  of  v,  and,  therefore,  that,  in 
either  case,  )•=(». 

In  the  hyperbola,  the  semi-transverse  axis  is  negative,  and,  conse- 
quently, we  have,  in  this  case, 

p  =a(e'  —  1),  or  a=p  cot^+. 

We  have,  also,  for  the  perihelion  distance, 

Let  us  now  put 

tan^J'^tanJ-v-y^^j,  (56) 
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which  is  analogous  to  the  formula  for  the  eccentric  anomaly  £  in  an 


e  +  l       1  +  c. 
and,  consequently, 

tan  3-F  =^  tan  ^  tan  ^-i.  (57) 

We  shall  now  introduce  an  auxiliary  quantity  a,  such  that 


=  „.(45=  +  ,«  =  l±iSf, 


whence  we  derive 


cos  l  {v  -\-  4.) 


This  last  equation  shows  that  a^l  when  the  comet  is  in  its  perihe- 
lion; <T=  (»whenD=180°— ij/j  and^— Owhen  v=^  — (180° —  nj/). 

Since  tan  J^=r -4tTt'  we  shall  have 

1  —  tan'  iF 


(60) 


Squaring  tliis  equation,  adding  1  to  both  members,  and  reducing  we 
obtain 

Replacing  rr  in  this  equation  by  its  value  from  equation  (59),  we  get 

1      _cos'K^'  +  4)  +  cos'4(i;— ■}-) 
cosj^         2cos^(^  +  4')cos^(jj  — +)  ' 
or 

1  1  -f-  cos  1!  cos  -J-  (e  4-  cos  v)  cos  4' 

^^^^2cos-i())  +  +)co'sK''— 4-)~2cos^(«  +  +)cosi(^  — +  : 
which  reduces  to 
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If  we  add  =p  1  to  both  members  of  this  equation,  we  shall  have 

1  zp  cos  -F  _  r(aH^l)(lqrc03^) 

cosF     ~^                 p 
Taking  first  the  upper  sign,  and  then  the  lower  sign,  and  rcdiieiug, 
■we  get  

t/cosJ' 
\/r  cos  Iv  ^     ^^fZ}^  cos  iF.  (63) 

These  equations  for  finding  )■  and  v,  it  will  be  observed,  are  analogous 
to  those  previously  investigated  for  an  elliptic  orbit.  These  eqimtiona 
give,  by  division. 


=  V^mnW 


which  IB  identical  with  the  equation  (56),  and  may  be  e 
verify  the  computation  of  r  and  v.  j 

Multiplying  the  last  of  equations  (63)  by  the  first,  putting  for 
e* —  1  ite  value  fam^ij^,  and  reducing,  we  obtain 

rsinf^dtan-t  tani^=^ft  tan 4. 1  rr  —  _  j.  (64) 

Further,  we  have 

r  cos  ,  =  ,45511^  =„_  2l(i±i5!iO 

1  +  6  cos  ti    ■  p 

which,  combined  with  equation  (62),  gives 

rcos^-«(e--^)-^«(26-^-l).  (65) 

If  we  square  these  values  of  r  siuw  and  r  cosn,  add  the  results  to- 
gether, reduce,  and  extract  the  square  root,  we  find 

We  might  also  introduce  the  auxiliary  quantity  a  into  the  equations 
(63);  but  such  a  transformation  is  hardly  necessary,  and,  if  at  all 
desirable,  it  can  be  easily  effected  by  means  of  the  formulae  which  we 
have  already  derived. 
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26.  Let  us  now  resume  the  equation 

cos  I  {v  H-  4')' 
Differentiating  this,  regarding  i^  ^  constant,  we  liave 


and,  dividing  this  eq^uation  by  the  preceding  one,  we  get 


ff 

~2 

GOsK''  +  'V)cosK^- 

--») 

But 

r- 

^2 

pcoa4. 

consequently, 
which  gives 

cos  ^1^  +  4-)  COS  i  (u  - 
d<7       r  tan  -^   , 

-+)' 

Substituting  this  value  of  r^dv  in  equation  (22),  and  putting  instead 
of  2/  its  value  hVp,  from  equation  (30),  the  mass  being  considered  as 
insensible  in  comparison  with  that  of  the  sun,  we  get 

kVp  dt  =  ■  f  -  da. 
^  <T  tail  4- 

Then,  substituting  for  r  its  value  from  equation  (66),  and  for  p  its 
value  a  tan"  ■4',  we  have 

kV pdt  =  a' tun  ^■Ue(l-^y\—l\d<T. 

Integrating  this  between  the  limits  ^and  t,  we  obtain 

yt/p(i-r)^anan  +  he(.i-J)--log,-r),  (67) 

in  which  log,  a  is  the  Naperian  or  hyperbolic  logarithm  of  a.  Since 
Vp  —  l/a  tan  1^,  if  we  put 
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in  which  y  is  the  mean  daily  motion;  and  if  we  also  put 

V  (i  —  T)  =  N„, 

in  which  N^  eorregponds  to  the  mean  anomaly  M  in  an  ellipse,  we 
shall  have,  from  equation  (67), 

iV;-ie(<r^i)-log„^.  (68) 


If  we  multiply  both  members  of  tliia  equation  by  ^  —  0.434294482, 
the  modulus  of  the  common  system  of  logarithms,  and  put 


e  shall  have 


-logff 


wherein  logA  ==  9.6377843113,  and  \ogXk  =  7.87331357527. 

Let  us  now  introduce  F  into  this  formula;  and  for  this  purpose  we 
have 

t!mF=ii<T  —  ^V 

and  also 

log  a  =  log  tan  (45"  +  ^J"). 

Therefore  we  obtain 

iV=e^tanJ'— logtau(45'  +  |f).  (69) 

This  equation  will  give,  directly,  the  time  t  —  T  from  the  perihelion, 
when  a,  e,  and  ^are  known;  but,  since  it  is  transcendental,  in  the 
solution  of  the  inverse  problem,  that  of  finding  the  true  anomaly 
and  radius-vector  from  the  time,  the  value  of  F  can  only  be  found  by 
successive  approximations. 

If  we  differentiate  the  last  equatioOj  regarding  if  and  F  as  vari- 
able, we  get 

dN=^^-=,(e  — cos  F)dF. 

Hence,  if  we  denote  an  approximate  value  of  Fhy  F„  and  the  cor- 
respondmg  value  of  iV"  by  N„  the  correction  a^,  to  the  assumed  value 
of  F  may  be  computed  by  the  formula 

^„_(.N—N.)cos'F, 
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This  correction  being  applied  to  F„  a  nearer  appraximatioii  to  the 
true  value  of  F  will  be  obtained;  and  by  repeating  the  operation 
there  results  a  still  closer  approximation.  This  process  may  be  con- 
tinued until  the  exact  value  of  i^  is  found,  and,  when  several  suc- 
cessive places  are  required,  the  first  assumed  value  may  be  estimated, 
in  advance,  so  closely  that  a  very  few  trials  will  suffice.  In  pi'acticej 
however,  eases  will  rarely  occur  in  which  this  formula  will  be  applied, 
since  the  probability  of  hyperbolic  motion  is  small,  and,  whenevei 
any  positive  indication  of  an  eccentricity  greater  than  1  has  been 
found  to  exist,  it  has  only  been  after  a  very  accurate  series  of  observa- 
tions has  been  introduced  as  the  basis  of  the  calculation.  For  a 
iiiojority  of  the  cases  which  do  really  occur,  the  most  accurate  and 
convenient  method  of  finding  r  and  v  will  be  explained  hereafter. 

27.  If  we  consider  tlie  equation 

M=E  —  eAnE, 

we  shall  see  that,  when  logarithms  of  six  or  seven  decimals  are  used, 
the  error  which  may  exist  in  the  determination  of  E  when  M  and  e 
are  given,  will  increase  as  e  increases,  but  in  a  much  greater  ratio; 
and,  when  the  eccentricity  becomes  nearly  equal  to  that  of  the  para- 
bola, the  error  may  be  very  great.  In  the  case  of  hyperbolic  motion, 
also,  the  numerical  solution  of  equation  (69),  when  e — 1  is  very 
small,  and  with  the  ordinary  logarithmic  tables,  becomes  very  un- 
certain. This  can  only  be  remedied,  when  equations  (39)  and  (69) 
are  employed,  by  using  more  extended  logarithmic  tables;  and  when 
the  orbit  differs  only  in  aii  extremely  slight  degree  ftom  a  parabola, 
even  with  the  most  extended  logarithmic  tables  which  have  been 
constructed,  the  error  may  be  very  large.  For  this  reason  we  have 
recourse  to  other  methods,  whieli  will  give  the  required  accuracy 
without  introducing  inconveniences  which  are  proportionally  great. 

We  shall,  therefore,  now  proceed  to  develop  the  formulte  for  find- 
ing the  true  anomaly  in  ellipses  and  hyperbolas  which  di^r  but 
little  from  the  parabola,  such  that  they  will  furnish  the  required 
accuracy,  when  the  exact  solution  of  equations  (39)  or  (69)  with  the 
logarithmic  tables  in  common  use  is  impossible. 

For  this  purpose,  let  us  resume  equation  (22),  which,  by  substi- 
tuting for  2/  its  value  kV p,  the  mass  of  the  comet  being  neglected 
in  comparison  with  that  of  the  sun,  becomes 

h  i/p  dt  ^^  r'dv, 
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k-\/jidt^^p^ 


(l  +  ecos«y 


Let  us  now  put  m  =  tan^ti,  and  we  shall  have 


Substituting  these  values  in  the  preceding   equation,  and  putting 


'i/j"«  =  (l+^.Cl +  -■)■' 

or,  since  p  ^^  5  (1  +  e)j 

/:i/T+7tf<  _  (1  +  m')  du 

Let  us  now  develop  the  second  member  into  a  series.     This  may  be 
written  thus : 

and  developing  the  last  factor  into  a  series,  we  obtain 

(1  +  iii?r''  =  1  —  2iu^  +  3i^(*  —  4ftt»  4-  ^c. 
Consequently, 

(1  +  n^)  (1  +  m=)-=  -  1  +  xt'  -  2;(w=  +  «')  +  Si^^^  +  u^) 

-4;n«°  +  ^'*)  + 

Multiplying  this  equation  through  by  du,  and  integrating  between 
the  limits  T  and  (,  the  result  is 


-4i'(>'  +  >0  +  &c.     ,■■.         ■     .         (70) 

In  the  case  of  the  parabola,  e  =  \  and  i  =  0,  and  tliis  equation  becomes 
identical  with  (55). 
Let  ua  now  put 
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t/^:  tan -1 7; 

then  the  angle  Fwill  not  be  tlie  true  anomaly  in  the  parabola,  but 
an  angle  derived  from  the  solution  of  a  cubic  equation  of  the  same 
form  aa  that  foe  finding  the  parabolic  anomaly ;  and  its  value  may 
be  found  by  means  of  Table  VI.,  if  we  use  for  M  the  value  com- 
puted from 


M-. 


_75k(t—T)      11  + 


V^ 


Let  fjbe  expanded  into  a  series  of  the  form 
u=u+.i  +  fti'  +  r>^  +  .... 


which  is  evidently  admissible,  a,  /5, ;-, being  functions  of  u  and 

independent  of  i.  It  remains  now  to  determine  the  values  of  the 
coefficients  a,  /9,  j-,  &c.,  and,  in  doing  so,  it  will  only  be  necessary  to 
consider  terms  of  the  third  order,  or  those  involving  i^,  since,  for 
nearly  all  of  those  cases  in  ■which  the  eccentricity  is  such  that  terms 
of  the  order  i*  will  sensibly  affect  the  result,  the  general  formulas 
already  derived,  with  the  ordinary  means  of  solution,  will  give  the 
required  accuracy.     We  shall,  therefore,  have 

U+iU'  =  u+  ^i  +  lii'  +  ri^  +  i{u  +  a.i  +  ^i'  +  riy, 
r  terms  of  the  order  i', 


But  we  have  already  found,  (70), 

+  3,'(i.'+ >')-<!.'(!«'+ S"'). 
Since  the  first  members  of  these  equations  are  identical,  it  follows,  by 
the  principle  of  indeterminate  coefficients,  that  the  coefficients  of  the 
like  powers  of  ■(  are  equal,  and  we  shall,  therefore,  have 

Ua'  +  (1  +  mO  JS  -  +  3  (iM=  +  W), 
la'  +  2uo.fi  +  {\+u-)y=.-  4(^«'  +  lu"). 

From  the  first  of  these  equations  we  find 
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Kty  +  iy) 

The  accond  equation  gives 

or,  substituting  for  a  its  value  just  found,  and 

■  (!+«■)■ 

We  have  also 

and  henee,  substituting  the  values  of  a  and  /9  already  found,  and 
reducing,  we  obtain  finally 

'^-  il +u'f 

Again,  we  have 

tan~'t7=tan"'(w  +  ai+  /3i=  +  r^^). 

Developing  this,  and  neglecting  terms  of  the  order  i*,  wc  get 

tan-'ft-tan-'w  +  :i-^Cai  +  ;9i'+;^^)-^--^(o»i=  +  2o^i') 


Now,  since  u^tanj))  and  17^^  tan  ^F,  we  shall  have 
or 

'^-"'  +  i  +  «-'  +  U  +  »-    (!  +  «■)■/ 

Substituting  in  this  equation  the  values  of  a,  j9,  and  ;■  already  found, 
and  reducing,  we  obtain  finally 
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This  equation  can  be  used  whenever  the  true  anomaly  in  the 
ellipse  or  hyperbola  is  given,  and  the  time  from  the  perihelion  is  to 
be  determined.  Having  found  the  value  of  V,  we  enter  Table  VI. 
with  tile  argument  Fand  take  out  the  corresponding  value  of  J/; 
and  then  we  derive  i  —  Tfrom 

in  which  log  C^  -^  9.96012771. 

For  the  converse  of  this,  in  wliich  the  time  from  tlie  perihelion  is 
given  and  the  true  anomaly  is  required,  it  is  necessary  to  express  the 
difference  v  —  F"  in  a  series  of  ascending  powers  of  i,  in  which  the 
coefficients  are  functions  of  U,     Lei  us,  therefore,  put 

u=V+Ji  +  fli'-{-  r'if  +  &C. 

Substituting  this  value  of  u  in  equation  (70),  and  neglecting  terms 
multiplied  by  i*  and  higher  powers  of  i,  we  get 


+  (/!■(!  +  (/■)  +  w-2tjva  +  u-j  +  it/'  +  icf)  ;■ 

+  V  (1  +  P')  +  i  •"  +  2  «/!"+  3  tJ'.'  (1  + 17-)  ~  2|S'  Cf  (1  +  V) 
—  4  UV  —  2  n."  —  4  !7>  —  I D") ,'. 

But,  since  the  first  member  of  this  equation  is  equal  to  U-\-  lU^,  we 
shall  have,  by  the  principle  of  indeterminate  cocfiicients, 

•'(1+  V)  —  iIP—iV^  =  0, 

/(1+  EJ")+J."  +  217.'i!'  +  3!7V(l+  D")  —  2/'' P*  (1  +  C) 
—  4E7V"  — 2W  — -50'  — 5!7"  =  0. 

From  these  equations,  we  find 

y       HP'+lJtP'+»P'+lV,P" 
'  (1  +  U'r 

V  _  tS»  f '  +  HH  f  +  '*W  P»  +  WP"+j§aP"  +  TW.P" 
"  (1  +  V')' 

If  we  inixirehauge  v  and  V  in  equation  (72),  it  becomes,  writing  a', 
(?',  r'  for  a,,  ft  r. 


Bled  by  Google 


PLACi;   IN   THK   OEEIT. 


^   ^1+n-  ^\i  +  u'     (i  +  u-yi 

Substituting  in  tiiis  equation  the  above  values  of  a',  j9',  and  y',  and 
reducing,  we  obtain,  finally, 

_  _ ,  |P'  +  1P' .  ,  H  U'  +  i  jf  v  +  A',  g'  +  t'A  i^"  ;■ 
'-'^^  (l  +  t7')-'+  Ci  +  f)' 

,  S« g'+  IHI  t^'+  HWt g"+  HM g"+  HH g°+  I'.'A  P"  ,■■  ,„, 
+  (1 +  !?■)•  '^^ 

by  means  of  which  v  may  be  determined,  the  angle  V  being  talcen 
from  Table  VI.,  so  as  to  correspond  with  the  value  of  M  derived 
from 


.((- 


'§-V^- 


Equations  (73)  and  (74)  ai'e  applicable,  without  any  modification, 
to  the  case  of  a  hyperbolic  orbit  which  differs  but  little  from  the 
parabola.  In  this  case,  however,  e  is  greater  than  unity,  and,  conse- 
quently, i  is  negative. 

28.  In  order  to  render  these  formula  convenient  in  practice,  tables 
may  be  constructed  in  the  following  manner; — 
Let  x  =  v  OT  V,  and  tan  ^  —  fi,  and  let  us  put 

100(1  +  e'y  ' 
_  j|es-[-  s^ffl  -^  .g^(tffl -j-  j\%o" 
10000  (1  +  00'       ~^^' 

10000  (1  +  ff'y 
p._ mo'^  mi«'^  fH?J'?"+  l§4§g'°+  4g4ig'H  ^W^^", 
1000000(14-^')' 

pf l"  +  aBao"   +  T^TfS''     +ST-5''    +75? j*^    +  ?g?5'^   , 

""  1000000(1  +  0"/ 

wherein  8  expresses  the   number  of  seconds  corresponding  to  the 
length  of  arc  equal  to  the  radius  of  a  circle,  or  logs=  5.31442513. 
We  shall,  therefore,  have : — - 
When  x  =  V, 

v^  F+^(1000  +-B(100iy+  C(100iy; 
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and,  when  x^^v, 

r=v-A  (lOOi)  +  ff  (lOOi)'—  <?'  (100>T- 

Table  IX.  gives  the  values  of  A,  B,  _B',  C,  and  C  for  c 
tive  values  of  x  from  x^^0°  tox=^  149°,  with  differences  for  inter- 
polation. 

When  the  value  of  v  has  been  found,  that  of  r  may  be  derived 
from  the  fornnila 

'-l  +  .co.^' 
Similar  expressions  arranged  in  reference  to  the  ascending  powers 
of  (1  —  e)  or  of  M  I  —  11  may  be  derived,  but  they  do  not  con- 

verge with  sufficient  rapidity;  for,  although  {  I  -■■—  ■  1  —  1 1  is  less 

than  i,  yet  the  coefficients  are,  in  each  case,  so  much  greater  thah 
those  of  the  corresponding  powers  of  %,  that  three  terms  will  not 
afford  the  same  degree  of  accuracy  as  the  same  number  of  terms  in 
the  expressions  involving  i. 

29.  Equations  (73)  and  (74)  ^¥ill  serve  to  determine  u  or  !  —  2*  in 
nearly  all  eases  in  which,  with  the  ordinary  logarithmic  tables,  the 
general  methods  fail.  However,  when  the  orbit  differs  considerably 
from  a  parabola,  and  when  v  is  of  considerable  magnitude,  the  results 
obtained  by  means  of  these  equations  will  not  be  sufficiently  exact, 
and  we  must  employ  other  methods  of  approximation  in  the  ease  that 
the  accurate  numerical  solution  of  the  general  formulas  is  still  impos- 
sible. It  may  be  observed  that  when  EoT  F  exceeds  50°  or  60°,  the 
equations  (39)  and  (69)  will  furnish  accurate  results,  even  when  e 
differs  but  little  from  unity.  Still,  a  case  may  occur  in  which  the 
perilielion  distance  is  very  small  and  in  which  v  may  be  very  great 
before  the  disappearance  of  the  comet,  such  that  neither  the  general 
method,  nor  the  special  method  already  given,  -will  enable  us  to  de- 
termine r  or  ( —  T  with  accuracy ;  and  we  shall,  therefore,  investigate 
another  method,  which  will,  in  ail  cases,  be  sufficiently  exact  when 
the  general  formulae  are  inapplicable  directly.  For  this  purpose,  let 
ns  resume  the  equation 
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which,  since  g-  —  a  (1  —  e),  may  be  written 

8' 
If  we  put 

"'"'"sJS  +  .iO;' 

wc  shall  have 

Let  us  now  put 

^  __  9E  +  sin  E 
"*"      20/1     ' 
and 

then  we  have 

^ ■  - —       n  ^  =  tan  iw  +  -1  tan'  Iw.  (75) 

Wlien  B  is  known,  the  value  of  w  may,  according  to  this  equation, 
be  derived  directly  from  Table  VI.  with  the  argument 

and  then  from  w  we  may  find  the  value  of  A.  It  remains,  therefore, 
to  find  the  value  of  £;  and  then  that  of  v  from  tlie  resulting  value 
of  A. 

Now,  we  have 

.     _,         2  tan  IE 


l  +  tan'^£' 

and  if  we  put  tan^ 

ill  =  T, 

we  get 

Bin-Ei 

2A 

1  +  ' 

=  &S(1- 

-,  +  .'- 

-r'  +  &c.). 

We  have,  also, 

j;=2taii"'r*= 

=  2t«(1- 

i'  +  K- 

-Jt'  +  &0.). 
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Therefore, 

15  (_E  —  sin  E)  ^  2r^  (10«-  —  V^'  +  V^'  —  H"'^  +  &«■). 
aiirl 

9£+  sin£;^2r^(10—  V^+  V-''—  V-^+  'i^— &c-)- 
Hence,  by  division, 

and,  inverting  this  series,  we  get 

-  =  1  --  1^  -4-  T^ 5^=  +  sls^"  +  a^ll^s^'  +  Ts^'W^?^'  +  &c., 

which  converges  rapidly,  and  from  which  the  value  of  —  may  be 
found. 

Let  us  now  put 

T         C" 

tlien  the  values  of  0  may  be  tabulated  with  the  argument  A;  and, 
besides,  it  is  evident  that  as  long  as  J.  is  small  C^  will  not  differ 
much  from  1  +  ^A. 

Next,  to  find  jB,  we  have 


^■=T*(l-|,  +  AV'-iM- 

'■+tWA1iV' -&«■). 

and  hence 

-.H.''+,ISS?i''~ 

from  which  we  easily  find 

£  =  1+  yhA'  +  ^hA"  +  -,^%\\tA'  +  &o. 

If  we  compare  er[uation8  (44)  and  (56),  we  get 

tan  ^E  ~  V^^  tan  ^F. 

Hence,  in  the  case  of  a  hyperbolic  orbit,  if  we  put  taa^  ^F=  v',  wo 
must  write  —  t'  in  place  of  t  in  the  formulee  already  derived;  and, 
from  the  series  which  gives  A  in  terms  of  t,  it  appears  that  ^  is  in 
this  ease  negative.     Therefore,  if  we  distinguish  the  ec[uations  for 
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hyperbolic  motion  from  those  for  elliptic  motion  by  writing  A',  B', 
and  C  in  place  of  A,  B,  and  C,  respectively,  we  shall  have 

"  =  1  +  iA'+  -.^A"-  5isl"+  -A  %lh-A-"—dfmiz-^'+  &«-. 


(jn 


£•  =  1  +  y|3X'=  -  513^'=  +  oVe^3^"  -  "fee- 


Table  X.  contains  the  values  of  log  B  and  log  C  for  the  ellipse 
and  the  hyperbola,  with  the  argument  A,  from  ^1  =  0  to  A  =  0,3. 
For  every  case  in  which  A  exceeds  0.3,  tlio  general  formulas  (39) 
and  (69)  may  be  conveniently  applied,  as  already  stated. 

The  equation 

tan  Iv  =  yl    _    tan  IE 
gives 

imnv^\^^Ac\ 


or,  substituting  the  value  of  A  in  terms  of  w, 

tan^v=  Ctan^-^yV'g^l  (76) 

The  last  of  equations  (43)  gives 

^         '         ~  1  +  tan'^i; 


Hence  we  derive 


(77) 


The  equation  for  ii  in  a  hyperbolic  orbit  is  of  precisely  the  same  form 
as  (76),  the  accents  being  omitted,  and  the  value  of  A  being  computed 
from 

For  the  radius-vector  in  a  hyperbolic  orbit,  we  find,  by  means  of  the 
last  of  equations  (63), 

'"'(1— ^COcos"^"  ^^^^ 

When  t^—T'm  given  and  r  and  u  are  required,  we  first 
B=l,  and  enter  Table  VI.  with  the  argument 
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in  which  log  C,,  =  9.96012771,  and  take  out  the  corresponding  value 
of  M,     Then  we  derive  A  from  the  equation 

in  the  ease  of  tJie  ellipse,  and  from  (78)  in  the  case  of  a  hyperbolic 
orbit.  With  the  resulting  value  of  A,  we  find  from  Table  X.  the 
corresponding  value  of  log  B,  and  then,  using  this  in  the  expression 
for  M,  we  repeat  the  operation.  The  second  result  for  A  will  not 
require  any  further  correction,  since  the  error  of  the  first  assumption 
of  B  ^;  1  is  very  small ;  and,  with  this  as  argument,  we  derive  the 
value  of  log  C  from  the  table,  and  then  v  and  r  by  means  of  the 
equations  (76)  and  (77)  or  (79). 

When  the  true  anomaly  is  given,  and  the  time  i  —  2*  is  required, 
we  first  compute  r  from 

1  -  e  ,     , . 


in  the  case  of  the  ellipse,  or  from 


in  the  case  of  the  hyperbola.  Then,  with  the  value  of  r  as  argu- 
ment, we  enter  the  second  part  of  Table  X.  and  take  out  an  approxi- 
mate value  of  A,  and,  with  this  as  argument,  we  find  logB  and  log  C. 
The  equation 

will  show  whether  the  approximate  value  of  A  used  in  finding 
log  C  is  sufficiently  exact,  and,  hence,  whether  the  latter  requires  any 
correction.     Next,  to  find  w,  we  have 


___  tan  ^v       I   1  +  9e 


and,  with  w  as  argument,  we  derive  Mfrom  Table  VI.     Finally,  we 
have 

._T- ^^' «m 


by  means  of  which  the  time  from  the  perihelion  may  be  accurately 
determined. 
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30.  We  have  thus  far  treated  of  the  motion  of  the  heavenly  bodies, 
relative  to  the  sun,  without  considering  the  positions  of  their  orbits 
in  space;  and  the  elements  which  we  have  employed  are  the  eccen- 
tricity and  semi-transverse  axis  of  the  orbit,  and  the  mean  anomaly 
at  a  given  epoch,  or,  what  is  equivalent,  the  time  of  passing  the 
perihelion.  These  are  the  elements  which  determine  the  position  of 
the  body  in  its  orbit  at  any  given  time.  It  remains  now  to  fix  its 
position  in  spaoe  in  reference  to  some  other  point  in  space  from  which 
we  conceive  it  to  be  seen.  To  accomplish  this,  the  position  of  its 
orbit  in  reference  to  a  known  plane  must  be  given ;  and  the  elements 
which  determine  this  position  are  the  longitude  of  the  perihelion,  the 
longitude  of  the  asoending  node,  and  the  inclination  of  the  plane  of 
the  orbit  to  the  known  plane,  for  which  the  plane  of  tlie  ecliptic  is 
usually  taken.  These  three  elements  will  enable  us  to  determine  the 
co-ordinates  of  the  body  in  spaee,  when  its  position  in  its  orbit  has 
been  found  by  means  of  the  formulae  already  investigated. 

The  Iffngitude  of  the  aseendinff  node,  or  longitude  of  the  point 
through  whicli  the  body  passes  from  the  south  to  the  north  side  of 
the  ecliptic,  which  we  will  denote  by  SJ,  is  the  angular  distance  of 
this  point  from  the  vernal  equinox.  The  line  of  intersection  of  the 
plane  of  the  orbit  with  the  fundamental  plane  is  called  the  line  of 
nodes. 

The  angle  which  the  plane  of  the  orbit  makes  with  the  plane  of 
the  ecliptic,  which  we  will  denote  by  *,  is  called  the  indinaHon  of 
the  orbit.  It  will  readily  be  seen  that,  if  we  suppose  the  plane  of 
the  orbit  to  revolve  about  the  line  of  nodes,  when  the  angle  i  exceeds 
180°,  SI  will  no  liDnger  be  the  longitude  of  the  ascendhig  node,  but 
will  become  the  longitude  of  the  descending  node,  or  of  the  point 
through  which  the  planet  passes  from  the  north  to  the  south  side  of 
the  ecliptic,  which  is  denoted  by  y,  and  which  is  measured,  aa  in  the 
case  of  SJ,  from  the  vernal  equinox. 

It  will  easily  be  understood  that,  when  seen  from  the  sun,  so  long 
as  tlie  inclination  of  the  orbit  is  less  than  90°,  the  motion  of  the 
body  will  be  in  the  same  direction  as  that  of  the  earth,  and  it  is  then 
said  to  be  direct.  When  the  inclination  is  90°,  the  motion  will  be  at 
right  angles  to  that  of  the  earth;  and  when  i  exceeds  90°,  the  motion 
in  longitude  will  be  in  a  direction  opposite  to  that  of  the  earth,  and 
it  is  then  called  retrograde.  It  is  customary,  therefore,  to  extend  the 
inclination  of  the  orbit  only  to  90°,  and  if  this  angle  exceeds  a  right 
angle,  to  regard  its  supplement  as  the  inclination  of  the  orbit,  noting 
simply  the  distinction  that  the  motion  is  retrograde. 
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The  longitude  of  the  perilielion,  which  is  denoted  by  ff,  fixes  the 
position  of  the  orbit  in  its  own  plane,  and  is,  in  the  case  of  direct 
motion,  the  siini  of  the  longitude  of  the  ascending  node  and  the 
angular  dista,nee,  measured  in  the  direction  of  the  motion,  of  the 
perihelion  from  this  node.  It  is,  therefore,  the  angiilai-  distance  of 
the  perihelion  from  a  point  in  the  orbit  whose  angular  distance  back 
from  the  ascending  node  is  equal  to  the  longitude  of  tliis  node;  or 
it  may  be  measured  on  the  ecliptic  from  the  vernal  equinox  to  the 
ascending  node,  then  on  the  plane  of  the  orbit  from  the  node  to  the 
place  of  the  perihelion. 

In  the  case  of  retrograde  motion,  the  longitudes  of  the  successive 
points  in  the  orbit,  in  the  direction  of  the  motion,  decrease,  and  the 
point  in  the  orbit  from  which  these  longitudes  in  the  orbit  are 
measnred  is  taken  at  an  angular  distance  from  the  ascending  node 
equal  to  the  longitude  of  that  node,  but  taken,  ftom  the  node,  in  the 
same  direction  as  the  motion.  Hence,  in  this  case,  the  longitude  of 
the  perihelion  is  equal  to  the  longitude  of  the  ascending  node  dimi- 
nished by  the  angular  distance  of  the  pei-ihelion  from  this  node. 

It  may,  perhaps,  seem  desirable  tliat  the  .distinctions,  diVeci  and 
retrograde  motion,  should  be  abandoned,  and  that  the  inclination  of 
the  orbit  should  be  measured  from  0°  to  180°,  since  in  this  case 
one  set  of  formula  would  be  sufficient,  while  in  the  common  form 
two  sets  are  in  part  required.  However,  the  custom  of  astronomers 
seems  to  have  sanctioned  these  distinctions,  and  they  may  be  per- 
petuated or  not,  as  may  eeera  advantageous. 

Further,  we  may  remark  that  in  the  case  of  direct  motion  the  sum 
of  the  true  anomaly  and  longitude  of  the  perihelion  is  called  the 
true  Icngittide  in  the  orbii;  and  tliat  the  sum  of  the  mean  anomaly 
and  longitude  of  the  perihelion  ls  called  the  mean  longitude,  an  ex- 
pression which  can  occur  only  in  the  case  of  elliptic  orbits. 

In  the  case  of  retrograde  motion  the  longitude  in  the  orbit  is  equal 
to  the  longitude  of  the  perihelion  minus  the  true  anomaly. 

31.  We  will  now  proceed  to  derive  the  formula  for  determining 
the  co-ordinates  of  a  heavenly  body  in  space,  when  its  position  in  its 
orbit  is  known. 

For  the  co-ordinates  of  the  position  of  the  body  at  tlie  time  (.  we 
have 
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the  line  of  apsides  being  taken  as  the  axis  of  x,  and  the  origin  being 
taken  at  the  centre  of  the  snn. 

If  we  take  the  line  of  nodes  as  the  axis  of  x,  we  shall  have 

,  =  rBkC.  +  ""), 

ta  being  the  arc  of  the  orbit  intercepted  between  the  place  of  the 
perihelion  and  of  the  node,  or  the  angular  distance  of  the  perihelion 
from  the  node. 

Ndw,  we  have  w  ==  ff  —  il  in  the  caee  of  direct  motion,  and  m  = 
£J  —  :r  in  the  case  of  retrograde  motion ;  and  hence  the  last  equations 
become 

a:  ^  r  cos  (i' ±  re  zp  SJ) 

the  upper  and  lower  signs  being  taken,  respectively,  according  as 
the  motion  is  direct  or  retrogi'ade.  The  arc«±ff=F:SJ=ttis  called 
the  argument  of  the  latitude. 

Let  us  now  refer  the  position  of  the  body  to  three  co-ordinate 
planes,  the  origin  beiug  at  the  centre  of  the  sun,  the  ecliptic  being 
taken  as  the  plane  of  xy,  and  the  axis  of  x,  in  the  line  of  nodes. 
Then  we  shall  have 


If  we  denote  the  heliocentric  latitude  and  longitude  of  the  body,  at 
the  time  (,  by  b  and  I,  respectively,  we  shall  have 


a^ 

^r 

cos  6  cos  (^ - 

-Si}, 

y 

=  r 

cos  6  sin  (i- 

-Si)> 

and. 

consequently, 

a' 

cos 

M  —  cos  5  COf 

.(^~ 

±t 

5in' 

IZ 

11-^  COS  5  sin 

(;- 

From  these 

we  derive 

tan(Z 

- 

sa)  = 

=  ±tan5ico 

si, 

tan  6 

=  ±tanisii 

.(f- 

(82) 
which  serve  to  determine  I  and  6,  when  fi,  u,  and  *  are  given.     Sinee 
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coab  is  always  positive,  it  follows  that  I —  gj  and  u  must  lie  in  the 
same  quadrant  when  i  is  less  than  90° ;  bnt  if  i  is  greater  than  90°, 
or  the  motion  is  retrograde,  l^  Si  and  360°  — u  will  belong  to  the 
eamo  quadrant.  Hence  the  ambiguity  which  the  detei'mination  of 
l^  SI  hy  means  of  its  tangent  involves,  is  wholly  avoided. 

If  we  use  the  distinction  of  retrograde  motion,  and  consider  i 
always  less  than  90°,  t—  Si  and  —  u  will  lie  in  the  same  quadrant. 

32.  By  multiplying  the  first  of  the  equations  (81)  by  sinw,  and 
the  second  by  eos  u,  and  combining  the  results,  considering  only  the 
upper  sign,  we  derive 

cosbs'm(u^l-\-  S2  )  ^  2  sin  u  cos  u  sin^  -U, 
or 

cos  6  sin  (m  ~  /  +  fi )  =  sin  2m  sin"  U- 

In  a  similar  manner,  we  find 

cos  S  cos  (m  -  i  +  S3 )  ^  cos'M  +  sin'M  cos  i. 

which  may  be  m'itton 

cos  hcos(u—l+  Si)='  i  0-  +  cos  2m)  +  i  (1  —  cos  2m)  cos  i, 
or 

cos6cos(m— ;+  S^)^^(l  +  eosO  +  i(l  —  cosi)  cos2M; 
and  hence 

cos  6  cos  (•((  —  ;  -f-  SJ  )  ;^  cos'  ^i  +  sin'  H  eos  2m. 

If  we  divide' this  equation  by  the  value  of  cos  6  sin  {u  — 1-\-  Si) 
already  found,  we  shall  have 

The  angle  it  —  Z  +  SI  is  called  the  reduoHon  to  the  ecliptic;  and  the 
expression  for  it  may  be  arranged  in  a  series  which  converges  rapidly 
when  i  is  small,  as  in  the  case  of  the  planets.  In  order  to  effect  this 
development,  let  us  first  take  the  equation 

n  sin  X 

Differentiating  this,  regarding  y  and  n  as  variables,  and  reducing,  we 
find 

dy  _  sin  X    

dn       1  +  2)1  cos  a;  +  i^ 
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which  gives,  by  division,  or  by  the  method  of  indeterminate  coefficients, 

-1^  =  sin  a;  —  nsm2x4-n'  sin  3a;  —  n'  sin  ix  +  &o. 
an 

Integrating  this  expression,  we  get,  since  y^O  when  a:  =^ 0, 

y  =  nsinx  —  in'  sin  2a;  +  -]i('  sin  3x  —  in'sin4x  +  ....,       (84) 

■which  is  the  general  form  of  the  development  of  the  above  expression 
for  tan  y.  The  assumed  expression  for  tan  y  corresponds  exactly  with 
the  formula  for  the  reduction  to  the  eoliptio  by  making  n  =  tan^^i 
and  X  =  2m;  and  hence  we  obtain 

16  —  f  +  Si  ^  tan'^  |i  sin  2m  —  ^  tan'  ^i  sin  4i(  +  i  tan"  ^i  sin  6m 

—  J  tan'  ^i  sin  8m  +  i  tan'"  ^i  sin  lOtt  —  &c.  (85) 

When  the  value  of  i  does  not  exceed  10°  or  12°,  the  first  two  terms 
of  this  development  will  be  sufficient.  To  express  u  —  l-{-  SI  i" 
seconds  of  arc,  the  value  derived  from  the  second  member  of  this 
equation  must  be  multiplied  by  206264.81,  the  number  of  seconds 
corresponding  to  the  radius  of  a  circle. 

If  we  denote  by  R,  the  reduction  to  the  ecliptic,  we  shall  have 

But  we  have  v^ M^  the  equation  of  the  centre ;  hence 

i  :=  jlf  4-  IT  -j-  equation  of  the  centre  —  reduction  to  the  ecliptic, 

and,  putting  L  ^  Jlf  +  ;:  ^  mean  longitude,  we  get 

l^L  -\-  equation  of  centre  —  reduction  to  ecliptic.  (86) 

In  the  tables  of  the  motion  of  the  planets,  the  equation  of  the 
centre  (53)  is  given  in  a  table  with  M  as  the  argument  j  and  the 
reduction  to  the  ecliptic  is  given  in  a  table  in  which  i  and  u  are  the 
arguments. 

33.  In  determining  the  place  of  a  heavenly  body  directly  from 
the  elements  of  its  orbit,  there  will  be  no  necessity  for  computing  the 
reduction  to  the  ecliptic,  since  the  heliocentric  longitude  and  latitude 
may  be  readily  found  by  the  formulte  (82).  When  the  heliocentric 
place  has  been  fonnd,  we  can  easily  deduce  the  corresponding  geo- 
centric place. 

Let  X,  y,  3  be  the  rectangular  co-ordinates  of  the  planet  or  comet 
referred  to  the  centre  of  the  sun,  the  plane  of  xy  being  in  the  ecliptic. 
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the  positive  axis  of  a:  being  directed  to  the  vernal  equinox,  and  the 
positive  axis  of  s  to  the  north  pole  of  the  ecliptic.  Then  we  shall 
have 

x  =  r  cos  b  COS  I, 
y^r  COS  b  sin  I, 

Again,  let  X,  Y,  Zbfi  the  co-ordinates  of  the  centre  of  the  sun  re- 
feri'ed  to  the  centre  of  the  earth,  the  plane  of  XT  being  in  the  eclip- 
tic, and  the  axis  of  X  being  directed  to  the  vernal  equinox;  and  let 
O  denote  the  geocentric  longitude  of  the  sun,  R  its  distance  from 
the  earth,  and  2  its  latitude.     Then  we  shall  have 

Y=E  cos^sin  0, 
Z  =Ssm2. 

Let  x',  y',  z'  be  the  co-ordinates  of  the  body  referred  to  the  centre  of 
the  earth;  and  let  X  and  ^  denote,  respectively,  the  geocentric  longi- 
tude and  latitude,  and  d,  the  distance  of  the  planet  or  comet  from  the 
earth.     Then  we  obtain 

a/  =:  J  cos  ^  cos  I, 

i/=^A  cos/?einJ,  (87) 


But,  evidently,  we  also  have 

'J^x  +  X,  ^  =  y+Y,  z'^^^Z, 

and,  consequently, 

zl  cos  J?  cos -I  =  r  cos  6  cos/ -j- i?  cos  i^  cos  ©, 
A  cos  /3  sin  A  =  r  cos  b  saxl  -{-  it  cos  S  sin  0 ,  (88) 

'Jsinj?  —rsinb  -\- R&mS. 

If  we  multiply  the  first  of  these  equations  by  cos  0,  and  tlie  second 
by  sin  0,  and  add  the  products;  then  multiply  the  first  by  sin  0, 
and  the  second  by  cosQ,  and  subtract  the  first  product  from  the 
second,  we  get 

J  cos  (9  cos  (i  —  0  )  =  1-  cos  S  cos  (^  —  ©  )  -[-  fi  cos  2', 

J  cos;?Bin(A  — 0)=)-c<ra6  sin^—  ©),  (89) 

^  sin i?  =^r»iab-\-R  sin 2'. 

It  will  be  observed  that  this  transformation  is  equivalent  to  the  sup- 
position that  the  axis  of  x,  in  each  of  the  co-ordinate  systems,  is 


stsd  by  Google 


POSTTIOK    IN   SPACE,  87 

directed  to  a  point  whose  longitude  is  O,  or  that  the  system  has  been 
revolved  about  the  axis  of  a  to  a  new  position  for  which  the  axis  of 
abscissas  makes  the  angle  ■©  with  thatof  the  primitive  system.  We 
may,  therefore,  in  general,  in  oMer  to  effect  such  a  transformation  in 
systems  of  equations  thus  derived,  simply  diminish  the  longitudes  by 

■  the  given  angle. 

The  e<juations  (89)  will  determine  ).,  ^,  and  J  when  r,  b,  and  I  have 
been  derived  from  the  elements  of  the  orbit,  the  quantities  R,  © ,  and 
S  being  furnisJied  by  the  solar  tables;  or,  when  A,  j9,  and  X  are  given, 
these  equations  deteripine  I,  b,  and  r.     The  latitude  E  of  the  sun 

*iieHeii  exceeds  ±  0".9,  and,  therefore,  it  may  in  most  cases  be  neg- 
lected, so  that  cos  ^  ^  1  and  sin  ^  ^  0,  and  the  last  equations  become 


A  eos/3  cos  (^  —  O )  =  r  cos 6  c 

os(/-o)  +  if, 

A  eosySsiny  —  G)  =^»- coa6  si 

iii(^-O), 

Jain;*                      =i-sin^ 

If  we  suppose  the  axis  of  x  to  be  directed  to  a  point  whose  longi- 
tude is  SJ,  or  to  the  ascending  node  of  the  planet  or  comet,  the  equa- 
tions (88)  become 

Jcos/?cosa— a)='-cosM  +  i;cosi'eo8(0  —  SJ), 

4  cos^sin(^  — SJ)  =  i!zr8inMC0ai  +  iicbs2'siTi(O  —  U),  (91) 

^  sin  (3  =      T  sin  ii  sin  i  -\-  R  sin  S, 

by  means  of  which  ^  and  i.  may  be  found  directly  from  Q,,i,r,  and  u. 
If  it  be  required  to  determine  the  geocentric  right  aacension  and 
declination,  denoted  respectively  by  a  and  d,  we  may  convert  the 
values  of  ^  and  -I  into  those  of  ct  and  5.  To  effect  this  transforma- 
tion, denoting  by  e  the  obliquity  of  the  ecliptic,  we  have 

cos  5  cos  »  =;  cos  j9  cos  I, 

cos  5  sin  a  =j'eos  ,9  sin  ^  cos  E  — sinjSjsins, 

sin 5  =t  cosj5  sin f  sins  +  sin;?' cose. 

Let  ns  now  fake  i- - 

n  sin  JV:^  sin  ft 
neosN=m&fU\a.X, 


and  we  shall  have 


cos  1?  cos  o  =  cos  (i  cos  k, 

COSS  siHft  =  W  COs(^+e), 

sinS  =«ain(iV-f  e). 
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Therefore,  we  obtain 


„         tiin;?  ^  G08CJV+  s)^        ,  ,„(,, 

tan  N=~-  - — ,  tan  a.  = ^ ' — -  tan  A,  (.92) 

sin  A  cos  JV 

tan  d  =^  tan  (iV  +  s)  sin  a. 
We  also  have 

COB  (iV"  +  ^)  __  cos  ^  sin  a 
cos  ^  COS  (J  sin  a' 

which  wili  serve  to  cJicck  ihe  calculation  of  a  and  d.  Since  cos  fJ  and 
cos  p  are  always  positive,  cos  a  and  cos  X  mnst  have  the  same  sign, 
and  thus  the  quadmnt  in  which  a  is  to  be  taken,  is  determined. 

For  the  solution  of  the  inverse  prohlem,  in  which  a  and  d  are 
given  and  the  values  of  X  and  ^  are  required,  it  is  only  necessary  to 
interchange,  in  these  equations,  a  and  X,  d  and  p,  and  to  write  —  s  in 
plaoe  of  e. 

34.  Instead  of  pursuing  the  tedious  process,  when  several  places 
are  required,  of  computing  first  the  heliocentric  place,  then  the  geo- 
centric place  referred  to  the  ecliptic,  and,  finally,  the  geocentric  right 
ascension  and  declination,  we  may  derive  formulte  which,  when  cer- 
tain constant  auxiliaries  have  once  been  computed,  enable  us  to  derive 
the  geocentric  place  directly,  referred  either  to  the  ecliptic  or  to  the 
equator. 

We  will  first  consider  the  case  in  which  the  ecliptic  is  taken  as  the 
fundamental  plane.     Let  us,  therefore,  resume  the  equations 

af^r  cos  u, 

y  ^  ±  r  sin  w  cos  i, 

3*  =  r  sin  w  sin  i, 

in  which  tlie  axis  of  x  is  supposed  to  be  directed  to  the  ascending  node 
of  the  orbit  of  the  body.  If  we  now  pass  to  a  new  system  ar,  ?/,  ;;, — 
the  origin  and  the  axis  of  z  remaining  the  same, — in  which  the  axis 
of  X  is  directed  to  the  vernal  equinox,  we  shall  move  it  back,  in  a 
negative  dii-ection,  equal  to  the  angle  SJ,  and,  consequently, 

y^x'  &m  SI  +y  cos  Si, 


rCeoai 
7-(±8i 
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which  are  the  expressions  for  the  heliocentric  co-ordinates  of  a  planet 
or  comet  referred  to  the  ecliptic,  the  positive  axis  of  a;  being  directed 
to  tiie  vernal   equinox.     The   upper  sign  is  to  be  used  when  the 
motion  is  direct,  and  the  lower  sign  when  it  is  retrograde. 
Let  na  now  put 

cos  £J  =  am  «  sin  A, 

sin  £J  =  sin  6  sin  B, 
±  cos  i  cos  fi  =  sin  b  cos  B, 

in  which  sin  a  and  ein  6  are  positive,  and  the  expressions  for  the  co- 
ordinates become 

^  =  r^masm(A  +  u), 

y  =  T^mb^m(,B+u),  (95) 

z^^r  Bini  sinM. 

The  auxiliary  quantities  a,  b,  A,  and  £,  it  will  be  observed,  are 
functions  of  51  and  i,  and,  in  computing  an  ggjieajfiijg,  are  constant 
so  long  as  these  elements  are  regarded  as  constant.  They  are  called 
the  constants  fm'  ike  ecliptio. 

To  determine  them,  we  have,  from  equations  (94), 

cot  ^  ;=  =F  tan  Si  cos  i,  cot  B  ^  ±  cot  S3  cos  i, 

»«.=  ??!-§-,  .mi  =■!!§; 

sin^  smB 

the  upper  sign  being  used  when  the  motion  is  direct,  and  the  lower 
sign  when  it  is  retrograde. 

The  auxiliaries  sin  a  and  sin  6  are  always  positive,  and,  therefore, 
sin  A  and  cos  SI,  s'mB  and  sin  SI ,  respectively,  must  have  the  same 
signs.  The  quadrants  in  which  A  and  B  are  situated,  are  thus  detei'- 
mined. 

Fi'ora  the  equations  (94)  we  easily  find 

cos  a  ^  sin i  sin  Si,        ''' 

co35  =  -8inicosa.  (96) 

If  we  add  to  the  heliocentric  co-ordinates  of  the  body  the  co-ordi- 
nates of  the  sun  referred  to  the  earth,  for  wliich  the  equations  have 
already  been  given,  we  shall  have 

a-f  X=  JCQS^SCOS^, 

y+Y=^coB^sinX,  (97) 

z  +  Z  =  Aam^, 
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which  suffice  to  determine  ?.,  ^,  and  //.     The  values  of  a  and  §  may 
be  derived  from  these  by  means  of  the  equations  (92). 

35.  We  shall  now  derive  the  formulfe  for  determining  a  and  d 
dii'ectly.  For  this  purpose,  let  w,  y,  z  be  the  lieliocentric  co-ordinates 
of  the  body  referred  to  the  equator,  the  positive  axis  of  x  being 
directed  to  the  vernal  equinox.  To  pass  from  tlie  system  of  co- 
ordinates referred  to  the  ecliptic  to  those  referred  to  the  equator  as 
the  fundamental  plane,  we  must  revolve  the  system  n^atively  around 
the  axis  of  x,  so  that  the  axes  of  z  and  y  in  the  new  system  make 
the  angle  e  with  those  of  the  primitive  system,  e  being  the  obliquity 
of  the  ecliptic.     In  this  case,  we  have 


^'  =Lymis  -\-z  cos e. 

Substituting   for  x,  y,  and  z  their  values  from   equations  (93),  and 
omitting  the  accents,  we  get 


a;;=reos«cosSi  ^rsmwcosism  H, 
y^vaasusaiQ,  cose-f  j-sinM(±  eosieos  JJ  coss — s 
s^rcosMsin  JJ  siu«4-''sinM(±cosicos£i  siue  +  si 


1.),      (98) 


These  are  the  expressions  for  the  heliocentric  co-ordinates  of  the 
plauet  or  comet  referred  to  the  equator.  To  reduce  them  to  a  con- 
venient form  for  numerical  calculation,  let  us  put 


cos  U  =  s 

-a  a  am  A, 

:;pcosisinS2  =s 

n«cos-A, 

sin  a  c<^  £  ^  s 

»S.ini!, 

cosicosfj  COSE  — sinisine  — a 

n  b  cos  B, 

sin  a  sinews 

ncsinC, 

cosicos  Si  Bin£  +  8inicoas  =  s 

a  e  cos  G, 

ions  for  the  co-ordinates  reduce 

to 

3;  =  rsin«einU  +  «), 

y  =  rein6sin(5  +  M), 

*-rsinesin(C+M). 

The  auxiliary  quantities,  a,  b,  e,  A,  B,  and  C,  are  constant  so  long 
as  Q,  and  i  remain  unchanged,  and  are  called  constmds  for  the  equator. 

It  will  be  observed  that  the  equations  involving  «  and  A,  regard- 
ing the  motion  as  direct,  correspond  to  the  relations  between  the 
parts  of  a  quadrantal  triangle  of  which  the  sides  are  i  and  a,  the 
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angle  included  between  tliese  sides  being  that  which  we  designate  by 
A,  and  tile  angle  opposite  the  side  a  being  90°  —  Q,.  In  the  case 
of  b  and  B,  the  relations  are  those  of  the  parts  of  a  spherical  triangle 
of  which  the  sides  ai-e  b,  i,  and  90°  +  s,  B  being  the  angle  included 
by  i  and  b,  and  180°  —  Q  the  angle  opposite  the  side  b.  Further, 
in  the  case  of  e  and  C,  the  relations  are  those  of  the  parts  of  a 
spherical  triangle  of  which  the  sides  ai'e  e,  *,  and  e,  the  angle  C  being 
that  included  by  the  sides  i  and  c,  and  180°  —  SJ  that  included  by 
the  sides  i  and  e.  We  have,  therefore,  the  following  additional 
equations : 

cos  a  =  sin  i  sin  Q, 

cos  6  =  —  cos  S3  sin  i  cos  s  —  cos  i  sin  £,  (101) 

cos  c  =  —  cos  SJ  sin  i  sin  e  -|-  cos  i  cos  s. 

In  tlie  case  of  retrograde  motion,  we  must  substitute  in  those 
180°  —  -i  in  plaee  of  *. 

The  geometrical  signification  of  tlie  auxiliary  constants  for  the 
equator  is  thus  made  apparent.  The  angles  a,  b,  and  a  are  those 
which  a  line  drawn  from  tlie  origin  of  co-ordinates  perpendicular  to 
the  plane  of  tlie  orbit  on  the  north  side,  mates  witli  the  positive  co- 
ordinate axes,  respectively ;  and  A,  B,  and  0  are  the  angles  which 
the  three  planes,  passing  througln  tliis  line  and  the  co-ordinate  axes, 
make  with  a  plane  passing  through  this  line  and  perpendicular  to  the 
line  of  nodes. 

In  order  to  fecilitate  the  computation  of  the  constants  for  tiie 
equator,  let  us  introduce  another  auxiliary  quantity  jS^,  such  that 

sin  i  =  e„  sin  E^, 

%  being  always  positive.     "We  shall,  therefore,  have 

,       „  ,     tiin* 

tan  E,  =  ± — -. 

cos  U 

Since  both  e,,  and  sin  i  are  positive,  the  angle  i^,  cannot  exceed  180°; 
and  the  algebraic  sign  of  tan  JC^  will  show  whether  this  angle  is  to 
be  taken  in  the  first  or  second  quadrant. 
The  first  two  of  equations  (99)  give 

cot  A  =  ~  tan  JJ  cos  i; 
and  the  first  gives 
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B"rom  the  fourth  of  equations  (99),  introducing  e^  and  E,,,  we  get 
sin  h  cos-B  =  %  cos^o  cos  £  —  e„  sinE,  sin  e  ^  e„  cos  (E,  +  e). 


But 
therefore 

sinisin£  =  siii  S  cose; 

-*^-^\-' 

oHE„+.)       ^          cosi            cos(£„  +  0 

cose                 tan  Q,  cos£„          coas 

We  have,  also, 

--^^^- 

In  a  similar  manner. 

we  find 

COtO: 

and 

1            cosi            sin(_E„  +  0 

tan  SJ  cosii;          sine 

sin  0 

The  auxiliaries  sin  a,  sin  b,  and  sin  e  are  always  positive,  and,  tliere- 
fore,sinJ.  and  cosSJ,Bin-B  and  sin  SJ,  and  also  sin  C  and  sin  SJ, 
must  have  the  same  signs,  which  will  determine  the  quadrant  in 
■which  each  of  the  angles  A,  B,  and  C  is  situated. 

If  we  multiply  the  last  of  equationa  (99)  by  the  third,  and  the 
fifth  of  these  equations  by  the  fourth,  and  subtract  the  first  product 
frpm  the  last,  we  get,  by  reduction, 

einfesiacsinCC— 5)  =  —  sin i  sin  SI- 
But 

sinacosjl=;  ^  cos  *  sin  Q; 

and  hence  we  derive 

sinJsincsin(C--B)       ^^      . 

, -;- ^-j —  =  ±  tan  I, 

sm  a  cos  A 

which  serves  to  check  the  accuracy  of  the  numerical  computation  of 
the  constants,  since  the  value  of  tan  i  obtained  from  this  formula 
must  agree- exactly  with  that  used  in  the  calculation  of  the  values  of 


l£weputA'  =  A±7r^Si,B'  =  B±7r-Sl,a.ndC  =  C±!T: 
q=  Q,  the  upper  or  lower  sign  being  used  according  as  the  motion  ia 
direct  or  retrograde,  we  shall  have 
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x^^r  sin  a  bie  {A'  -\-  v), 

y^rsmbsm{B'-^v),  (102) 

z  =  Tsme  sin  ( 0'  +  v), 

a  transformation  which  is  perhaps  unnecessary,  but  which  is  cou- 
venient  when  a  series  of  places  is  to  be  computed. 

It  will  be  observed  that  the  formula  for  computing  the  constants 
a,  b,  c,  A,  B,  and  G,  in  the  case  of  direct  motion,  are  converted  into 
those  for  the  case  in  which  the  distinction  of  retrograde  motion  is 
adopted,  by  simply  using  180°  —  i  instead  of  i. 

36.  When  the  heliocentric  co-ordinates  of  tlie  body  have  been 
found,  referred  to  the  equator  as  the  fundamental  plane,  if  we  add  to 
these  the  geocentric  co-ordinates,  of  the  sun  referred  to  the  same 
fundamental  plane,  the  sum  will  be  the  geocentric  co-ordinates  of 
the  body  referred  also  to  the  equator. 

For  the  co-oi"dinate5  of  the  sun  referred  to  the  centre  of  the  eiirthj 
we  have,  neglecting  the  latitude  of  the  sun, 

X~  HcosQ, 
F^i^sin  O  cose, 
Z'^Jis'm  O  sine^  Yta.ne, 

in  which  R  represents  the  radius-vector  of  the  earth,  O  the  sun's 
longitude,  and  e  the  obliquity  of  the  ecliptic. 
"VYe  shall,  therefore,  iiave 

a; +  X=  J  cos '5  cos  a, 

y+  y=  J  cos  a  sin  a,  (103) 

z  +  Z=-i&m3, 

which  suffice  to  determine  a,  $,  and  J. 

If  we  have  regard  to  the  latitude  of  the  sun  iu  computing  its  geo- 
centric co-ordinates,  the  formula  will  evidently  become 

X^i^cosO  COS  2, 

Z=IismQ  cos  2' sine  -f  if  sin  ^  cose, 

in  which,  since  S  can  iiever  exceed:,  ±:  0".9,  cos  2'  is  very  nearly 
equal  to  1,  and  sin  H  =^  1'. 

The  longitudes  and  latitudes  of  the  sun  may  he  derived  from  a 
solar  ephemeris,  or  from  the  solar  tables.  The  principal  astronomical 
epheinerides,  such  as  the  Berlins  Astrononmches  Jakrbuch,  the 
NauHcal  Almanac,  and  the  American  Epkemeris  and  NavMeal  Al- 
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manao,  contain,  for  each  year  for  which  they  are  published,  the 
equatorial  co-ordinates  of  the  sun,  referred  both  to  the  mean  equinox 
and  eqimtor  of  the  beginning  of  the  year,  and  to  the  appai'ent  equinox 
of  the  date,  taking  into  account  the  latitude  of  the  sun. 

37,  In  the  case  of  an  elliptic  orbit,  we  may  determine  the  co- 
ordinates directly  from  the  eccentric  anomaly  in  the  following 
manner : — 

The  equations  (102)  give,  accenting  the  letters  a,  6,  and  e, 


A'  +  r,mv, 

na'c 

mA', 

JJ'  +  rsin.B 

liS'c 

aB, 

C'  +  rm.s 

ne'e 

onC. 

Now,  since  rcosv^=aeosS —  ae,  and  rsmv^^^acasfsmJ]],  we  shall 
have 


sin  A'  cos  E  — 

.n  b'  sin  J^  oosE  — 

sin  C"  cos  E  — 


a'  sin  A'  -^  a  cos  f  sin  a'  cos  A '  sin  E, 
L  6'  sin  ^  4-  «  cos  f  sill  b'  cos  5"  sin  E, 
L  o'  sin  C  -\-  a  cos  <p  sin  c'  cos  C  sin  E. 


Let  us  now  put 


cos^'  =  4co8JJ„ 

sin  A'  =  —  eX^  sin  L^^:v^; 
COBS' =  -fj  cos  Jv^, 

cos  C  =^  i^  COS  i/„ 

I  o'  sin  C  =^  ^j  sin  L„ 

icf  sinC  =  —  ei^  sin  A  =  v^ ; 

in  which  sin  a',  sin  i',  and  sin  c'  have  the  same  values  as  in  equations 
(102),  the  accents  being  added  simply  to  mark  the  necessary  dis- 
tinction in  the  notation  employed  in  these  formultc.  We  shall, 
therefore,  have 

r.  =  4  sin  (i,-K  £)  +  .., 

y  =  ^sm(L,  +  E')  +  v„  (105) 

s  ==  K  siu  (X.  +  E)  +  y,. 

By  means  of  these  formulse,  the  co-ordinates  are  found  directly 
from  the  eccentric  anomaly,  when  the  constants  }.„  ^,  X^,  L^,  ij,  L^, 
v^,  Uj,  and  i>„  have  been  computed  from  those  already  found,  or  from 
a,  b,  0,  A,  B,  and  C.     This  method  is  very  convenient  when  a  great 
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number  of  geocentric  places  are  to  be  compiited ;  but,  when  only  a 
few  places  are  required,  the  additional  labor  of  computing  so  many 
auxiliaJy  quantities  will  not  be  compensated  by  the  facility  afforded 
in  the  numerical  calculation,  when  these  constants  have  been  deter- 
mined. Further,  when  the  ephemeris  is  iutended  for  the  comparison 
of  a  series  of  observations  iu  order  to  determine  the  corrections  to  be 
applied  to  the  elements  by  means  of  the  differential  formula  which 
we  shall  investigate  in  the  following  chapter,  it  will  always  be  ad- 
visable to  compute  the  co-ordinates  by  means  of  the  radius-vector 
and  true  anomaly,  since  both  of  these  quantities  will  be  required  in 
finding  the  differential  coefficients. 

38,  In  the  case  of  a  hyperbolic  orbit,  the  co-ordinates  may  be  com- 
puted directly  from  F,  since  we  have 


and,  consequently, 

ai  ^:  ae  sin  a'  sin  A'  - 
y  =aesin6'  sin^"  - 
a  ^  ae  sin  c'  sin  C  - 

Let  us  now  put 


^a{_e  —  sec  F), 

-  a  tan  4-  tan  F; 


ici<'aiaa'sin^'  -j-«  tan  4  tan  .F  sin  a*  cob  J.', 
ic  F  sin  b'  sin  -B'  -|-  « tan  4-  tan  F  sin  b'  cos  ^, 
!cFsinc'sinC"  -\r  a  tan  4  tan  i^ sin c' cos  C. 


Then  we  shall  have 


aes 

n  a'  sin  A' 

==K, 

—  as 

na'  sin  A' 

=  ^« 

a  tan  4  s 

n  a' cos  A' 

=  !■,; 

ae& 

nb'sinB' 

=  J„ 

—  as 

n  h'  sin^ 

=  ^„ 

atan  +  s 

nft'cosB- 

aes 

n  c'  sin  C" 

=  K, 

—  as 

nc-sinC" 

=  li^. 

a  tan  4-  s 

iK/cost" 

--V 

x  =  ).,^„ 

,secF  + 

.tanj; 

y  =  >;^l^ 

,secF  + 

J  tan  J", 

^  =  K  +  I' 

.secJ-H-v 

tan  J". 

(106) 


In  a  similar  manner  we  may  derive  expressions  for  the  co-ordinates, 
in  the  case  of  a  hyperbolic  orbit,  when  the  auxiliary  quantity  a  is 
used  instead  of  F, 

39.  If  we  denote  by  ;r',  Q,',  and  i'  the  elements  which  determine 
the  position  of  the  orbit  in  space  when  referred  to  the  equator  as  the 
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fondamental  plane,  and  by  w^  tbe  angular  distance  between  the 
ascending  node  of  the  orhit  on  the  ecliptic  and  its  ascending  node  on 
the  equator,  being  measured  positively  from  the  equator  in  the 
direction  of  tlie  motion,  we  shall  tiave 

To  find  Si'  and  i',  we  have,  from  the  spherical  triangle  fornted  by 
the  intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with 
the  celestial  vault, 

cos i'^ cos i  cose  —  aini sine  cos  SI, 
sini'sin  Q'^^sinisin  £J,  ^^!/^j, 
sini'  cos  J^' ^  cost  sin  e  +  sin  i  cose  cos  SI-  ] 

Let  us  now  put 


n 

«iiiiV= 

=  cosii 

> 

11 

coaJ: 

=  smi 

eosR, 

^ 

these  equations 

reduce  to 

CO..' 

=  »Bi 

nilf- 

-.),> 

sini' 

sin  a' 

=^sin( 

isinS! 

,     * 

am.' 

eosS!' 

=  71CC 

.(N- 

-^.);S 

n  which  we  find 

-.-.        coti     ' 

tan  8 

eosjy 

"cos 

,(if-.) 

coti 

:'  =  tan  (,N— 

.)eos 

a'.  ' 

Since  sin  i  is  always  positive,  cos  iV  and  cos  Si  must  have  the  same 
sigus.     To  prove  the  uumei'ical  calculation,  we  have 


sin  *'  cos  Si'      cos  {N —  e) 

tlie  value  of  the  second  member  of  which  must  agree  with  that  used 
in  computing  SI'. 

In  order  to  find  w^,  we  liave,  from  the  same  triangle, 


*  -f  sin  e  cos  i  cos  £2  ^ 


Let  us  now  take  . 
and  we  obtain 


n  cos  Jlf  =  sin  e  cos  Ji 
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cos 

j(f-0         °° 

and, 

also 

to  clieck  the  ealoulation 

sin.  cos  Ji 
sin  i'  cos  <u„ 

cosjK" 

cos  {M-  i) 

If 

wo 

apply 

Gauss's  analogies 

to  the  same 

spherica 

get 

CO 

ifsiniJQ'  +  a,,-) 

=  ,mja» 

Ai-^X 

CO 

ii'  cos  i(£i'  +  io„'j 

=  COS  A  S3  cos 

Ai-i-^). 

sill 

KsinMSJ'--".) 

=  3in^SJ  sin 

(i-0, 

sir 

-ycosi(fJ'-<"o) 

=  cos  ^£2  sin 

.(^+0. 

The  quadrant  in  which  i{fi'+  '«o)  or  KSj'~'"o)  is  situated,  must  be 
so  taken  that  sin  Ji'  and  cos  Ji'  shall  be  positive ;  and  the  agreement 
of  the  values  of  the  lattei-  two  quantities,  computed  by  means  of  the 
value  of  li'  derived  from  tan  Ji',  will  serve  to  check  the  accuracy  of 
the  numerical  calculation. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
must  use  180°  —i  instead  of  i  in  these  equations,  and  we  have,  also. 

We  may  thus  find  the  elements  n',  JJ',  and  i',  in  reference  to  the 
equator,  from  the  elements  referred  to  the  ecliptic;  and  using  the 
elements  so  found  instead  of  jt,  Q,  and  i,  and  using  also  the  places 
of  the  sun  referred  to  the  equator,  we  may  derive  the  heliocentric 
and  geocentric  places  with  respect  to  the  equator  by  means  of  the 
tbrtnuljB  already  given  for  the  ecliptic  as  the  fundamental  plane. 

If  the  position  of  the  orbit  with  respect  to  the  equator  is  given, 
and  its  position  in  reference  to  the  ecliptic  is  required,  it  is  only 
necessary  to  interchange  £2  and  JJ',  as  well  as  i  and  180°  —  i',  s 
remaining  unchanged,  in  these  equations.  These  formulas  may 
also  be  used  to  determine  the  position  of  the  orbit  in  reference  to 
any  plane  in  space ;  but  the  longitude  Si  must  then'  be  measured 
from  the  place  of  the  descending  node  of  this  plane  on  the'  ecliptic. 
The  value  of  SI,  therefore,  which  must  be  used  in,the  solution  of  the 
.  equations  is,  in  this  case,  equal  to  the  longitude  of  the  ascending 
node  of  the  orbit  on  the  ecliptic  diminished  by  the  longitude  of  the 
descending  node  of  the  new  plane  of  reference  on  the  ecliptic.  The 
quantities  ft',  i',  and  w,,  will  have  the  same  signification  in  reference 
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to  this  plane  that  they  have  in  reference  to  the  equator,  with  this  dis- 
tinction, however,  that  Q,'  is  measured  from  the  descending  node  of 
this  new  plane  of  reference  on  the  ecliptic;  and  e  will  in  this  case 
denote  the  inclination  of  the  ecliptic  to  this  plane. 

40.  We  have  now  derived  all  the  formulse  which  can  be  required 
in  the  case  of  undisturbed  motion,  for  the  computation  of  the  helio- 
centric or  geocentric  place  of  a  heavenly  body,  referred  either  to  the 
ecliptic  or  equator,  or  to  any  other  known  plane,  when  the  elements 
of  it-s  orbit  are  known ;  and  the  formulre  which  have  been  derived 
are  applicable  to  every  variety  of  conic  section,  thus  mcluding  all 
possible  forms  of  undisturbed  orbits  consistent  with  the  law  of  uni- 
versal gravitetion.  The  circle  is  an  ellipse  of  which  the  eccentiicity 
is  zero,  and,  consequently,  M^^  v  =  u,  and  r^a,  for  every  point  of 
the  orbit.  There  is  no  instance  of  a  circular  orbit  yet  known ;  but 
in  the  ease  of  the  discovery  of  the  asteroid  planets  between  Mai's 
and  Jupiter  it  is  pometimea  thought  advisable,  in  order  to  iacilitate 
the  identification  of  comparison  stars  for  a  few  days  succeeding  the 
discovery,  to  compute  ai-cular  elements,  and  from  these  an  ephemeris. 

The  elements  which  determine  the  form  of  the  orbit  remain  con- 
stant so  long  as  the  system  of  elements  is  regarded  as  unchanged ; 
but  those  which  determine  the  position  of  the  orbit  in  space,  n,  SJ> 
and  i,  vary  from  one  epoch  to  another  on  account  of  tlie  change  of 
the  relative  position'  of  tlie  planes  to  which  they  are  referred.  Thus 
the  inclination  of  the  orbit  will  vary  slowly,  on  account  of  the  change 
of  the  position  of  the  ecliptic  in  space,  arising  from  the  perturbations 
of  the  earth  by  the  other  planets ;  while  the  longitude  of  the  peri- 
helion and  the  longitude  of  the  ascending  node  will  vary,  both  on 
aeeonnt  of  this  change  of  the  position  of  the  plane  of  the  ecHptie, 
and  also  on  account  of  precession  and  nutation.  If  ?r,  JJ,  and  i  are 
referred  to  the  true  equinox  and  ecliptic  of  any  date,  the  resulting 
heliocentric  places  will  be  referred  to  the  same  equinox  and  ecliptic ; 
and,  further,  in  the  computation  of  the  geocentric  places,  the  longi- 
tudes of  the  sun  must  be  referred  to  the  same  equinox,  so  that  the 
resulting  geocentric  longitudes  or  right  ascensions  will  also  be  re- 
ferred to  that  equinox.  It  will  appear,  therefore,  that,  on  account 
of  these  changes  in  the  values  of  jt,  £J,  and  i,  the  auxiliaries  sino, 
sin  b,  sin  c,  A,  B,  and  C,  introduced  into  the  formulse  for  the  co- 
ordinates, will  not  be  constants  in  the  computation  of  the  places  foi: 
a  series  of  dates,  unless  the  elements  are  referred  constantly,  in  the 
calculation,  to  a  fixed  equinox  and  ecliptic.     It  is  eustomarj',  there- 
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fore,  to  reduce  the  elements  to  the  ecliptic  and  mean  equinox  of  the 
beginning  of  the  year  for  which  the  ephemeris  is  required,  and  then 
to  compute  the  places  of  the  planet  or  comet  referred  to  this  equinox, 
using,  in  the  case  of  the  right  ascension  and  declination,  the  mean 
obliquity  of  the  ecliptic  for  the  date  of  the  fixed  equinox  adopted,  in 
the  computation  of  the  auxiliary  constants  and  of  the  eo-ordinates 
of  the  sun.  The  places  thus  found  may  be  reduced  to  the  true 
equinox  of  the  date  by  the  well-known  formulae  for  precession  and 
nutation.  Thus,  for  the  reduction  of  the  right  ascension  and  declina- 
tion from  the  mean  equinox  and  equator  of  the  beginning  of  the 
year  to  the  appftreat-ortnie  equinox  and  equator  of  any  date,  usually 
the  date  to  which  the  co-ordinates  of  the  body  belong,  we  have 

for  which  the  quantities/,  g,  and  G  are  derived  from  the  data,  given 
either  in  the  solar  and  lunar  tables,  or  in  astronomical  ephemerides, 
such  as  have  already  been  mentioned. 

The  problem  of  reducmg  the  elements  from  the  ecliptic  of  one 
date  t  t-o  that  of  another  date  t'  may  be  solved  by  means  of  equations 
(109),  making,  however,  the  necessary  distinction  in  r^ard  to  the 
point  from  which  £J  and  SI'  are  measured.  Let  8  denote  the  longi- 
tude of  the  descending  node  of  the  ecliptic  of ,('  on  that  of  (,  and 
let  vj  denote  tlie  angle  which  the  planes  of  the  two  ecliptics  malie 
with  each  other,  then,  in  the  equations  (109),  instead  of  Q  we  must 
■write  Si  —  d,  and,  in  order  tlrnt  fj '  shall  be  measured  from  the 
.  vernal  equinox,  we  must  also  write  Si'  —  8  in  place  of  Si'.  Finally, 
we  must  write  t]  inst«id  of  e,  and  aw  for  to^,  which  is  the  variation 
in  the  value  of  m  in  the  interval  t'  —  i  on  account  of  the  cliange  of 
the  position  of  the  ecliptic;  then  the  equations  become 

cos^i'  sin  USi'  ^  ^  +  i-")  =  sin  1  (ft  —  fl)  cos  |(^  —  v), 
Qosii'co^iiSt'  — S  +  i^o,)=  ooai  (Si- O)eosi{i +  ■>)'), 
8mJ*'smKSa'-S-^'-)=einKa-e)sm^(i->!),     '•"^-' 
sin |i' cosUft' - ^ - -i")  =  cosKft  - #)  smi  (i -F  ij). 

These  equations  enable  us  to  determine  accurately  the  values  of  Si', 
i',  and  A(0,  which  give  the  position  of  the  orbit  in  reference  to  the 
ecliptic  corresponding  to  the  time  t',  when  8  and  t^  are  known.  The 
longitudes,  however,  will  still  be  referred  to  the  same  mean  equinox 
as  before,  which  we  suppose  to  be  that  of  tj  and,  in  order  to  refer 
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them  to  the  mean  equinox  of  the  epoch  (',  the  amount  of  the  pre- 
cession ill  longitude  during  the  interval  ('  —  t  must  also  be  applied. 

If  the  changes  in  the  values  of  the  elements  are  not  of  consider- 
able magnitude,  it  will  be  unnecessary  to  apply  these  rigorous  formulae, 
and  we  may  derive  others  sufficiently  exact,  and  much  more  con- 
venient in  application.  Thus,  from  the  spherical  triangle  formed  hy 
the  intersection  of  the  plane  of  the  orbit  and  of  the  planes  of  the 
two  ecliptics  with  the  celestial  vault,  we  get 


>J  cos  (a  - 

-»)  = 

-cosj'sins  +  sini'co! 

ISCOS 

from  which 

we  easily 

derive 

.m(i 

:'—■)  =  . 

in  J?  cos 

Ca  —  s)  +  2siiii'co3i 

bIb-I, 

We  lava 

,  further, 

or 

sm 

:  Aw  sin 

i'  =  siii,.in(a-»), 
-si„,?««7'". 

We  have; 

also,  fror 

11  the  same  triangle, 

sill  Aiu  c 

osi'  = 

-ooB(a~«)siii(n'- 

-») 

which  gives 

+  1 

lints 

—  c)cos(a'  — P)cosi?, 

sill  (a'- 

a)  =  -sinA»c 

o.i'-2sin(a~<')c« 

(a'- 

sin(a'~a}  = — sinij  sill  (a  —  ")  coti' 
-  2  sin  (a  ~  (I)  COS  ca'  -  »)  sill"  J5.  (114) 

Finally,  we  have 

/  — »=a'-a +A«. 

Since  !j  is  very  small,  these  equations  give,  if  we  apply  also  the  pre- 
cession in  longitude  so  as  to  reduce  the  longitudes  to  the  mean  equinox 
of  the  date  t', 

. sin(8— ») 


i,+  i™(a-»)  +i  — siii2.-, 
a  +('-')-§-'  sin(a-«)coti'-liin2(a-0),      (US) 
"  +  Cf~')-3f +  1  si«(a -»)t«nji'-lliin2(a -«); 
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in  wliicii  "  is  the  arniiml  precession  in  longitude,  and  in  whieli 
s  =  206264".8.  In  most  cases,  the  last  terras  of  the  expressions  for 
i',  Q',  and  n',  being  of  the  second  order,  may  be  neglected. 

For  the  case  in  which  the  motion  is  regarded  aa  retrograde,  we 
must  put  180°  —  i  and  180°  —  i',  instead  of  i  and  t',  respectively,  in 
the  equations  for  aw,  i',  and  JJ';  and  for  7z',  in  this  case,  we  have 

which  gives    .■^'■.  ■  ■  :  , 

;,' = ;,  ^_  (i- „  i)  ^J_  _  ,  sin  ( £2  _  #)  tan  ^i'- i  ^%in  2  (SJ  -  S). 

If  we  adopt  Beasel's  determination  of  the  [uni-solar  precession  and 
of  the  variation  of  the  mean  obliquity  of  the  ecliptic,  we  have,  at  the 
time  1750  +  t, 

-^  ^  50".21129  +  0."0002442966r, 

^  =    0"-48892  —  O."00000fil43r, 
at 

and,  consequently, 

^  =  C0."48892  —  O."000006143r)  (C  —  t) ) 

and  in  the  computation  of  the  values  of  these  quantities  we  must  put 
T  =  ^(t'-\-  f)  —  1750,  t  and  i'  being  expressed  in  years,      'I 

The  longitude  of  the  descending  node  of  the  ecliptic  of  the  time  t 
on  the  ecliptic  of  1750.0  is  also  found  to  be 

351°  36'  10"  —  5".21  (( — 1750), 

which  is  measured  from  the  mean  equinox  of  the  beginning  of  the  year 
1750.  ■ 

The  longitude  of  the  descending  node  of  the  ecliptic  of  t'  on  that 
of  t,  measured  from  the  same  mean  equinox,  is  equal  to  this  value 
diminished  by  the  angular  distance  between  the  descending  node  of 
the  ecliptic  of  (  on  that  of  1750  and  the  descending  node  of  the 
ecliptic  of  t'  on  that  of  t,  which  disfaince  is,  n^lecting  terms  of  the 
second  order, 

5".21(C— 1750); 
and  the  result  is 

351"  36'  10"  —  6".21  (t  — 1750)  —  5".21  (C  — 1750), 
351°  36'  10"— 10".42(i  — 1750)  — 5".21(i'  — 0- 
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To  reduce  this  longitude  to  the  mean  equinox  at  the  time  i,  wg  must 
add  the  general  preeession  during  the  interval  t  —  1750,  or 

50".21((  — 1750), 
so  that  we  have,  fiualiy, 

C  =  35r  36' 10" 4-  39".79(i~1750)  — 5".21(C— «)■ 

When  the  elements  it,  £J,  and  i  have  been  thus  reduced  from  the 
ecliptic  and  mean  equinox  to  which  they  are  referred,  to  those  of  the 
date  for  -which  the  heliocentric  or  geocentric  place  is  required,  tiiey 
may  be  referred  to  the  apparent  equinox  of  the  date  by  applying  the 
^.flutation  in  longitude.  Then,  in  the  case  of  the  determination  of  tlie 
right  ascension  and  declination,  using  the  apparent  obliquity  of  the 
ecliptic  in  the  computation  of  the  co-ordinates,  we  directly  obtain  the 
place  of  the  body  referred  to  the  apparent  equinox.  But,  in  com- 
puting a  series  of  places,  the  changes  which  thus  take  place  in  the 
elements  themselves  from  date  to  date  induce  coiTesponduig  changes 
in  the  auxiliary  quantities  a,  b,  c,  A,  B,  and  C,  so  that  these  are  no 
longer  to  be  considered  as  constants,  but  as  continually  changing  tlieir 
values  by  small  differences.  The  differential  formulfe  for  the  com- 
putation of  these  changes,  which  are  easily  derived  from  the  equations 
(99),  will  be  given  in  the  next  chapter;  but  they  are  perhaps  unneces- 
sary, since  it  is  generally  most  convenient,  in  the  cases  which  occur,  to 
compute  the  auxiliaries  for  the  extreme  dates  for  which  the  ephemei'is 
is  required,  and  to  interpolate  their  values  for  intermediate  dates. 

It  is  advisable,  however,  to  reduce  the  elements  to  the  ecliptic  and 
mean  equinox  of  the  beginnii^  of  the  year  for  which  the  ephemeris 
is  required,  and  using  the  mean  obliquity  of  the  ecliptic  for  that 
epoch,  in  the  computation  of  the  auxiliary  constants  for  the  equator, 
the  i-esulting  geocentric  right  ascensions  and  declinations  will  be 
referred  to  the  same  equinox,  and  they  may  then  be  reduced  to  the 
apparent  equinox  of  the  date  by  applying  the  coiTcctions  for  preces- 
sion and  nutation. 

The  places  which  thus  result  sx%  free  fr(Ym.  parallax  and  aberration. 
In  comparing  observations  with  an  ephemeris,  the  correction  for  par- 
allax is  applied  directly  to  the  observed  apparent  places,  since  this 
correction  varies  for  different  places  on  the  earth's  surface.  The  cor- 
rection for  aberration  may  be  applied  in  two  different  modes.  We 
may  subtract  from  the  time  of  observation  the  time  in  which  the 
light  from  the  planet  or  comet  reaches  the  earth,  and  the  true  plaee 
for  this  reduced  time  is  identical  with  the  apparent  place  for  the  time 
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of  observation;  or,  in  case  we  know  the  daily  or  hourly  motion  of 
the  body  in  right  ascension  and  declination,  we  may  compute  the 
motion  daring  the  interval  which  is  required  for  the  light  to  pass 
from  the  body  to  the  earth,  which,  being  applied  to  the  observed 
place,  gives  the  true  place  for  the  time  of  observation. 

"VTe  may  also  incla(3^~  tW  jiberration  directly  in  the  ephemeris  by 
using  the  time  t  — 49-7W&^  in  computing  the  geocentric  places  for 
the  time  t,  or  by  subtracting  from  the  place  free  from  aberration,  com- 
puted for  the  time  (,  the  motion  in  o.  and  S  during  the  interval 
497^.78^,  in  which  expression  A  is  the  distance  of  the  body  from  tlie 
earth,  and  497.78  the  number  of  seconds  in  which  light  traverses  the 
mean  distance  of  the  earth  from  the  sun. 

It  is  customary,  however,  to  compute  the  ephemeris  free  from 
aberration  and  to  subtract  the  time  of  oherratitm,  i9T.7%J,  from  the 
'  time  of  observation  when  comparing  observations  with  an  ephemeris, 
according  to  the  first  method  above  mentioned.  The  places  of  the 
sun  used  in  computing  its  co-ordinates  must  also  be  free  from  aberra- 
tion; and  if  the  longitude  derived  from  the  solar  tables  include 
aberration,  the  proper  correction  must  be  applied,  in  order  to  obtain 
the  true  longitude  required. 

41.  Examples. — We  will  now  collect  together,  in  the  proper 
order  for  numerical  calculation,  some  of  the  principal  formulae  which 
have  been  derived,  and  illustrate  them  by  numerical  examples,  com- 
mencing with  the  case  of  an  elliptic  orbit.  Let  it  be  required  to  find 
the  geocentric  right  ascension  and  declination  of  the  planet  Ewrynome 
@,  for  mean  midnight  at  Washington,  for  the  date  1865  February 
24,  the  elements  of  the  orbit  being  as  foUow.s : — 

Epoch  =  1864  Jan.  1,0  Greenwich  mean  time. 
Jf=      1°  29'  40".21 
r:  =    44    20  33  .09 
Si  =  206   42  40  .13 
i=      4    36  50  .51 
P  —   11    15  51  .02 
log  a  =  0.3881319 
log^^  2.9678088 
,1  =  928".55745 

When  a  series  of  places  is  to  be  computed,  the  first  thing  to  be 
done  is  to  compute  the  auxiliary  constaiits  used  in  the  expressions  for 
the  co-ordinates,  and  although  bat  a  single  place  is  required  in  the 
problem  proposed,  yet  we  will  proceed  in  this  manner,  in  order  to 


Ecliptic  and  Mean 
Equinox,  1864.0. 
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exhibit  the  application  of  the  foitiiulje.  Since  the  elements  ff,  Q, 
and  i  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0,  we  will 
first  reduce  them  to  the  ecliptic  and  mean  equinox  of  1865,0.  For 
this  reduction  we  have  t  =  1864.0,  and  i'^  1865.0,  which  give 

~  =  50". 259,  0  =  352°  51'  41",  ^  =  0".4882. 

Substituting  these  values  in  the  equations  (115),  we  obtain 

i'  —  i  =  Ai  =  —  0".40,  iSJ  ^  +  53".61,  A7z=  +  50".23; 

and  hence  the  elements  which  determine  the  position  of  the  orbit  in 

reference  to  the  ecliptic  of  1865.0  are 

TT  ^  44°  21'  23".32,  Q  =  206°  43'  33".74,  i  =-  4°  36'  aO'Ml. 

For  the  same  instant  we  derive,  from  the  AmeriGan  Ephemeris  and 
NmiUeal  Ahnanaa,  the  value  of  the  mean  obliquity  of  the  ecliptic, 
which  is 

s  r=  23°  27'  24".03. 

The  auxiliary  constants  for  the  equator  are  tlien  found  by  means  of 
the  form  u  I  £6 

cot  A  =  —  tan  JJ  coa  *,  tan  E^  ■-=  — -p-, 

'■'  .„f  R 2°i* C0S(^„  +  ^) 


!!(-£:> +^) 


sin  A '  -fein  li      '  "  sin  C     ' 

The  angle  £(,  is  always  less  than  180°,  and  the  quadrant  in  wh'ieh  it  is 
to  be  taken,  is  indicated  dii-ectly  by  the  algebraic  sign  of  tan  Eg.  The 
values  of  sin  a,  sin  b,  and  sin  c  are  always  positive,  and,  therefore,  the 
aisles  A,  B,  and  Cmust  be  so  taken,  with  respect  to  the  quadrant  in 
which  each  is  situated,  that  sin  A  and  cos  Q,,  sin  5  and  sin  S3,  and  also 
sin  Cand  sin  ft,  shall  have  the  same  signs.     From  these  we  derive 

^^296"  39'    5".07,  log  sin  a  ^9.9997156, 

B  =  206    65  27  .14,  log  sin  b  =  9.9748254, 

(7=212    32  17.74,  log  sia  e  =  9.5222192. 

Finally,  the  calculation  of  these  constants  is  proved  by  means  of  the 
formula 
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tan  i  = -. —. '-, 

am  a  cos  -i  ' 

which  gives  log  taiii  ==  8.9068875,  agi-eeing  with  the  value  8.9068876 
derived  directly  from  i. 

Next,  to  find  r  and  w."''  The  date  1865  February  24,5  mean  time 
at  Washington  reduced  to  the  meridian  of  Greenwich  by  applying 
die  difference  of  longitude,  5^  8"'  ll'.S,  becomes  1865  February 
24.714018  mean  time  at  Greenwich.  The  interval,  therefore,  from 
the  epoch  for  which  the  mean  anomaly  is  given  and  the  date  for 
which  the  geocentric  place  is  required,  is  420.714018  days;  and  mul- 
tiplying the  mean  daily  motion,  928".55745,  by  this  number,  and 
adding  the  result  to  the  given  value  of  M,  we  get  the  mean  anomaly 
for  the  required  place,  or 

JK"=  1°  29'  40".21  +  108"  30'  57".14  ^  110°  0'  37".35. 

The  eccentric  anomaly  E  is  then  computed  by  means  of  the  equation 

M=E  —  esmE, 

ilie  vahie  of  e  being  expressed  in  seconds  of  arc.     For  Ewrynmne  we 
have  log  sin  f  =  log  e  =  9.2907754,  and  hence   the  value  of  e  ex- 


log  e  =  4.6052005. 

By  means  of  the  equation  (54)  we  derive  an  approximate  value  of  E, 
namely, 

£„  =  n9=49'24", 

■the  value  of  e"  expressed  in  seconds  being  log!e^r=  3,895976;   and 
with  this  we  get     .,  -.;,..  ..   ■^--i,..'-  -.■%  Y     ■■  ■  '.  "-' 

M^  =  E,~e  sin E„  =  110"  6'  50". 
Then  we  have 

'-®'  -  1=7SbE;  -  -  "LOOT"  ~  "  "^^  ■'' 
which  gives,  for  a  second  approximation  to  the  value  of  E, 

_E„  =  119°43'44".3. 
This  gives  M^=  110°  0'  36".98,  and  hence 
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Therefore,  ive  have,  for  a  third  approximation  to  the  value  of  E, 

which  requires  no  further  correction,  since  it  satisfies  tho  equation 
between  Jf  and  E.  .\ 

■   To  find  r  and  v,  we  have 

Vr  sin  i"  —  l/a(l  +  e)  sin  \E, 
Vr  m^\v  =  v'aCl— e)  cos  ^E. 

The  values  of  the  first  factors  in  the  second  niembers  of  these 
equations  are:  logl^aCl  +  e)  =  0.2328104,  and  hgVail  —  e)--^ 
0.1468741 ;  and  we  obtain 

1!  =  129°  3'  50".52,  log  r  =  0.4282854. 

Since  rr  —  Si  ^  197"  37'  49".58,  we  have 

u  =  v-i-^—Si=  32G°  41'  40".10. 

The  heliocentric  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane  are  then  derived  from  the  equations 

which  give,  for  Ewrynome, 

x  =  —  2.6611270,  y  ^  -i-  0.3250277,  s  =  -f-  0.0119486. 

The  American  NavMcal  Almanac  gives,  for  the  equatorial  co-ordi- 
nates of  the  sun  for  1865  February  24.6  mean  time  at  "Washington, 
referred  to  the  mean  equinox  and  equator  of  the  beginning  of  the 
year, 

X=  -h  0.9094557,  Y=  —  0.359929S,  Z=  —  0.1561751. 

Finally,  the  geocentric  right  ascension,  declination,  and  distance  are 
given  by  the  equations 

a:-|-X  y-\-y  x-\rX        '  smS' 

the  first  form  of  the  equation  for  tan^  being  used  when  sin  a  is 
greater  than  cos  a. 

The  vahie  of  J  must  always  be  positive;   and  d  cannot  exceed 
±  90°,  the  mums  sign  indicating  south  declination.   ThuB,*we  obtain 
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o  =  181=  8'  29".29,        5  33=  —  4°  42'  21".5i5,        log  A  =  0.2450054. 

To  reduce  a  and  5  to  the  true  equinox  and  equator  of  Fobraaiy 
24,6,  we  have,  from  tlie  Nautical  Almanac, 

/=  +  16".80,  log  (7  333 1.0168,  G  =  4b°  16'; 

and,  substitutiug  these  values  in  equations  (110),  tliu  result  is 

aa  =  +  17".42,  as  =  —  7".17. 

Hence  the  geocentric  place,  referred  to  the  true  equinox  and  equator 
of  the  date,  is 

a  =  181°  8'  46".71,  5  =  —  4°  42'  28".73,  log  A  ^  0.2450054. 

When  only  a  single  place  is  required,  it  is  a  little  more  expeditious 
to  compute  r  from 

r  =  «(l~ecos^), 
and  then  v  —  E  from 

sin i(v  —  E)  =  ^j-^  sin ip  sin  K 
Thus,  in  the  case  of  tlie  required  place  of  Eiirynome,  we  get 

log r^  0.4282852,  v  —  E=9°  20' 5". 9 2, 

■»=129<'3'50".5ti, 

agreeing  with  the  values   previously  determined.     The   calculation 
may  be  proved  by  means  of  the  formula 

sin  ^  (v  +  J?)  =  ■y-  cos  if  sin  E. 

In  the  case  of  the  values  just  found,  we  have 

^(d  +  £}  ^  124°  23'  47".60,  log  sin  i(v  +  E)  =  9.9165316, 

■while  the  second  member  of  tliis  equation  gives 

log  sin  ii(v  +  E)  =  9.9165316. 

In  the  calculation  of  a  single  place,  it  is  also  very  little  shorter  to 
compute  first  the  heliocentric  longitude  and  latitude  by  means  of  the 
equations  (82),  then  the  geocentric  latitude  and  longitude  by  means 
of  (89)  or  (90),  and  finally  convert  these  into  right  ascension  and 
declination  by  means  of  (92).  When  a  lai^e  number  of  places  are 
to  be  computed,  it  is  often  advantageous  to  compute  the  heliocentric 
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po-ordinates  directly  from  the  eccentric  anomaly  by  means  of  the 
equations  (105). 

The  calculation  of  the  geocentric  place  in  reference  to  the  ecliptic 
is,  in  all  respects,  similar  to  that  in  which  the  equator  is  taken  as  the 
fundamental  plane,  and  does  not  require  any  fui-ther  illiiBtration. 

The  determination  of  the  geocentric  or  heliocentric  place  in  the 
cases  of  parabolic  and  hyperbolic  motion  differs  from  the  process 
indicated  in  the  preceding  example  only  in  the  calculation  of  r  and  -v. 
To  illustrate  the  case  of  parabolic  motion,  let  t^  T=  75.364  days; 
log  q  ='  9,9650486 ;  and  let  it  be  required  to  find  r  and  v. 

First,  we  compute  m  from 


in  which  log  C;,=  9.9601277,  and  the  result  is 

log  m  =  0.0125548. 
Then  we  find  M  from 

M=m(_t~TX 
which  gives 

log  Jf-.  1.8897187.. 
From  this  value  of  log  M  we  derive,  by  means  of  Table  VI., 

v^^lQ"  55'57".26. 
Finally,  )■  is  found  from  , 

r  =  — ^— , 

which  gives 

logr  =  0.1961120. 

For  the  case  of  hyperbolic  motion,  let  there  be  given  t—  T= 
65.41236  days;  '^^Zl"  35' 0".0,  or  log e  =  0.1010188;  and  Iog« 
-=0.6020600,  to  find  r  and  v.     First,  we  compute  iVfrom 

in  which  1(^  ^  =  9.6377843,  and  wc  obtain 

log  N  =  8.7859356 ;  N=  0.06108514. 

The  value  of  F  must  now  be  found  from  the  equation 
itf"  =  ei  tan  |F  —  log  tan  (45°  +  ^ -F). 
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If  we  assume  ii^^^SO",  a  more  approximate  value  maybe  derived 
from 

iV"+Iogtaii60° 
tan F.  =      ^     ^._  ■    ■—, 

which  gives  T?,  =  28°  40'  23",  and  hcnoe  JV",  =  0.072678.  Then  we 
compute  the  correction  to  be  applied  to  this  value  of  F,  by  means  of 
tlie  equation 

lip  —  w^F,)    "> 

whei-oin  s  =  206264".8;  and  the  result  is 

aF,  =  4.6097  iN—  iV,)  s  =  —  3°  3'  43".0. 

Hence,  for  a  second  approximation  to  the  value  of  F,  we  have 

F,  =  25°  36'  40".0. 

The  corresponding  value  of  Nis  N,  =  0.0617653,  and  hence 

aF,  =  5.199 (N—  n;)s  =  —  12'  9".4. 

The  third  approximation,  therefore,  gives  i^,  =  25°  24' 30".  6,  and, 
repeating  the  operation,  we  get 

J^=25°24'  27".74. 

■which  i-equirea  no  further  correction. 
To  find  r,  we  have 

which  gives 

log  r  =  0.2008644. 
Then,  v  is  derived  from 

tan  ^v  =  cot  ^4  tan  ^F, 
and  we  find 

w  =  67°3'0".0. 

When  several  places  are  required,  .it  is  convenient  to  compute  v 
and  }'  by  means  of  the  equations 


•a(»+l)  , 


l^rmsiv^^ , cos  A  J''. 

r/cosJi'  ' 
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For  the  given  values  of  a  and  e  we  have  log  Va  (e  +  1)  ^^  0.4782649, 
logVa{e—l)  ^  0.0100829,  and  hence  we  derive 

11  =  67°  2'  59".92,  Jog r  =  0.2008545. 

It  remains  yet  to  illustrate  the  calculation  of  v  and  r  for  elliptic 
and  hyperbolic  orbits  in  which  the  eccentricity  differs  but  little  from 
unity.  First,  in  the  ease  of  elliptic  motion,  let  t  —  T=^  68.25  days; 
e^O.9675212;  and  log  3  =  9.7668134.     We  compute  JH" from 


=  (t-T)- 


u 


^Jl±J 


wherein  log  (?„=  9.9601277,  which  gives 

log  iW"=  2.1404550. 

With  tills  as  argument  we  get,  from  Table  VI., 

7=101"  38'  3".74, 

and  then  with  this  value  of  Fas  argument  we  find,  from  Table  IX., 

J.  =  1540".08,  B  =  9".506,  C=0".062. 

Then  we  have  log  i  ^=  log  =  8.217680,  and  from  the  equation 

i;  =  F+^(100i)  +  BC1000'+  C(lOOi)', 
we  get 

v=V+  42'  22".28  +  25".90  +  0".28  =  102=  20'  52".20. 

The  value  of  r  is  then  found  from 

qa  +  e) 

'■-1    +.C0S1,' 

namely, 

log)- ^0.1614051. 

We  may  also  determine  *■  and  v  by  means  of  Table  X.     Thus,  we 
first  compute  M  from 


Assuming  -B  =  1,  we  get  log  M  =  2.13757,  and,  entering  Table  VI. 
with  this  as  argument,  we  find  w>==^  101°  25'.     Then  we  compute  A 
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whidi  gives  A  =  0.024985.     With  this  vaUie  of  A  as  argument,  we 
find,  from  Table  X., 

log  B  =  0.0000047. 

The  exact  value  of  M  is  then  found  to  be 

log  ilf=  2.1375635, 
\vhic}i,  by  means  of  Table  VI.,  gives 

5«  =  101°  24'36".26. 

By  means  of  tJiis  we  derive 

A  =  0.02497944, 

and  hence,  from  Table  X., 

log  C=  0.0043771. 
Til  en  we  have 

tan  ^^-=0  tan  ^w  X^'^^f' 

which  gives 

0^102°  20' 52".20, 

agreeing  exactly  with  the  value  already  found.   Finally,  )■  is  given  by 


il+AC')coii'iv' 
from  whieh  Ave  get 

!ogr^  0.1614052. 

Before  the  time  of  perihelion  passage,  ( —  T  is  negative;  but  the 
value  of  V  is  eomput«d  as  if  this  were  positive,  and  is  then  considered 
as  negative. 

In  the  ease  of  hyperbolic  motion,  i  is  negative,  and,  with  this  dis- 
tinction, the  process  when  Table  IX.  is  used  is  precisely  the  same 
as  for  elliptic  motion;  but  when  table  X.  is  used,  the  value  of  A 
must  be  found  from 

,       5(e-l)^     ,, 
^  =  (1+9^*'^"'^^' 
and  that  of  r  from 


(1  —  ^  C)  cos'  hv ' 

the  values  of  log  B  and  log  0  being  taken  from  the  columns  of  the 
fable  which  belong  to  hyperbolic  motion. 

In  the  calculation  of  the  position  of  a  comet  in  space,  if  the  motion 
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is  retrograde  and  the  iuclination  is  regarded  as  less  than  90°,  the  dis- 
tinctions indicated  in  the  formulEe  must  be  carefully  noted, 

42,  When  we  have  thus  computed  the  places  of  a  planet  or  comet 
for  a  series  of  dates  equidistant,  we  may  readily  interpolate  the  places 
for  intermediate  dates  by  the  usual  formulae  for  interpoJation.  The 
interval  between  the  dates  for  which  the  direct  computation  is  made 
should  also  be  small  enough  to  permit  us  to  neglect  the  effect  of  the 
fourtli  differences  in  the  process  of  interpolation.  This,  however,  is 
not  absolutely  necessary,  provided  that  a  very  extended  series  of 
places  is  to  be  computed,  so  that  the  higher  orders  of  differences  may 
be  taken  into  account.  To  find  a  convenient  formula  for  this  inter- 
polation, let  ua  denote  any  date,  or  argument  of  the  function,  by 
a  +  nio,  and  the  corresponding  value  of  the  co-ordinate,  or  of  the 
function,  for  which  the  interpolation  is  to  be  made,  by/(«  -|-  tuo). 
If  we  have  computed  the  values  of  the  function  for  the  dates,  or 
arguments,  a  —  co,  a,  Oj  -\-  to,  «  +  2tt»,  &c.,  we  may  assume  tliat  an 
expression  for  the  function  which  exactly  satisfies  these  values  will 
also  give  the  exact  values  corresponding  to  any  intermediate  value 
of  the  ai'gument.  If  we  regard  n  as  variable,  we  may  expand  the 
function  into  the  series 

S{a  +  M  ^/(«)  -^An->r  Bn'  ^  On?  ^  &c.  (116) 

and  if  wo  regard  the  fourth  differences  as  vanisliing,  it  is  only  neces- 
sary to  consider  terms  involving  ti*  in  the  determination  of  the 
unknown  coefficients  A,  B,  and  O.  If  we  put  n  successively  equal 
to  —  1,  0,  1,  and  2,  and  then  take  the  successive  differences  of  these 
values,  we  get 

I,  Diff.  II.  Diff,     III.  DIE 

/(<.  +  2<i.)=/(o)  + 2^  +  4B  +  8C  ^ +"-"+ "' 

If  we  symbolize,  generally,  the  diiference/(a  +  nij))  ~f{a  +  {n — 1)  ot) 
by/{<.+  (»-J)<«),thedifferei,ce/(<.  +  («  +  J)»)-/'(o  +  (»-J)<.) 
by  f  {a  -\-  no>),  and  similarly  for  the  successive  oi"ders  of  differenceSj 
these  may  be  arranged  as  follows : — 

Ai^ument.  Function.  I,  DifC  II.  Diff.  III.  DilE 


«  + 


f(a)  /(«  — »         f'(f^) 

/(■•+.)     {J"+>>    /'(V+»)  /"(<■+« 


<.  +  2»        /(o  +  2.)       /(«  +  !-) 
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Comparing  these  expressions  for  the  difFerencea  with  the  above,  we 
got 

A=f  ia  +  »  -  if  (a)  ^  J/"  (a  +  -J^), 

which,  from  the  manner  in  which  the  differences  are  formed,  give 

0=  J  (/"  (a  +  «,)  -/'  iaj),  B  -  If  (a), 

A  =f{a  +  u,)  -/{a)  -  if"  («)  -  J  (f  (a  +  -)  -/'  («)). 

To  find  the  value  of  the  function  corresponding  to  the  argument 
o  +  i<o,  we  have  n^=l,  and,  from  (116), 

/(«  +  »  -/(«)  +  iA  +  -IB  +  iC. 
Substituting  in  this  the  values  of  A,  B,  and  C,  last  found,  and  re- 
ducing, we  get 

fia  +  i^)  =  ^  (/(«  +  -)  +/(«))  -  h  il  (f  (<^  +  -)  +/"  C'*)))- 
in  wliich  only  fourth  differences  are  neglected,  and,  since  the  place 
of  the  argument  for  m  ^^  0  is  arbitrary,  we  have,  therefore,  generally, 

/(a  +  (»  +  J)  .)  =  J.  (^  +  («  + 1)  «)+/(•  +  »»)) 

-  4  Q  (r  («+(»+ 1) ")  +/'(«+ »•)))•       (1") 

Hence,  to  intei'polate  the  value  of  the  function  corresponding  to  a 
date  midway  between  two  dates,  or  values  of  the  argument,  for  which 
the  values  are  knoAvn,  we  take  the  arithmetical  mean  of  these  two 
known  values,  and  from  this  we  subtract  one-eighth  of  the  arith- 
metical mean  of  the  second  differences  which  are  found  on  the  same 
horizontal  line  aa  the  two  given  values  of  the  function. 

By  extending  the  analytical  process  here  indicated  so  as  to  include 
the  fourth  and  fifth  difference,  the  additional  term  to  be  added  to 
equation  (117)  is  found  to  be 

+  T^B  a  (/'°(«+('^ +!)-)+/"(«+  -"ii^ 

and  the  correction  corresponding  to  this  being  ij  j  1  e<.l  oi  h  xth 
differences  will  be  neglected. 

It  is  cnstomary  in  the  case  of  the  comets  which  lo  not  mo  e  too 
rapidly,  to  adopt  an  interval  of  four  days,  and  in  the  case  of  the 
asteroid  planets,  either  four  or  eight  days,  between  the  d^tes  f  r  vhich 
the  direct  calculation  is  made.  Then,  by  interpolat  nt,  in  th  cise  of 
an  interval  at,  equal  to  four  days,  for  the  inte  ed  ate  dates  we 
obtain  a  series  of  places  at  intervals  of  two  days ;  ^n  1   h  ill      nter- 
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polating  for  the  dates  intenaediate  to  them,  we  derive  the  places  at 
intervals  of  one  day.  When  a  series  of  places  has  been  computed, 
the  use  of  differences  will  serve  as  a  check  upon  the  accuracy  of  the 
calculation,  and  will  serve  to  detect  at  once  the  place  which  is  not 
correct,  when  any  discrepancy  is  apparent.  The  greatest  discordance 
will  be  shown  in  the  differences  on  the  same  horizontal  line  as  the 
erroneous  value  of  the  function ;  and  the  discordance  will  be  greater 
and  greater  as  we  proceed  successively  to  talie  higher  orders  of  dif- 
ferences. In  order  to  provide  against  the  contingency  of  systematic 
error,  duplicate  calculation  should  be  made  of  those  quantities  in 
which  such  an  error  is  likely  to  occur. 

The  ephemerid^  of  the  planets,  to  be  used  for  the  comparison  of 
observations,  are  usually  computed  for  a  period  of  a  few  weeks  before 
and  after  the  time  of  opposition  to  the  sun ;  and  the  time  of  the 
opposition  may  be  found  in  advance  of  the  calculation  of  the  entire 
ephemeris.  Thus,  we  find  first  the  date  for  which  the  mean  longitude 
of  the  planet  is  equal  to  the  longitude  of  the  sun  increased  by  180° ; 
then  we  compute  the  equation  of  the  centre  at  this  time  by  means  of 
the  equation  (53),  using,  in  most  eases,  only  the  first  term  of  the 
development,  or 

v  —  M=2eRmM, 

e  being  expressed  in  seconds.  Next,  regarding  this  value  as  con- 
stant, we  find  the  date  for  which 

L  -\-  equation  of  the  centre 

is  equal  to  the  longitude  of  the  sun  increased  by  180° ;  and  for  this 
date,  and  also  for  another  at  an  interval  of  a  few  days,  we  compute 
u,  and  hence  the  heliocentric  longitudes  by  means  of  the  equation 

tan  (I  —  SJ  )  =  tan  u  cos  i. 

Let  these  longitudes  be  denoted  by  land  I',  the  times  to  which  they 
correspond  by  (  and  (',  and  the  longitudes  of  the  sun  for  the  same 
times  by  O  and  O ' ;  then  for  the  time  t,),  for  which  the  heliocentric 
longitudes  of  the  planet  and  the  earth  are  the  same,  we  have 

'.-'  +  (o'_o)-C('-o'       '' 


the  firet  of  these  equations  being  used  when  I — 180°  - 
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than  V  — 180°  —  ©'.  If  the  time  i^  differs  considerably  from  i  or 
t',  it  may  be  necessary,  in  order  to  obtain  an  accurate  result,  to  repeat 
the  latter  part  of  the  calculation,  using  f„  for  (,  and  taking  ('  at  a 
small  interval  from  this,  and  so  that  the  tme  time  of  opposition  shall 
fell  between  t  and  ('.  The  longitudes  of  tbe  planet  and  of  the  sun 
must  be  measured  from  the  same  equinox. 

"When  the  eccentricity  is  considerable,  it  will  facilitate  the  calcula- 
tion to  use  two  terms  of  equation  (53)  in  finding  the  equation  of  the 
centre,  and,  if  e  is  expressed  in  seconds,  this  gives 


V  —  M=^  2e  sin  jy+  7  ■  -  sin  2Jf, 

a  being  the  number  of  seconds  corresponding  to  a  length  of  arc  equal 
to  the  radius,  or  206264", 8 ;  and  the  value  of  1;  —  M.  will  then  be 
expressed  in  seconds  of  arc.  In  all  eases  in  ■which  circular  arcs  are 
involved  in  an  equation,  great  care  must  be  taken,  in  the  numerical 
application,  in  reference  to  the  homogeneity  of  the  different  terms. 
If  the  arcs  are  expressed  by  an  abstract  number,  or  by  the  length  of 
arc  expressed  in  parts  of  the  radius  biken  as  the  unit,  to  express  them 
in  seconds  we  must  multiply  by  the  number  206264.8 ;  but  if  the 
arcs  are  expressed  in  seconds,  each  term  of  the  equation  must  contain 
only  one  concrete  factor,  the  other  concrete  fiietors,  if  there  be  any, 
being  reduced  to  abstract  numbers  by  dividing  each  by  s  the  number 
of  seconds  in  an  arc  equal  to  the  radius, 

43.  It  is  unnecessary  to  illustrate  further  the  numerical  application 
of  the  various  forraul^e  which  have  been  derived,  since  by  reference 
to  the  formulae  themselves  the  course  of  procedure  is  obvious.  It 
may  be  remarked,  however,  that  in  many  cases  in  which  auxiliary 
angles  have  been  introduced  so  as  to  render  the  equations  convenient 
for  logarithmic  calculation,  by  the  use  of  tables  which  determine  the 
logarithms  of  the  sum  or  difference  of  two  numbers  when  the  loga- 
rithms of  these  numbers  are  given,  the  calculation  is  abbreviated, 
and  is  often  even  more  accurately  performed  than  by  the  aid  of  tlie 
auxiliary  angles. 

The  logarithm  of  the  sum  of  two  numbers  may  be  found  by  means 
of  the  tables  of  common  logaritlims.     Thus,  we  have 

log(«  +  &)-log«(l4-^-)-logs(l  +  ^)- 

If  we  put 

log  tan  K  =  i  (log  h  —  log  a), 
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we  shall  have 

log  (a -\- b)  =  log  a  —  2  log  cos  a;, 
or 

logC«  +  6)  =  log6-21ogsiiia:. 

The  first  form  is  used  when  cos  x  is  greater  than  sin  x,  and  the  second 
form  when  cos  a;  is  less  than  sin  a;. 

It  should  also  be  observed  that  in  the  solution  of  equations  of  the 
form  of  (89),  after  tan  [X  —  ©) — using  the  notation  of  this  particular 
ease— has  been  found  by  dividing  the  second  equation  by  the  first, 
the  second  members  of  these  equations  being  divided  by  eos  {X  —  O) 
and  siu  {?.  ^  O ),  respectively,  give  two  values  of  J  cos  ^,  which  should 
agree  within  the  limits  of  the  unavoidable  errors  of  the  logarithmic 
tables ;  but,  in  order  that  the  errors  of  these  tables  shall  have  the 
least  influence,  the  value  derived  from  the  first  equation  is  to  be  pre- 
ferred when  eos(^ —  ©)  is  greater  than  sin(^ —  ©),  and  that  derived 
irom  the  second  equation  when  cos  {^  —  O )  is  less  than  sin  {X  —  ©  )■ 
The  value  of  J,  if  the  greatest  accuracy  possible  is  required,  should 
be  derived  from  JcosjS  when  ^  is  less  than  45°,  and  from  A  sinj3 
when  j9  is  greater  than  45°. 

In  the  application  of  numbers  to  equations  (109),  when  the  values 
of  the  second  members  have  been  computed,  we  first,  by  division, 
find  tan5(a'+Wo)  and  taii^  (S' —  a)„);  then,  if  em^{Q' +  a>^)  is 
greater  than  cosi(S3'+ Wn),  wc  find  cos ^' from  the  first  equation; 
but  if  sin  J  (£1 '  +  (o„)  is  less  than  cos  ^  (SJ '  +  '"0)1  we  find  eos  Jj'  from 
the  second  equation.  The  same  principle  is  applied  in  finding  sin  Ji' 
by  means  of  the  third  and  fourth  equations.  Finally,  from  sin  ^i' 
and  cos^i'  we  get- tan  J*',  and  hence  *'.  The  check  obtained  by  the 
agreement  of  the  values  of  sin  Ji'  and  cos  Ji',  with  those  computed 
from  the  value  of  i'  derived  from  tan  Jj',  does  not  absolutely  prove 
the  calculation.  This  proof,  however,  may  be  obtained  by  means  of 
the  equation 

or  by 

sin  i'  sin  %  =  sin  j  sin  SJ . 

In  all  cases,  care  should  be  talcen  in  determining  the  quadrant  in 
which  the  angles  sought  are  situated,  the  criteria  for  which  are  fixed 
either  by  the  nature  of  the  problem  directly,  or  by  the  relation  of  the 
algebraic  signs  of  the  trigonometrical  iunctions  involved. 
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CHAPTER  II. 

INVESTIGATIOIt   OF  THE  DIFFERENTrAl  E 


44,  In  many  calculations  relating  to  the  motion  of  a  heavenly 
body,  it  becomes  necessary  to  determine  the  variations  which  small 
increments  applied  to  the  values  of  the  elements  of  its  orbit  will  pro- 
duce in  its  geocentric  or  heliocentric  place.  The  form,  however,  in 
which  the  problem  most  frequently  presents  itself  is  that  in  which 
approximate  elements  are  to  be  corrected  by  means  of  the  differences 
between  the  places  derived  from  computation  and  those  derived  from 
observation.  In  this  case  it  is  required  to  find  the  variations  of  the 
elements  such  that  they  will  cause  the  differences  between  calculation 
and  o'tservation  to  vanish ;  and,  since  there  are  six  elements,  it  follows 
that  six  separate  equations,  involving  the  variations  of  the  elements 
as  the  uniinown  quantities,  must  be  formed.  Each  longitude  or  right 
ascension,  and  each  latitude  or  declination,  derived  from  observation, 
will  furnish  one  equation ;  and  hence  at  least  three  complete  observa^ 
tions  will  be  required  for  the  solution  of  the  problem.  When  more 
than  three  observations  are  employed,  and  tlie  number  of  equations 
exceeds  the  number  of  unknown  quantities,  the  equations  of  condi- 
tion which  are  obtained  must  be  reduced  to  six  final  equations,  from 
which,  by  elimination,  the  corrections  to  be  applied  to  the  elements 
may  be  determined. 

If  we  suppose  the  corrections  which  must  be  applied  to  the  ele- 
ments, in  order  to  satisfy  the  data  furnished  by  observation,  to  be  so 
small  that  their  squares  and  higher  powers  may  be  neglected,  the 
variations  of  those  elements  which  involve  angular  measure  being 
expressed  in  parts  of  the  radius  as  unity,  the  i-elations  sought  may 
be  determined  by  differentiating  the  various  formulse  which  determine 
the  position  of  the  body.  Thus,  if  we  represent  by  d  any  eo-ordi- 
nate  of  the  place  of  the  body  computed  from  the  assumed  elements 
of  the  orbit,  we  shall  have,  in  the  case  of  an  elliptic  orbit, 
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Mg  being  the  mean  anomaly  at  the  epoch  T.  Let  6'  denote  the  value 
of  this  co-ordinate  as  derived  directly  or  indirectly  from  observation; 
then,  if  we  represent  the  variations  of  the  elements  by  a-h,  aQ,,  At, 
&c.,  and  if  we  suppose  these  variations  to  be  so  small  that  their 
squares  and  higher  powers  may  be  neglected,  we  shall  have 

do         ,    do     ^       dd     .   ,    do 


The  differential  coefficients  -y-,  —,^,  &c.  must  now  be  derived  from 

(/t    do. 
the  equations  which  determine  the  place  of  the  body  when  the  ele- 
ments are  known. 

We  shall  first  take  the  equator  as  the  plane  to  which  the  positions 
of  the  body  are  referred,  and  find  the  differential  coefficients  of  the 
geocentric  right  ascension  and  declination  witli  respect  to  the  elements 
of  the  orbit,  these  elements  being  referred  to  the  ecliptic  as  the  fun- 
damental plane.  Let  x,y,z  be  the  heliocentric  co-ordinates  of  the 
body  in  reference  to  the  equator,  and  we  have 


W  ,     ,    do   ,     ,    do  , 


Hence  we  obtain 


do  __  do     dx        do     dy       dd     dz  ,„ 

and  similarly  for  the  differential  coefficients  of  d  with  respect  to  the 
other  elements.  We  must,  therefore,  find  the  partial  differential  co- 
efficients of  d  with  respect  to  x,  y,  and  z,  and  then  the  partial  differen- 
tial coefficients  of  these  co-ordinates  with  respect  to  the  elements.  In 
the  case  of  the  right  ascension  we  put  5  =  a,  and  in  the  case  of  the 
declination  we  put  d  ^=d. 

45.  If  we  differentiate  the  equations 

J,  4-  Y=d  cos  (J  sin  a, 
regarding  X,  Y,  and  Z  as  constant,  we  find 
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dx^co&a  cosS  dd  —  J  sin  »  coa  5  dtt  —  A  cos  »  sin  S  dS, 
dy  =  sin  a  cos  5  dil  +  ^  '^"^  a  cos  5  da  —  J  sin  »  sin  5  d&, 
dz  =siTiSdd  -{-A  cos  5  da. 

From  these  ecLimtions,  by  elimination,  we  obtain 

,              sin  a  ,     .    cos*  _,  ,„, 

cos  Sd^  = ^  dx  +  —^  dy,  (3) 

,.            cos »  sin  3            sinnsiniS  ,        cos  5  , 
ds  = --j dx -^ dy  -j — J-  (is. 

Therefore,  the  partial  differential  coefficients  of  a  and  S  with  respect 
to  the  heliocentric  c 


d.           Bin. 
''■£  = 3-' 

(fa        COS  a 

dx  ^            J""^"' 
(?5           sin*  sin  a 

dy                   4       ' 

Next,  to  find  the  partial  differential  coeificients  of  the  co-ordinates 
IT,  1/,  a,  witli  respect  to  the  elements,  if  we  differentiate  the  equations 
(100)i,  observing  that  sin  a,  sin  b,  'sin  c,  A,  B,  C,  are  functions  of  SJ 
and  i,  we  get 

dx ^- dr -\- X  oot{A -\- u)  du -\- ^^  dQ,  -\- -^  di, 
r  ahl  (It 


)at(  cos  Si  — r  suitfs; 
IS  u  sin  SJ  cos  £  +  r  si 
IS  M  sin  SJ  sin  s  -|-  r  si; 


which  give,  by  differentiation, 
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dy  .  „     -     . 

-j^  =  —  ]■  siu  u  COS  SJ  3111  ^  COS  e  —  r  sin  u  cos  i  sin  s, 

-jr  =  —  )■  sin  it  COS  SJ  sin  i  sin  e  -f  r  sin  w  cos  i  cos  e. 


The  first  three  of  these  equations  immediately  reduce  to 

dx  .  dy 


-^=„m.;   (6) 


and  since 

cos  a 

= 

cosi 

= 

—  cosQ  sinicoss  — cosisin- 

cose 

= 

—  cos  Si  sin  i  sin  e  +  cos  i  cos 

we  have,  also, 

dx 
-^_rsmwcos«. 

^...„„..        s 

Further,  we  have 

du  =  dv+di:  —  dQ„ 

and  hence,  finally, 

dx  =  -  dr  +  X  cot(A  -j-  u)  dv  -[-  x  cot  (A  +  u)  dn 

4-  C — X  cot{^  -ifu)^ycos!:  —  «  Bine)dSl  -\~r  »mw  cos  a  di,* 

dy  =  ldr  +  y  cotiB  J^u)dv]-y  cot(B  +  u)  dr. 

+  ( —  y  cot  (B  +  w)  4-  iP  cos  s)dQ  +  r  sin  m  cos  6  di, 

dz  =  tdr  +  z  cot(C+  m)  dv  +  3  eot(C  +  -«)  diz 

+  (,—  zcotiO+ii)  +  xsm^)dQ  +rBmucosadi. 

These  eqiiafions  give,  for  tlie  partial  differential  coefficients  of  the 
heliocentric  co-oi-dinates  with  respect  to  the  elements, 


dx        dx  .r  A    ,      \ 


^^^  =  .coi(c+uy. 
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g=-.cotU+.)-j»,.-..in.,        ^  =  -,cot(B+u)+., 

»„, 

i|=-.c.,(C  +  .)  +  ..i..; 

dx           .                        dy            .            ,           dz           . 

--T^  =,)■  sm M  C08 a,         --^=r9mt(cos6,         -j^  =»■  smit  cose; 

ro 

When  the  direct  inclination  is  greater  tlian  90°,  if  we  introduce  the 
distinction  of  retrograde  motion,  we  have 


(S) 

dx        dx  .  dy        dy    ,  dz        d^    , 

-f^  =^  —. «  cos  s  —  s  sm  £,        T^  =  -r-  +  a;  cos  ;,       -jt^ = ^ — h  a;  sin  e. 

The  expressions  for  -^.  --^.  and  -^  remain   unclianged;   and  wo 
have,  also, 


di  '      di 


—  )■  sin M  cose.     CO) 


It  is  advisable,  in  order  to  avoid  the  use  of  two  sets  of  formulae,  id 
part,  to  ri^ard  the  motion  as  direct  and  the  inclination  as  susceptible 
of  any  value  from  0°  to  180°.  If  the  elements  which  are  given  are 
for  retrograde  motion,  we  take  the  supplement  of  i  instead  of  i;  and 
if  we  designate  the  longitude  of  the  perihelion,  when  the  motion  is 
considered  as  being  retrograde,  by  (jt),  we  shall  have 

If  we  introduce,  as  one  of  the  elements  of  the  orbit,  the  distance 
of  the  perihelion  from  the  ascending  node,  we  have 


du^dv-\-  d<ii, 
and,  hence, 

(10) 

BiBd  by  Google 


122  THEOEETICAL  ASTEO"NOMY. 

The  values  of  -r--i  -—-,  and  -,—  must,  in  this  case,  be  found  by  means 

of  the  equations  (5). 

By  means  of  these  expressions  for  the  differential  coefficients  of  the 
co-ordinates  x,  y,  s,  with  respect  to  the  various  elements,  and  those 
given  by  (4),  we  may  derive  the  diffei'ential  coefiicients  of  the  geo- 
centric right  ascension  and  declination  with  respect  to  the  elements 
Q,,  i,  and  n  or  to,  and  also  with  respect  to  r  and  v,  by  writiaig  suc- 
cessively a  and  d  in  place  of  6,  and  Q,,  i,  &c,,  in  place  of  ?r  in  the 
equation  (2).  The  quantities  r  and  v,  however,  are  functions  of  the 
remaining  elements  f,  M„,  and  /i;  and  we  have. 


,        dv  dv  dv   , 

dv  =  -^-  d<P  -f-  -^nrr  dm.  -\-  -5—  d/i. 
d<p  dM^        "   '    d/i 

Therefore,  the  partial  differential  coefficients  of  x,  with  respect  t 
the  elements  f,  M^,  and  ft,  are 

dx         dx      dr         dx       dv 

dip        dr      d<p        dv      d<p  ' 

dx        dx      dr     ,    dx      dv  ,,, 


d;!.         dr      dp.         dv      d;i.  ' 

The  expressions  for  the  partial  differential  coefficients  in  the  case  of 
the  co-ordinates  y  and  z  are  of  precisely  the  same  form,  and  are  ob- 
tained by  writing,  successively,  y  and  s  in  place  of  x.    The  values  of 

dx     dx     dy     dii     da         ,    dz  ,         ,      , ,  , .         ,_,         -, 

—;-,  -r;—,  -rf-,  —r-,  ——,  and  -r—  are  ffiven  by  the  equations  (7),  and 
dr     dv     dr     dv     dr  dv 

dr       dv      dr         ,   dv 
dM,,'  dM^'  d/i'  d/j. 

found,  the  partial  differential  coefficients  of  the  heliocentric  co-ordi- 
nates with  respect  to  the  elements  f,  Mq,  and  /i  will  be  completely 
determined,  and  hence,  by  means  of  (2),  making  the  necessary 
changes,  the  differential  coefficients  of  a  and  3  with  respect  to  these 
elements. 

46.  If  we  differentiate  the  equation 

M^E—eBinE, 
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we  shall  have 

dM^  dE{l  —  e  cos  IT)  —  cos  y  sin  E  dip. 

But,  since  1  —  eco^E—-  -,  and  cos <f  sinE^- sin v,  this  reduces  to 

dM=-d£: -^''-sinv  df, 
or 

dE  =  -  dM  +  sin  v  dtp. 

If  we  take  the  logarithms  of  both  members  of  the  equation 

tauiu^  tan^£tan(45'*  +-jf), 
and  differentiate,  we  tind 

dv  dE 


2  sin  ^i' cos  ^ti      2siji^-Bcos-J-E      2  sin  (45°  +  W)  cos  (45°  +  If)' 
which  reduces  to 

Introducing  into  this  equation  the  value  of  dE,  already  found,  and 
replafimg  am  E  by  ■ >  we  get  'i  ■  ■■ 

r'  '   c!3Sf\      r        'I 

But  since  a  cos^tp  ==p,  and  -  =  1  +  sin  p  coso,  this  becomes 

dv=^^-^^dM+(-^  +  te.ii<pcQsv\smvdv.  (12) 

If  we  differentiate  the  equation 

r  =  a(l  — ecos^), 
we  shall  have 

dr:^-da-^a6  sin  E  dE  ■ —  a  cos  f  cos  E  df ; 

and  substituting  for  dE  its  value  in  terms  of  di^and  df,  the  result 
is 

(;)-=:-(Ja  +  otanj'sui'Uiil/+(a6sin£sin*!— -acosf  eoa£)t?y.      (18) 
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■e  cos  <p  siii=  V       a  CO 

which  reduces  to 

ae  sin  E  sin  v  —  a  cos  f  cos  E  ^=  —  a  cos  i^  cos  v 
Hence,  the  expression  for  dr  becomes 

dr=~  da-{-  a  tan  >p  sin  vdM — acos<p  cosvdf.  (14) 

Further,  we  have 

T  being  the  epoch  for  ■which  the  mean  anomaly  is  M„,  and 

Sl/l+m 
/t=  ■ -, 

Differentiating  these  expressions,  we  get 

dM=  dM„  +  (f  —  r)  diJ., 
da  2     ^!'- 

and  substituting  these  values  in  the  expressions  for  dr  and  dv,  we 
have,  iiiially, 

dr^a  tan  f  sin  v  dM^  -\- 1  a  tan  p  sin  u  (i  —  T)  —  —  j  diJ. 

—  a  cos  f  COS  V  df,  (15) 


From  these  equations  for  dr  and  dw  we  obtain  the  following  values 
of  the  partial  differential  coefficients : — 

dr  dv     I    2     ,  ^  \. 

-^—  =  —  ttcos  pcosti,  -T"=^l t-tansocosu  sinu, 

dy  df     \cos(5  / 

dr 
_:^<.tan^sm.,  _^  _ 

4l=«tan^sin.((-2')-|:  206264.8,  ^  =  ^(i-n 
d/!  iji  d/i  r' 
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have  supposed  ji  to  be  expressed  in  seconds  of  arc,  and  henee  the 
factor  206264,8  is  introduced  in  order  to  render  the  equation  homo- 
geneous. 

47.  The  formulEe  already  derived  are  sufficient  to  find  the  varia- 
tions of  the  right  ascension  and  deeliuation  corresponding  to  tlie 
variations  of  tlie  elements  in  the  case  of  the  elliptic  orbit  of  a  planet; 
but  in  the  case  of  ellipses  of  great  eccentricity,  and  also  in  the  cases 
of  parabolic  and  hyperbolic  motion,  these  formulae  for  the  differential 
coefficients  require  some  modification,  which  we  now  proceed  to 
develop. 

First,  then,  in  the  case  of  parabolic  motion,  sin  (p^^l,  and  instead 
of  M^  and  fi  we  shall  introduce  the  elements  T  and  q,  the  diiferential 
coefficients  relating  to  n',  S3,  and  i  remaining  unchanged  from  their 
form  as  already  derived. 

If  we  differentiate  the  equation 

I  -\-  \  tan'  ^k),  1 


=  gi(t«n5 

regarding 

T, 

?. 

and  V  as  variable,  we 

t(!-T) 
?l/2 

or,  since  r 

'^ 

"I 

'see*j7j, 
1^2 

,1(1— 3- 
"     ?l/2 

2  +  iq^i 


-  dq  -\-  ^—^dv. 


dv^  —  — ^dT- ^    ^     dq.  (17) 

'■  ''  I'  2g 

Instead  of  g,  we  may  use  logg,  and  the  equation  will,  therefore, 
become 

in  which  ^  is  the  modulus  of  the  system  of  logarithms. 
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If  we  take  tlie  logaritlims  of  both  members  of  the  equation 

r  =  -3—, 
and  differentiate,  we  liiiii 

dr:=  -  dq-{-  r  tan  iv  dv. 
Introducing  ijito  this  equation  the  value  of  dv  from  (17),  wc  get 

dr^ra-^-'^^t^}-^h,^'J:^^^^,T.        (19) 
\q  rW2.q  I    ^  r 

Kow,  sinc«  L  =  q  (tan  Ju  +  Jtan^ yv),  and  q^r  cos^ ^v,  we  have 

■ — ^ ji^ — —  ^  -  ( 1  -4-  tan-'  4d  —  6  Sim'  iv  —  sm''  ^v  tan'  iv) 

q  r'V2q  ■<• 


We  also  have 


hV^Q         ,         £"l/2qcosMutaii-i^       hsmv 

3  tan  hi  =  - — — ^— — ^— --^  =  —.-^^. 

r    .        ^  q  V2q 

Therefore,  equation  (19)  reduces  to 

dr  =  msvdq-^^dT.  (20) 

V2q 

If  we  introduce  d  log  q  instead  of  d,q,  this  equation  becomes 

dr  =  ?-T —  (i  log  5  —      . dT.  (21) 

From  the  equations  (17),  (18),  (20),  and  (21),  we  derive 
dr       _       j;  sin  II  dv       hV~2q 

*  di)  3fe(t  — r) 

-—      =cosir,  -r-      = r^=^^'       (22) 

dq  dq  r'  1/2^ 

_(?j^  _qcosv  dv    _      Sk(t—T')V"2q_ 

d  log  5         '^0    '  (^  log  (J  2^„  )■"  ' 

and  then  we  have,  for  the  differential  eoeffioients  of  x  with  respect  to 
T  and  q  or  log  q, 
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die        dx     dr        dx     dv  dx        dx     dr       dx     dv 

df'^lr'df'^'dv'dT'  Iq  ~  ~dr  '  ~dq '^  Iv  '  ~dq' 

dx    _    ~ 
rflogg" 

9.dA  similarly  for  the  differential  coefficients  of  y  and  z  with  respect 
to  these  elements.  The  expressions  for  the  partial  diffej'eotial  co- 
efficients of  X,  y,  and  s,  respectively,  with  respect  to  r  and  v  are  the 
same  as  already  found  in  the  case  of  elliptic  motion.  We  shall  thus 
obtain  the  equations  which  express  the  relation  between  the  variations 
of  the  geocentric  places  of  a  comet  and  the  variation  of  the  parabolic 
elements  of  its  orbit,  and  which  may  be  employed  either  to  correct 
the  approximate  elements  by  means  of  equations  of  condition  fur- 
nished by  comparison  of  the  computed  place  with  the  observed  place, 
or  to  determine  the  change  in  the  geocentric  right  ascension  and 
declination  corresponding  to  given  increments  assigned  to  the  ele- 
ments. 

48.  We  may  also,  in  the  case  of  an  elliptic  orbit,  introduce  T,  q, 
and  e  instead  of  the  elements  f,  M^,  and  /t.  If  we  differentiate  the 
expression 

?  =  <.(! -«). 
we  shall  have 

We  have,  e 


da=^-dq-\-  —  de. 


in  which  T  is  the  time  of  perihelion  passage,  and 

dM=  —  Ai/r+^  a-i  dT—  ^IcVTT^  ar'iit  —  T)  da. 

Hence  we  derive 
dM^- 


Siibstituting  this  value  of  dM  in  equation  (12),  replacing  sin^  by  e, 
and  reducing,  we  get 

'■'  9"' 
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Ill  a  similar  manner,  by  substituting-  the  viilues  of  da  and  dM  in 
equation  (14),  and  reducing,  we  find 


-^de.    (24) 


These  eqimtions,  (23)  and  (24),  will  furnish  the  expressions  for  the 

partial  differential  coefficients  -;;;,, -r-'  ^-'  tt;.'-!-'  and  -r-.  which  are 
'^  dT  dq    de    dT  dq  de 

required  in  finding  the  differentia!  coeffieienta  of  the  heliocentric  co- 
ordinates with  respect  to  the  elements  T,  q,  and  e,  these  quantities 
being  substituted  for  M^  ft,  and  f,  respectively,  in  the  equations  (11)- 

49.  When  the  orbit  is  a  hyperbola,  we  introduce,  in  place  of  M^, 
fi,  and  (p,  the  elements  T,  q,  and  i^. 
If  we  differentiate  the  equation 

jV;  =  e  tan  J"  —  log,  tau  (45°  +  iF), 
we  shall  have 

d  W  =  ( —-^  —  1  \ -'^~  +  tan  i^  de, 
\  cos  J'  /  cos  J' 

which  is  easily  transformed  into 


cosi*' 
t4K  - 


dF    a        ,^r       a    ismJa  ^ 


Let  us  now  take  the  logarithms  of  both  members  of  the  equation 

tan  IF=  tan  ^v  tan  ^•i, 

and  differentiate,  and  we  shall  have 

,         .        dF         sinw   , 

dv  =:  sin  V  —. — f= -. a+. 

sin  F       sm  4 

Inti-oducing  into  ul,id  equation  the  value  of  —. — p  already  found,  we 
get 

aa'mv   ,„       jas'mv    tan-i    ,     sinu  \  , 

dv  =  — f^dN^  —(  — ■ +  —. di. 

r  tan  i^      °      \     r         cos  4         sm  -l^  /  ^ 


sted  by  Google 


DIFFERENTIAL    FORMULAE.  129 

But,  since  r  sin  i'  =  a  tan  i^  tan  F,  and  p=^a  tan^  ij/,  this  reduces  to 
dv  =  ~v'pdN,—(^  +  l]^-di,.  (25) 

If  we  differentiate  the  oquation 


Substituting  in  this  equation  the  value  of  --■■  „,  we  obtain 


*      'da   \   "'''^^dW       /»"«*'»"-' 

!•         .     \t"»+i. 

ar  =  -aa  -f-  — aiVg  —  i    —  — 

CO,  _F  )««+''■*' 

which  is  easily  reduced  to 

*=?»+»l^".+?(^^"- 

cos^-F^      /sia* 

But,  since 

this  reduces  to 

,        r  ,     ,   asinv  ,„    ,    pa  I  1      \  rf^- 

dr^-da-\ — ;—  dN.  +  -^—\e ?=    -■ — t' 

a       ^    sm^.        "   '     r  \  cosi^/sm* 

or 

dr^-da  +  a  -;— -  (Zif„  +  p  — — -  d^i'. 

Now,  since  q  =  (i(e  —  1),  we  have 
or 

da  =  ~dq  —  ^-^d^. 
We  have,  also, 

and  hence 

diV„  =  —  ha-^dT—^lca-iit  —  T)da. 

By  substituting  the  value  of  da,  this  becomes 

"  g  ^  agcos* 
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Substituting  this  value  of  dN^,  in  equation  (25),  and  reducing,  we 
obtain 

In  a  similar  manner,  substituting  in  equation  (26)  tlie  values  of 
da  and  dN,,,  and  reducing,  we  get 

Vp      C0S4.  \?  V2qi       003^^1/003+' 

^\  q  008+       \q  }'  /sm  + 

The  equations  (27)  and  (28)  will  furnish  the  expressions  for  the 
partial  differential  coefficients  of  r  and  v  with  respect  to  the  elements 
T,  q,  and  '^,  required  in  forming  the  equations  for  cos  S  da.  and  dS. 
It  will  be  observed  that  these  equations  are  analogous  to  the  equa- 
tions (23)  and  (24),  and  that  by  introducing  the  relation  between  e 
and  '^,  and  neglecting  tlie  mass,  they  become  identical  with  them. 
We  might,  indeed,  have  derived  the  equations  (27)  and  (28)  directly 
from  (23)  and  (24)  by  substituting  for  e  ita  value  in  terms  of  '^■,  but 
tlie  differential  formulse  which  have  resulted  in  deriving  them  directly 
from  the  equations  for  hyperbolic  motion,  will  not  be  superfluous. 

50.  It  is  evident,  from  an  inspection  of  the  terms  of  equations  (23), 
(24),  (27),  and  (28)  which  contain  dc  and  d-^,  that  when  the  value  of 
e  is  very  nearly  equal  to  unity,  the  coefficients  for  these  differentials 
become  indetei'minate.  It  becomes  necessary,  therefore,  to  develop 
the  corresponding  expressions  for  the  case  in  which  these  equations 
are  insufficient.     For  this  purpose,  let  us  resume  the  equation 

*"-''' f'  +  -^'  =  «  +  .«■-  2ia..  +  X..0  +  3.(5.'  +  ;..>)  -  *c., 

in  which  u  =  tan  ^v,  and  i  =  ■     Then,  since 

i  =  Ui-«)  +  5a-«)'  +  *;«, 

Vr^ = ViTT-i^r^zi)  =  1  +  Ki  - «)  +  A  (1  -  «)■ + &c., 

we  shall  have 


stsd  by  Google 


DIFFERENTIAL   FORMULA.  131 


»  +  J»'+a«-J«'-J«')(l-e) 


1/2  gl 

+  (A«  -  /,«■  +  «",«')  (1  -  «)■  +  &!!•  (29) 

If  ifc  is  required  to  find  the  expression  for  -r-  in  the  case  of  the 
variation  of  the  elements  of  parahoHc  motion,  or  when  1  —  e  is  very 
small,  we  may  regard  the  coefficient  of  1  ^  e  as  constant,  and  neglect 
terms  multiplied  by  the  square  and  higher  powers  of  l^e.  By 
difFerentiating  the  eqnation  (39)  according  to  these  conditions,  and 
regarding  u  and  e  as  variable,  we  get 

0  =  (1  +  u^)  du  —  (|w  —  {it?  —  K)  *; 
and,  since  <^w  —  J(l  +  u^)  dv,  this  gives 

The  values  of  the  seeond  member,  corresponding  to  different  values 
of  i ,  msn  bt,  tabulated  with  the  argument  i  /  but  a  table  of  this  kind 
IS  by  no  means  indispen=ihle,  smce  the  expression  for  -j-  may  bo 
changed  to  inother  foim  i^hicli  furnishes  a  direct  solution  with  the 
=;ame  iaalitv     Thm>,  b>  diMsion,  we  have 

and  since,  in  the  case  of  parabolic  motion, 


Ht  —  T) 


If  M'e  differentiate  tlie  equation 


l/2j- 


r-SSi±A 

regarding  )-,  v,  and  e  as  variables,  we  shall  have 

dr 2r''  sin^  j"   ,    ^''e  sin  v      dv 

'd^-fCr+e)'  "^  qil  +  e)  '  rfJ' 
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In  the  ease  of  parabolic  motion,  e  =  l,  and  tliis  equation  is  easily 
transformed  into 

^  =  JrtenJ,.(t.nS.+  2^).  (33) 


Substituting  lor  -^  its  value  from  (31),  and  reducing,  we  get 

-j-  =  ^  ■-  ,—    ■  sin  V  +  -j\r  tan'  >.  (34) 

The  equations  (31)  and  (34)  flimiab  the  values  of  j-  and  -5-  to  be 


used  in  forming  the  expressions  for  tlie  variation  of  the  place  of  the 
body  when  the  parabolic  eccentricity  is  changed  to  the  value  1  -\-  de. 
When  the  eccentricity  to  which  the  increment  is  assigned  differs  but 
little  from  unity,  we  may  compute  the  value  of  j-  directly  from 
equation  (30).  A  still  closer  approximation  would  be  obtained  by 
using  an  additional  term  of  (29)  in  finding  the  expression  for  -=-;  but 
a  more  convenient  formula  may  be  derived,  of  which  the  numerical 
application  is  fiicilitated  by  the  use  of  Table  IX.  Thus,  if  we  differ- 
entiate tlie  equation 

v  =  V  +  A  (lOOi)  +  JS  (1000=  +  C(lOOi)', 

regarding  the  coefficients  A,  B,  and  G  as  constant,  and  introducing 
the  value  of  *  in  terms  of  e,  we  have 

dv      dV        200J.  4005    ,,„„,,  ^^'^^-(1000' 


de       de      s(l  +  ey      s(l-|-6)'^       '      s{l  +  e)" 

in  which  s  =  206264.8,  the  values  of  A,  B,  and  C,  as  derived  from 

dV 
the  table,  being  expressed  in  seconds.     To  find  — ,  we  liave 


^tan^F+^tan"^F, 


k(t-T)Vl+. 
2# 

which  gives,  by  differentiation, 

kit—T)         de      __     dV 
2gi     "VTTe~cos'^7' 

and  if  we  introduce  the  expression  for  the  value  of  M  used  as  the 
argument  in  finding  Fby  means  of  Table  VI.,  the  result  is 
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dV_  M<:os*ir 
de  ^75Cl  +  e)' 
Heuee  we  have 

by  means  of  whicli  tlie  value  of  ~  is  readily  foimd. 

"When  the  eccentricity  differs  so  much  from  that  of  the  parabola 
that  the  terms  of  the  last  equation  are  not  sufficiently  convergent, 
the  expression  for  -p,  which  will  furnish  the  required  accuracy,  may 
be  derived  from  the  equations  (75),  and  (76)j.  If  we  differentiate  the 
first  of  these  equations  with  respect  to  e,  since  B  may  evidently  be 
regarded  as  (xmatant,  we  get 

dw  _  ,  kjt-T)  cob'-> 

If  we  take  the  logarithms  of  both  members  of  equation  (76)j,  and 
difFcrentiate,  we  get 


To  find  the  differentia]  coefficient  of  O  with  respect  to  e,  it  will  be 
sufficient  to  take 


which  gives 
The  equation 


dC 


-5(1-^)^ 


^  ^^:;Y.tan'^wrfe  +  .- 
and  hence  we  obtain 

dO__ 
C~ 

Substituting  this  value  in  equation  (37),  we  get 

dv  20 C"      .       ,     ,,  C'sinv    dw  4sinw 


dc        (1  +  e)  (i  +  9. 
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and  subatituting,  finally,  tlie  value  of  — ,  wc  obtain 


T/2ot      £i/j^(i_^9e)'tan^w      (l  +  ifey 


Cl  +  e)(l+9. 
which,  by  means  of  (76)i,  reduces  to 
dv        ^     k(t  —  T)  G'sinv  cos' 


If  we  introdnce  the  quantity  M  which  is  used  as  the  argument  in 
finding  w  by  means  of  Table  VI.,  this  equation  becomes 

dv_  9  Mcos-'lw  8tan-> 

<;e       2a+9e)'75tan>''  (l  +  6)(l+9e)-         ^     ^ 

This  equation  remains  unchanged  in  the  case  of  hyperbolic  motion, 
the  value  of  C  being  taken  from  the  column  of  the  table  which  cor- 
responds to  this  case-;  and  ifc  will  fiirnish  the  correct  value  of  -r-  in 
all  eases  in  which  the  last  term  of  equation  (23)  is  not  conveniently 
applicable.     The  value  of  -^  is  then  given  by  the  equation  (32). 

When  the  eccentricity  differs  very  little  from  unity,  we  may  put 
JB^l,  and 

tan  ^w  =  tan  ^v  ■/ j_j  (i  _|,  Qe), 

Then  we  shall  have 

==- f^  C  sm  V  = :^-~. —  cos'  iw. 

75tjiniw  V2qi 

The  equation 

l^il  +  AC)  cos^ ^^f - (i  +  lA)  coa'^M, 
gives 


Hence  we  derive 


Jf  cos'  I'. 
75tani! 
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If  we  substitute  this  value  in  equation  (39),  and  put  C^  (1  +  e)  -■=  2, 

we  get 

^''-         9  ^((_y)_ 8tan^_ 

de^2(l  +  9e)       r^     ^'       "^  ^       (1  +  e)  (1  +  96)'  '-^''■' 

and  when  e  ^=^  1,  this  becomes  identical  with  equation  (31). 

61.  ExAMPiiF^. — Wc  will  now  illustrate,  by  numerical  examples, 
the  formnlte  for  the  calculation  of  the  variations  of  the  geocentric 
right  ascension  and  declination  arising  from  small  increments  assigned 
to  the  elements.  Let  it  be  required  to  find  for  the  date  1865  Feb- 
ruary 24.5  mean  time  at  Washington,  the  differential  coefficients  of 
the  right  ascension  and  declination  of  the  planet  Eurynome  ®  with 
respect  to  the  elements  of  its  orbit,  using  tlie  data,  and  results  given 
in  Art.  41.     Thus  we  have 

a  ^  181°  8'  29".29,      d^  —  i"  42'  21".56,     log  d  =  0.2450054, 
log  !•  =  0.428285,  v  =  129°  3' 5r.5,  u  =  32r  41' 40".l, 

A  =  296°  39'  5".0,      B  =  205°  55'  27".l,  0=  212°  32'  17".7, 

log  sin  a  =  9.999716,        log  sin  6  ^  0.974825,         log  sm  c  =  9.522219, 

log  X  =  0.425066„,  log  y  =  9.511920,  log  z  =  8.077315, 

s  =  23°  27'  24".0,  ( —  T=  420.714018. 

First,  by  means  of  the    equations  (4),  we    compute    the    following 

values : — 

loff  cos  ^  4^  =  8.054308,  log  -^  =  8.6689^  , 

°  dx  ax  '    " 


^4^  =  9.7549/9,,  log-^. 

dy  I    "  ®  dy 


log  —  =  9.753529. 

Then  we  find  the  diiforential  coefl^cients  of  the  heliocentric  co-ordi- 
nates, with  respect  to  n,  S3,  i,  v,  and  r,  from  the  formula  (7),  which 


=  1„,J  =  9.49199/.,               ■og*  =  .o.f. 

^  0.399496„ 

log 

-^  =  log^  =  9.9504^<T 

dJ:              dv                  ,  ■' " 

dx 

da 

=  7.876,^53, 

log  ^  =  8.830941,     log;^  = 

-9.222^98  , 

cfc 
di 

=  8.726364, 

'°8-|-  =  '-««™7,    log^  = 

=  0.142443., 

=  9.996780„, 

log -^  =  9.083635,    log-^  = 

=  7.649030. 
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and  -rr,  those  of  cos  a,  cos  b. 


In  eompiiting  the  values  of  -jr<  -p-i 
nnd  cos  c  may  generally  be  obtained  with  sufficient  accuracy  from 
eina,  sini,  and  sine.  Their  algebraic  signs,  however,  must  be 
strictly  attended  to.  The  quantities  sin  a,  sin  b,  and  sin  c  are  always 
positive;  and  the  algebraic  signs  of  cos  a,  cos  6,  and  cobc  are  indicated 
at  once  by  the  equations  (lOl),,  from  which,  also,  their  numorieal 
values  may  be  derived.  In  the  case  of  the  example  proposed,  it  will 
be  observed  that  cos  a  and  cos  b  are  negative,  and  that  cos  e  is  positive. 


To  find  the  values  of  cosiS- 
tion  (2), 


■  and 


i  have,  according  to  equa- 


which  give 


dy    d-K 


In  the  case  of  SJ,  i,  and  r,  we  write  these  quantities  successively  in 
place  of  rr  in  the  equations  (41),  and  hence  we  derive 


""'1^- 

-0.03845, 

5j^  =  - 0,09633, 

—  0.27641, 

^  =  -  0.78993, 

,   da 

cos  5—^—  = 

dr 

-  0.08020, 

-|-  =  + 0.04873. 

Next,  from  (16),  wc 

!  compute  the  following  values : — 

log -^  =  0.179156, 

-  9.577453,          log  4^  =  2.370581  , 

log*  =0.171999, 

,       dv 

''"dwr 

,  9,911247,          log  ^  =  2,535234. 
°dii 

We  may  now  find  j-,  -r^,  &c.  by  means  of  the  equations  (11), 


to  derive  these  values  directly  from  cos  5-;-.  cos  5 -7-'  "i-i  and  -^-i 
dr  dv     dr  dv 

in  connection  with  the  numerical  values  last  found,  according  to  the 
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equations  which  result  from  the  analytical  aubstitution  of  the  exprcs- 

^        dx      dy       dn       .  .  .  ^cc,  -.•  ■       ^  ir 

sions  for  -j— .  -j— >  -7-.  <fec.,  m  equation  (2),  writing  siiceessively  f,  Atg, 
and  (A  in  place  of  tt.     Thus,  we  have 
da  da     dr 


(42) 


COS.^^COS^^ 

rfjo               dv    df' 

d3  _  dd     dr 
d<p        dr     dip 

* 

and  similarly  for  JW",,  and  fi,  which 

give 

008  3^4^=3=+ 1.99400, 
dv        ^ 

^  =  -0.65307, 
(is. 

oos.^^.^+ 1.13004, 

^  — ««- 

COS  ^  4- --  +  507.264, 

*L  =  _1J9.316. 
djj. 

Therefore,  according  to  (Ij,  we  shali  have 

cos-!aa.=  +  1.42345A7r  — 0.03845ASa— 0.27641ai    +1-9 

+  1.13004ijH;  +  507.264Aft 

i^  =— 0.48900AK  — 0.09533AS3— 0.78993a*    —0.66307a?' 

— 0.38023ajW„— 179.315a^. 

To  prove  the  calculation  of  the  coefficients  in  these  equations,  we 
asaign  to  the  elements  the  increments 

A  jlf„  =  +  10",  ATt  =  —  20",  A  S3  =  — 10",  Ai  z^  +  10", 

Ap^  +  lO",  A/x=^  +  0".01, 

BO  that  they  become 

Epoch  =^  1864  Jan.  1.0  Greeiiwicli  mean  time. 
jy;=      1<'29'50".21 
n  =   44   20  13  .09  ) 

SJ  =  206   42  30  .13  V  Mean  Equinox  1864.0 
i=     4   37    0  .51  j 
<P=   U    16     1  .02 
log  ffl  =  0.3881288 
/i  =  928.56745 

With  these  elements  we  compute  the  geocentric  place  for  1866  Feb- 
ruary 24,5  mean  time  at  Washington ;  and  the  result  is 

0.  =  181=  8'  34".81,        5  =  —  4"  42^  30".58,        log  A  =  0.2450284, 
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which  are  refeiTed  to  the  mean  equinox  and  equator  of  1865.0,  The 
difference  between  these  values  of  a  and  S  and  those  already  given,  as 
derived  from  the  unchanged  elements,  gives 

Aa  =  +  5".52,  cos .!  ia  =  +  5".60,  a5  =  —  9".02, 

and  tile  direct  substitution  of  the  assumed  values  of  att,  aJJ,  aj,  &c. 
in  the  equations  for  cos  3  da  and  iid,  gives 

COS  S£,a  =  +  5".46,  AS  =  —  9".29. 

The  agreement  of  these  results  is  sufficiently  close  to  show  that  the 
computation  of  the  differential  coefficients  has  been  correctly  per- 
formed, the  difference  being  due  chiefly  to  terms  of  the  second  order. 

When  the  differential  coefficients  are  required  for  several  dates,  if 
■we  compute  their  values  for  successive  dates  at  equal  intervals,  the 
use  of  differences  will  serve  to  check  the  accuracy  of  the  calculation; 
but,  to  provide  against  the  possibility  of  a  systematic  error,  it  may  be 
advisable  to  calculate  at  least  one  place  directly  from  the  changed 
elements.  Throughout  the  calculation  of  the  various  differential 
coefficients,  great  care  must  be  taken  in  regard  to  the  algebraic  signs 
involved  in  the  successive  numerical  substikitions.  In  the  example 
given,  we  have  employed  logarithms  of  six  decimal  places;  but  it 
would  have  been  sufficient  if  logarithms  of  five  decimals  had  been 
used;  and  such  is  generally  the  case. 

It  will  be  observed  that  the  calculation  of  the  coefficients  of  att, 
A  Si,  and  Ai  is  independent  of  the  form  of  the  orbit,  depending 
simply  on  the  position  of  the  plane  of  the  orbit  and  on  the  position 
of  the  orbit  in  this  plane.  Hence,  in  the  case  of  parabolic  and 
hj^rbolic  orbits,  the  only  deviation  from  the  process  already  illus- 
trated is  in  the  computation  of  the  coefficients  of  the  variations  of 
the  elements  which  determine  the  magnitude  and  form  of  the  orbit 
and  the  position  of  the  body  in  its  orbit  at  a  given  epoch.     In  all 

cases,  the  values  of  cos^-f-j  coa^-j-i  -7-1  and  -^  are  determined  as 

'  dv  dr    dv  dr 

already  exemplified.  If  we  introduce  the  elements  T,  q,  and  e,  we 
shall  have 

.da  .dadr,         .da.    dv 

dS rfJ     dr        dS^    dv^  , 

dT~  1^  "dT~^  1^ '11'  *■     •' 

and  similarly  for  the  differential  coefficients  with  respect  to  q  and  e. 
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The  mode  of  calculating  the  values  oC  -j^  -j=f  -:-:  -p  -r<  and  y 
depeods  on  the  nature  of  the  orbit. 

In  the  case  of  passing  from  one  syst«m  of  parabolic  elements  to 
another  system  of  parabolic  elements,  the  coefficients  of  as  vanish. 
To  illustrate  the  calculation  of  -r^  -j^  &c.  in  the  case  of  parabolio 
motion,  let  us  resume  the  values  ( —  T^  75.364  days,  and  log  q 
^=  9.9650486,  from  which  we  have  found 


logr  =  0.1961120, 

u  =  79°  55'  57".26. 

by  means  of  the  equations 

i  (22),  we  find 

log^=8.09o802„, 

log  ^  =  9.242647', 

log  ^=7.976397,, 

log*  =  0.064602, 

tead  of  dq,  we  introduce  d 

log  q,  we  shall  have 

log -j^  =  9.569812, 

log  T?-  =  0.391867.. 

From  these,  by  means  of  (43),  we  obtain  tl  e  1  fFe  ent  al  coefficients 
of  a  and  §  with  respect  to  T  and  q  or  log  q  The  ame  values  are 
also  used  when  the  variation  of  the  paraboi  c  eccenti  c  ty  is  taken 
into  account.     But  in  this  case  we  compute  ■ilso  -^  f  om  equation 

=  79°  55'57".3, 

log  f'  =  8.1473e7„,  log  J  ^  9.726869. 

In  the  case  of  very  eccentric  orbits,  the  values  of  -5™,  -pp,  &c.  are 
found  from 


dr       V    ,  r'esinw    dv 


(44) 


s  being 
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To  ilhiatrate  the  application  of  these  focmulEe,  let  ua  resume  the 
values,  t  —  T=G8.26  days,  e  =  0.9675212,  and  log9=  9.7668134, 
from  which  wo  have  found  (Art.  41) 

V  =  102°  20'  52".20,  log  r  ^  0.1614052. 

Hence  we  derive 


and 


logp  =  0.0607328, 


l.g|^=  7.943137.,  log^  = 


=  0.186617„.   - 

If  we  wish  to  obtain  the  differential  coefficients  of  v  and  r  with 
respect  to  log  q  instead  of  q,  we  have 

dv  q     dv  dr  q     dr 

dlogg       Ajj    dq  dlogq      ^    dq' 

in  which  ^^  is  the  modulus  of  the  system  of  logaritlims. 

Then  we  compute  the  value  of  -j-  by  means  of  the  equation  (30). 
(35),  (39),  or  (40).     The  correct  value  as  derived  from  (39)  is 

*!  =  _  0.24289. 
de 

The  values  derived  from  (35),  omitting  the  last  term,  from  (40)  and 

from  (30),  are,  respectively,  —  0.24440,  —  0.24291,  and  —0.23531. 

The  close  f^reement  of  the  value  derived  from  (40)  with  the  correct 

value  is  accidental,  and  arises  from  the  particular  value  of  v,  which 

is  here  such  as  to  make  the  assumptions,  according  to  which  equation 

(40)  is  derived  from  (39),  almost  exact. 

Finally,  the  value  of  -j-  may  be  found  by  means  of  (32),  which 

gives 

f^-  +  0.7085D. 
de 

When,  in  addition  to  the  differential  coefficients  which  depend  on 
the  elements  T,  q,  and  e,  those  which  depend  on  the  position  of  the 
orbit  in  space  have  been  found,  the  expressions  for  the  variation  of 
the  geocentric  right  ascension  and  declination  beeonie 
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..  =  c„.|..  +  .„..j|.a+c„,.g..  +  c„. 

^f;- 

"  =  £"  +  il''^+i-^  +  f^^+|"  + 

rfe 

If  we  introduce  log  q  instead  of  q,  the  terms  containing  q  become 
respectively  cos  5  -yr—  ^  log  q   and    -tj ii  log  q.     It  should    be 

observed  tbat  if  a;:,  aSJ,  and  Ai  are  expressed  in  seconds,  in  order 
that  these  equations  may  be  homogeneous,  the  terms  containing  cxT, 
&q,  and  as  must  be  multiplied  by  206264.8 ;  but  if  att,  aJJ,  and  Ai 
are  expressed  in  parts  of  tbe  radius  as  nidty,  the  resulting  values  of 
cos  d  Aa  and  aS  must  be  multiplied  by  206264.8  in  order  to  express 
them  in  seconds  of  arc. 

The  most  general  application  of  the  equations  for  cos  5  Aot  and  a5 
in  terms  of  the  variations  of  the  elements  is  for  the  cases  in  which 
the  values  of  cos  8  acc  and  of  Ad  are  alreadj'  known  by  comparison 
of  the  computed  place  of  the  body  with  the  observed  place,  and  in 
which  it  is  required  to  find  the  values  of  A^,  a£J,  Ai,  &c.,  which, 
being  applied  to  the  elements,  will  make  the  computed  and  the 
observed  places  agree.  When  the  variations  of  all  the  elements  of 
the  orbit  are  takeji  into  account,  at  least  six  equations  thus  derived 
are  necessary,  and,  if  more  than  six  equations  are  employed,  they 
must  first  be  reduced  to  six  final  equations,  from  which,  by  elimina- 
tion, the  values  of  the  unknown  quantities  A;r, -aJJ,  &c.  may  be 
found.  In  al!  such  cases,  the  values  of  Aa  and  aS,  aa  derived  from 
the  comparison  of  the  computed  with  the  observed  place,  are  ex- 
)nds  of  are;  and  if  the  elements  involved  are  expressed 
Is  of  arc,  the  coefficients  of  the  several  terms  of  the  equations 
must  be  abstract  numbers.  But  if  some  of  the  elements  are  not 
expressed  in  seconds,  as  in  the  case  of  T,  q,  and  e,  the  equations 
formed  must  be  rendered  homogeneous.  For  this  purpose  we  mul- 
tiply the  coefiicients  of  the  variations  of  those  elements  which  are 
not  expressed  in  seconds  of  arc  by  206264.8.  Further,  it  is  gene- 
rally inconvenient  to  express  the  variations  aT,  aq,  and  Ae  in  pai-ta 
of  the  units  of  T,  q,  and  e,  respectively ;  and,  to  avoid  this  incon- 
venience, we  may  express  these  variations  in  terms  of  certain  parts 
of  the  actual  units.  Thus,  in  the  case  of  T,  we  may  adopt  as  the 
unit  of  aT  the  jith  part  of  a  mean  solar  day,  and  the  coefficients 
of  the  terms  of  the  equations  for  cos  §  ao,  and  aS  which  involve  aT 
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must  evidently  be  divided  by  n.  In  the  same  manner,  it  appears 
that  if  we  adopt  as  the  unit  of  Ag  the  unit  of  the  mth  decimal 
place  of  its  value  expressed  in  parts  of  the  unit  of  g,  we  must  divide 
its  coefficient  by  10™,  and  similarly  in  the  case  of  ab,  so  that  the 
equations  become 

„       d3         ,     dS      ^    ,   d&     .   ,   g     '^^  '    ''^ 

a5  ^r  —  ajt  4-  ■ aQ  a Al  4 —  . 


10"  ^5 


+ 


10-^(1 


in  which  s  =  206264.8.  When  log  9  is  introduced  in  place  of  q,  the 
coefficients  of  A  log  5  are  multiplied  by  the  same  fitctor  aa  in  the  case 
of  A^,  the  unit  of  a  log  q  being  the  unit  of  tlie  mth  decimal  place 
of  the  logarithms.  The  equations  are  thus  rendered  homogeneous, 
and  also  convenient  for  the  numerical  solution  in  finding  the  values 
of  the  unknown  quantities  ajt,  aJJ,  ai,  l.T,  &c.  When  aT,  Ag,  and 
Ae  have  been  found   by  means  of  the  equations  thus  formed,  tlie 

^T   Ao 
eoirections  to  be  applied  to  the  corresponding  elements  are — ,  rr^, 

and  TTw"  I'^  t^^^  same  manner,  we  may  adopt  as  the  unlcnown 
quantity,  instead  of  the  actual  variation  of  any  one  of  the  elements 
of  the  orbit,  n  times  that  variation,  in  which  case  its  coefficient  in 
the  equations  must  be  divided  by  n. 


lug  the  difiference  between  the 
is  affected  by  the  uncertainty 
ion  of  a  by  observation.     The 


The  value  of  am,  derived  by  tahi 
computed  and  the  observed  place, 
necessarily  incident  to  the  determinati 
unavoidable  error  of  observation  being  supposed  the  same  in  the  case 
of  a  as  in  the  case  of  d,  when  expressed  in  parts  of  the  same  unit, 
it  is  evident  that  an  error  of  a  given  magnitude  will  produce  a 
greater  apparent  error  in  a  than  in  5,  since  in  the  case  of  a  it  is 
measured  on  a  small  circle,  of  which  the  radius  is  cos  5;  and  hence, 
in  order  that  the  difference  between  computetion  and  observation  in 
a  and  d  may  have  the  same  influence  in  the  determination  of  the 
corrections  to  be  applied  to  the  elements,  we  introduce  cos  S  ml 
instead  of  Aa.  The  same  principle  is  applied  in  the  case  of  the 
longitude  and  of  all  corresponding  spherical  co-ordinates. 
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52,  The  foiinuliK  already  given  will  determine  also  the  variations 
of  the  geocentric  longitude  and  latitude  corresponding  to  small  in- 
crements assigned  to  the  elements  of  the  orbit  of  a  heavenly  body. 
In  this  case  we  put  e  ^  0,  and  compnte  the  valnes  of  A,  B,  sin  a, 
and  sin  6  by  means  of  the  equations  (94)^.  Wc  have  also  C=0, 
sin  0  ^=  sin  i,  and,  in  place  of  a  and  S,  respectively,  we  write  X  and  ;9. 
But  when  the  elements  are  referred  t-o  the  same  fundamental  plane 
as  the  geocentric  places  of  the  body,  the  formultc  which  depend  on 
the  position  of  the  plane  of  the  orbit  may  be  put  in  a  form  which  is 
more  convenient  for  numei'ieal  application. 

If  we  differentiate  the  equations 

y  —  rcosttslnSJ  +r8inwcosSJ  cosi, 

we  obtain 

ds-J  =:  —  dr-~r{Aau  cos  Q,  +  cos  m  sin  Q,  cosi)du 
^r(_cosu  sin  JJ  -\~sin.u  cos  SI  cosi)dSJ  -i-r  sin  wain  Q  sinidi, 


+  »*(cosMeos  Si  — SID  wain  Si  cos  i)dS3  — rsinwcoa  JJ  sinidi,  (46) 
da'  =:  -  (?r  +  )•  cos  M  sin  i  dw  -|-  r  ain  M  cos  i  di, 

in  which  x',  y',  %'  are  the  heliocentric  co-ordinates  of  tlie  body  in 
reference  to  the  ecliptic,  the  positive  ajfis  of  x  being  directed  to  the 
vernal  equinox.  Let  us  now  suppose  the  place  of  the  body  to  be 
referred  to  a  system  of  co-ordinates  in  which  the  ecliptic  remains  as 
the  plane  of  a^,  but  in  whicli  the  positive  axis  of  x  is  directed  to  the 
point  whose  longitude  is  Si ;  then  we  shall  have 


<fai= 

=  d.i!mi 

■.a+dita 

*= 

=  ~iJ 

.in  a+i</ 

d-i  = 

=  &',  " 

and  the  preceding  equations  give 

dx  =  '-dr  ^r  sin  u  du  —  )■  sin  u  cos  i  dSl, 

dy^"dr-\-r  cosw  cos i  du -\-  r  cos u d Si  — r  sin m sin*  di,    (47) 

dz  ^= -dr  -^r  CQSU  ein idu-^-rBinu  cos i di. 
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This  transformation,  it  will  be  observed,  is  equivalent  to  diminialiing 
the  longitudes  in  the  equations  (46)  by  the  angle  SI  through  wiiich 
the  axis  of  x  has  been  moved. 

Let  X„  Y„  Z,  denote  the  heliocentric   co-oi-dinates  of  the  earth 
referred  to  the  same  system  of  co-ordinates,  and  we  have 

x-fx,  =  ^  eo9j9co8(^—  SJ), 
y/r,  =  Jcos^sin(;-SJ), 
a'-^Z,  =  Jsin/J, 

in  which  X  is  the  geocentric  longitude  and  /9  the  geocentric  latitude, 
In  differentiating  these  equations  SO  as  to  find  the  relation  between 
the  variations  of  the  heliocentric  co-ordinates  and  the  geocentric  lon- 
gitude and  latitude,  we  must  regard  Q,  as  constant,  since  it  indicates 
here  the  position  of  the  axis  of  x  in  reference  to  the  vernal  equinox, 
and  this  position  is  supposed  to  be  fixed.     Therefore,  we  shall  have 

dx=Qmli<iosQ.~Q.)dd—d%mficos(}.—Q.)dp—dcos^sm{).—Q,)dX, 
rft,=co8;SBin(A  — J3)dJ  — Jsin;Ssm(A— SJ)tfjS-l-Jcos(9co8(A— JJ)rf^, 
dz=smp.d^  +  Ams^d!i, 

&om  which,  by  elimination,  we  find 

c«,^a=-''°<'7''>,b+°°'<'7«%,  ^ 

These  equations  give 

fU  siii(;-£i)  d§  sin,9cos(A~SJ) 

dx  A  '  dx  A 

^dX       coBii  —  Q.)  dp  sinj5sin(A— JJ) 


If  we  introduce  the  distance  to  between  the  ascending  node  and  the 
place  of  the  perihelion  as  one  of  the  elements  of  the  orbit,  we  have 


du  =  dv-\-  di", 

and  the  equations  (47)  give 

dr        r                            dr       r 

A 

TT 

=1  = 

,mnM: 

-^=£=-'-»''"'  -w=s='°°"""'' 

di 

=;J'COSMsin' 
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If  we  introduce  ti,  the  longitude  of  the  perihelion,  we  have 

and  hence  the  expressions  for  the  partial  differential  coefficients  of 
the  heliocentric  co-ordinates  with  respect  to  tt  and  Q,  become 


dx        „     .        ■  . ,  ■       dv        „  .  ,,.       dg  .    . 

-^-—  =  2r  sm  u  sm'  -H,     -,  „-  ~  2r  cos  u  sm'  U,     -j-—  =  —  r  coa  m  am  i. 
dU  -^       d^  ^       dQ 

When  the  direct  inclination  exceeds  90°  and  the  motion  is  regarded 
as  being  retrograde,  we  find,  by  making  the  necessary  distinctions  in 
regard  to  the  algebraic  signs  in  the  general  equations, 


di         '         di  '         di 


-^^0,         -j<-^=r  sin  M  sin  i,         -^  ^  —  r  sin  m  cos  *, ■       (51) 

/It  '  fh.  Ill,  ' 


-T-'  -7-'  -T^r<  T-,  &0.  are  derived  directly 
rfr     dv     dQ,     dr  ^ 

from  (49)  by  writing  180°  —  s  in  place  of  L     If  we  introduce  the 

longitude  of  the  perihelion,  we  have,  in  this  case, 


and  hence 


di),  =  dv — -^Tc  4-  d^. 


^  )■  cos  M  cos  ^,       — =—  =^  —  »■  cos  V,  sm  7 ; 
=  2r  eoi 


"'  rfS3 


But,  to  prevent  confusion  and  the  necessity  of  using  so  many  for- 
muhe,  it  is  best  to  regard  i  as  admitting  any  value  from  0°  to  180°, 
and  to  transform  the  elements  which  are  given  with  the  distinction 
of  retrograde  motion  into  those  of  the  general  ease  by  taking 
180°  —  i  instead  of  i,  and  2SJ  —  u  instead  of  n,  the  other  elements 
remaining  tlie  same  in  both  cases. 

53.  The  equations  already  derived  enable  us  to  form  those  for  the 
differential  coefficients  of  X  and  j9  with  respect  to  »",  «,  JJ ,  i,  and  ai  or 
jr,  by  writing  successively  X  and  ^  in  place  of  tf,  and  S3,  i,  &c.  in 
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place  of  n  in  equation  (2).  The  expressions  for  the  differential  coeffi- 
cients of  r  and  v,  with  respect  to  the  elements  which  detei'mine  the 
form  of  the  orbit  and  the  position  of  the  body  in  it-s  orbit,  being 
independent  of  the  position  of  the  plane  of  the  orbit,  are  the  same  as 
those  already  given;  and  hence,  according  to  (42)  and  (43),  we  may 
derive  the  values  of  the  partial  differential  coefficienta  of  X  and  j9 
with  respect  to  these  elements.  The  numerical  application,  however, 
is  facilitated  by  the  introduction  of  certain  auxiliary  quantities. 
Thus,  if  we  substitute  the  values  given  by  (48)  and  (49)  in  the 
equations 

^dl  „  dk     dx    ,  ,flX     dy 

cos  ;3  -i-  ^  cos  (5  -, ; — V-  cos  p—. fS 

dv  dx     dv  dy     dv 

d^  _  d^     dx^        d!i     dy_        d^     dz_ 
dv       dx     dv       dy    dv        dz    dv' 


and  put 


cost  cos  (A —  Si)  =  A  sinjl, 
ein<:t  —  Sl)=A^c^A, 


in  which  A^  and  n  are  always  positive,  they  become 

Let  us  also  put 

Bin ;?  cos  (A  —  S2 )  =  £„  cos  £, 
and  we  have 

(55) 
dv  diu       4    "       ^      '     '' 

The  expressions  for  cosj3-j-  and  —j-  give,  by  means  of  the  same 
auxiliary  quantities, 


dr 
In  the  same  manner,  if  we  put 


-^  cos  (A  +  m), 
—  —  — -j^cos(B-l-M). 


(56) 
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cos(^— J3)=  C„smG, 

co^i--=D„smD, 
sm(_X  —  Q,)  smi=  D^  cos  D; 


,C„smiG+u), 


-jsintsinw  cos  (A  —  Q), 


(68) 


If  we  substitute  the  espressions  (55)  and  (66)  in  tho  eqtiations 

^di-  .dX    dr    ,         ^dl    dv 

cos  j9 -J— —  cos /? -7- ■  ;5— +  C08  (9 -J- ■  ^-, 

dtp  dr    dip  dv     df 


and  put 


rfiS     dr        djS     dv 


-^—  =:fsmF^^acosif  cos  if, 

r  -;—  =/  cos  J'  =  { h  tan  f  cos  v 


sf  =  /i).si.(iJ  +  F+„). 
In  a  similar  manner,  if  wo  put 

1  G  =  —  a  tan  f  sin  v, 


dv  ^       " 


dM,~ 

^dM^^ 
dr 

d(i  '. 
dv 


:  ftsin^^  — latanpsmip((—  y)  — -^ 206264.8  ), 

,  Tr        *'  COS  (f   ,,         _, 


^  (61) 
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obtain 

co.,^_=|A»U+G  +  .), 

*.  =  |^..in(^  +  C  +  ..); 

cos/S  4^  =  ^  ^„  sin  {A  +  S+  m), 
dn         A 

The  quadrants  in  which  the  auxihary  angles  must  be  taken  are 
determined  by  the  condition  that  A^,  B^,  C„,f,  g,  and  h  are  always 
positive. 

54.  If  the  elements  T,  q,  and  e  are  introduced  in  place  of  M^,  ji, 
and  <p,  we  must  put 


/« 

inF=- 

* 
&■ 

hmiH=  — 

dr 

dr 
'  di' 

.-«=,*, 
'-^=-i. 

and  the  equations 

bccome 

"  '  lis  " 

-|a 

nn(4  +  Jf+« 

), 

m 

de  ' 

-i-. 

nnCi!  +  J!'+« 

i)! 

=  iA 

sin  (^  +  G  + 1 

0, 

=  1*. 

,i,,(J!+G  +  . 

Oi 

.41 
"•'di' 

=  ^. 

sm(jl+if+, 

'), 

=4^. 

sm(-B  + jff+i 

.). 

In  the  numerical  application  of  these  formulae,  the  values  of  the 
second  membei's  of  the  equations  (63)  are  found  as  already  exem- 
plified for  the  cases  of  parabolic  orbits  and  of  elliptic  and  hyperbolic 
orbits  in  which  the  eccentricity  differs  but  little  from  unity.  In  the 
same  manner,  the  differential  coefficients  of  X  and  /3  with  respect  to 
any  other  elements  which  determine  the  forin  of  the  orbit  may  be 
computed. 
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In  the  case  of  a  parabolic  orbit,  if  the  parabolic  eccentricity  is 
supposed  to  be  invariable,  the  terms  involving  e  vanish.  Further, 
in  the  case  of  parabolic  elements,  wc  have 


„  dr       ksmv  ^      ,    dv 

dv 
dT' 


f/cosG 

which  give 

tan  G  =  —  tan  ^v. 

Hence  there  re,?ult9  Q  =  180°  —iv,  and  g  =  k'\j-,  which  is  the 
expression  for  the  linear  velocity  of  a  comet  moving  in  a  parabola. 
Therefore, 

^rfJ  A-l/2   ,     .    .  ,    ,  ,  V 


dl__  h\/2 

dT~       A  y';" 


nfiJ  +  ,.^.,). 


For  the  case  in  which  the  motion  is  considered  as  being  retrc^ade, 
180°  — i  mnst  be  used  instead  of  *  in  computing  the  values  of  A^, 
A,  n,  N,  Q,,  and  C,  and  the  equations  (55),  (56),  and  the  first  two 
of  (58),  remain  unchanged.  But,  for  tlie  differential  coefficients  with 
respect  to  i,  the  values  of  D^  and  D  must  be  found  from  the  last  two 
of  equations  (57),  using  the  given  value  of  i  dii-ectly ;  and  then  we 
shall  have 

cos  i?  -j^  =  -7  sin  i  sin  u  cos  {X  —  S3  ), 


di 

dp  _ 


^Aain«sin(i?  +  iS). 


55.  Examples. — The  equations  thus  derived  for  the  differential 
coeilicients  of  X  and  /9  with  respect  to  the  elements  of  the  orbit, 
referred  to  the  ecliptic  as  tlie  fundamental  plane,  are  applicable  when 
any  other  plane  is  taken  as  the  fundamental  plane,  if  we  consider  I 
and  /3  as  having  the  same  signification  in  reference  to  the  new  plane 
that  they  have  in  reference  to  the  ecliptic,  the  longitudes,  however, 
being  measured  from  the  place  of  the  descending  node  of  this  plane 
on  the  ecliptic.  To  illustrate  their  numerical  application,  let  it  be 
required  to  find  the  differential  coefficients  of  the  geocentric  right 
ascension  and  declination  of  Eurynome  ©  with  respect  to  the  ele- 
ments of  its  orbit  referred  to  the  equator,  for  the  date  1865  February 
24.5  mean  time  at  Washington,  using  the  data  given  in  Art.  41. 
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In  the  first  place,  the  elements  which  are  referred  to  the  ecliptic 
must  be  referred  to  the  equator  as  the  fundamental  plane ;  and,  by 
means  of  the  equations  {109)j,  we  obtain 


«,'  =  ^  +  «,„  =  50°10'7".29, 

which  are  the  elements  which  determine  the  position  of  the  orbit  in 
space  when  the  equator  is  taken  as  flie  fundamental  plane.  These 
elements  are  referred  to  the  mean  equinox  and  equator  of  1865.0. 
Writing  a  and  3  in  place  of  X  and  j9,  and  SJ',  i',  to'  in  place  of  SJ,  i, 
and  a>,  respectively,  we  have 


A„smA  =  cos(a,~  Sl')coai', 

A^eosA^sin(a—Q,'); 

n  siniV— aini', 

n  eosiV=  — cos«'sin(*— fi') 

B^smB^nsmiN+3), 

_G„cos_B  =  sin5co8(c.-SJ'); 

C,»mO:=cos(.-Q'), 

CicosC-sin(c.-S3')™sJ'; 

I>^smD  =  cosi', 

Acosi):-aini'sin(^-£JO; 

Js,\nF^a  cos f>  cos », 

/cosJ'-(^  +  tanpc 

os.)r.in.; 

psinG=  — atanpsini-. 

j;cosG  =  ^^-^^^; 

The  values  of  A^,  n,  B^,  0„,  -Doj/j  Sj  ^^'^  ^  mast  always  be  positive, 
tlxus  determining  tlie  quadrants  in  "wliich  tlie  angles  A,  B,  &c.  mnat 
be  taken ;  and  tbese  equations  give 


logA  =  9-9749T, 
.og£.=  9.62100, 

C,  =  9.99961, 
logD,=  9.97497, 

/  =  0.62946, 
log  g  =  0.34593, 

"   =2.97759, 


A  =  262°  10'  40", 

B=   75  48  35  , 

0=263  2    6, 

11=   92  36  47  , 

^■=339  14     0  , 

(?=.350  11  16  , 

ir=    14  30  48  , 


/  =  ,  +  »'  =  179°13'68". 
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Substituting  these  values  in  the  equations  (55),  (58),  (60),  and  (62), 
aud  writing  a  and  d  instead  of  X  and  ji,  and  u'  in  place  of  u,  we  find 


c.,.J^=  + 1.4235, 

-H-  =  —  0.4890, 

cos  J -^T= +1-6098, 

3*  =  +  0.0™, 

cos  J  ^^  =  +  0.0067, 

-.i=  + 0.0193, 

cos  .!  —  =  -)- 1.9940, 

^  =  -.OMSf>. 
dp 

"- '^.  =  +  "■'»»• 

^  =  -»-^™^. 

co..--;^  =  +  D07.25, 
and  hence 

-£.  =  -179.34; 

cos  Sac.  =  +  1.4235  a™'  +  1.5098  aJJ'  +  0.0067  Ai'  +  1.9940  Ap 
+  1.1300  AJI4  +  507.25  A/j, 
A^  ^  —  0.4890  A<u'  +  0.0176  4^'  +  0.0193  Ai'  —  0.6530  a^ 
—  0.3802  Aj»f„  — 179.34  A/*. 
If  we  put 

Ao.'=:  — 6".64,            AJ3'  =  — 
Aiff  ==  +  10",                  AiTf„  =  + 

14" 
10" 

.12,            Ai'  =  — 8".86, 
A»  =  +  0".01, 

COS  S  A»  =  +  5".47,  A  J  ==  —  9".29 ; 

and  tlic  values  calculated  directly  from  the  elements  corresponding  to 
the  iiicrements  thus  a 


cos  3  Ao  =  +  6".50,  AS  =  —  9".02. 

The  agreement  of  these  results  is  sufficiently  close  to  prove  the  cal- 
culation of  the  coefficients  in  the  equations  for  cos  d  ao,  and  Ad. 

When  the  values  of  Acu',  aSJ',  and  Ai'  are  small,  the  correspond- 
ing values  of  aw,  aJJ,  and  a*  may  be  determined  by  means  of 
differential  formulsa.  From  the  spherical  triangle  formed  by  the 
intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with  the 
celestial  vault,  we  have 

cos  *  —COS*' cos  s  4- sin*' sins  cos  fi', 
sin  *  cos  JJ  =  —  cos  i'  sin  e  -|-  sin  i'  cos  e  cos  JJ',    : 
sinisinSJ  =  sin  t"  sin  ft',  1,67) 

sin  i  sin  %  =  sin  ft '  sin  s, 
sin  t  cos  %  =  cose  sin f  —  sins  cos *' cos  ft', 
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from  which  the  values  of  SJ,  i,  and  co^  may  be  found  from  those  of 
Si '  and  ¥.  If  we  differentiate  the  first  of  these  equations,  regarding 
e  as  constant,  and  reduce  by  means  of  the  other  given  relations,  we 
get 

di  =  cos  (Ugdi'  -h  sin  <"„  sin  i  dQ,'.  (68) 

Interchanging  i  and  180°  —  i',  and  also  SJ  and  SJ ',  we  obtain 

di'  ^^  cos  tu^di  —  sittiU|,8ini(iJi, 

Eliminating  di  from  these  equations,  and  introducing  the  value 

sini'__sin  U 

the  result  is 

dsi  =  ^^,  cos  ■«„<;sj'  -  ?^»-  di'.  m) 

smSl'  °  smi 

If  we  differentiate  the  expression  for  cos  (v^  derived  from  the  same 
spherical  triangle,  and  reduce,  we  find 

d<"„  =  cos  i  dSl  —  cos  i'  dH'. 
Substituting  for  d£i  its  value  given  by  the  preceding  equation,  and 
reducing  by  means  of 


doi^  =  --~f6  cos  Si  dQ,' .-  ,-  cos  i  di'.  (70) 

The  equations  (68),  (69),  and  (70)  give  the  partial  differential  co- 
efficients of  Si ,  i,  and  (o,  with  respect  to  Q. '  and  *',  and  if  we  sup- 
pose the  variations  of  the  elements,  expressed  in  parts  of  the  radius 
as  unity,  to  be  so  small  that  their  squares  may  be  neglected,  we  shall 
have 


Ao<„ 

smft 

cosJi  ASi'- 

sini  '^'^"■^'■' 

Aft 

sinfi 
sin  Si 

cos-.^AfJ'- 

ain^  '^^' 

A«i 

:^A«/- 

sini'ASJ'+c 

OS  «)„  ai', 

If 

we 

apply  these  formulte  to  the  case 

of  Hurynome, 

the 

result 

Aai„  = 
aS3  = 

-4.420ASi'4-6.666Ai', 
-3.488a  £3' -|-6.686At', 
-  0.179a  Ji'  —  0.843Ai'; 

(71) 
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and  if  we  assign  the  values 

AU'  -  -  14".12,  ai'  =  -  8".86,  ^<^'  =  ~  6".64, 

we  get 
A<o,  =  +  §".36,       aSJ  =  —  Iff'.O,       Ai  ^  +  10".0,       a»<  =  —  10".O, 

and,  hence,  the  elements  which  determine  the  position  of  the  orbit  in 
reference  to  the  ecliptic. 

The  elements  <w',  Q',  and  i'  may  also  be  changed  into  those  for 
which  the  ecliptic  is  the  fundamental  plane,  by  means  of  equations 
which  may  be  derived  from  (109)i  by  interchanging  Q  and  fi'  and 
180°  —  *'  audi. 

56.  If  we  refer  the  geocentric  places  of  the  body  to  a  plane  whose 
inclination  to  the  plane  of  the  ecliptic  is  i,  and  the  longitude  of  whose 
ascending  node  on  the  ecliptic  is  ft, — which  is  equivalent  to  taking 
the  plane  of  the  orbit  corresponding  to  the  unchanged  elements  as 
the  fundamental  plane, — the  equations  are  still  further  simplified. 
Let  x',  y',  %'  be  the  heliocentric  co-ordinates  of  the  body  referred  to 
a  system  of  co-ordinates  for  which  the  plane  of  the  unchanged  orbit 
is  the  plane  of  xy,  the  positive  axis  of  a;  being  directed  to  the  as- 
cending node  of  this  plane  on  the  ecliptic;  and  let  x,  y,  e  be  the 
heliocentric  co-ordinates  referred  to  a  system  in  which  the  plane  of 
a^  is  the  plane  of  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  point  whose  longitude  is  ft.     Then  we  shall  have 

dy  ir=  dy  cos  i-j-  dz  sin  i, 
d^  =  —  dy  sin  i  -{-  dz  cos  i. 

Substituting  for  dx,  dy,  and  ds  their  values  given  by  the  equations 
(47),  we  get 

daf  ~-dr  —  rsmw  du  —  r  simt  coat  £?ft, 

(jy  ~ L  (ir  +  r  cosM  dv.-\-  r  cosw  cos/  dQ,, 

d^  =^-dr  —  r  cmtiAnid^l  +r  sin u  dl 

It  will  be  observed  that  we  liave,  so  long  as  the  elements  remain 
unchanged, 

y  =  rcosM,  y'  —  rsinu,  s*  —  0, 
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aiid  hence,  omitting  the  accents,  so  that  x,  y,  z  wil!  refer  to  the  plane 
of  the  unchanged  orbit  as  the  plane  of  xy,  the  preceding  equations 
give 

dx  =  cmudr  —  r  sinu  du  —  r  sinw  cos*  rf£J, 
dy  ■=  ^au  dr  -\-  r  GO&u  du  -{-  r  coaw  eoa*d£J, 
ds  =  —  )•  cosM  eini  dfi  -^r  sinu  di. 

The  value  of  <»  is  subject  to  two  distinct  changeSj  the  one  arising 
from  the  variation  of  the  position  of  the  orbit  in  its  owu  plane,  and 
the  other,  from  the  variation  of  the  position  of  the  plane  of  the  orbit. 
Let  us  take  a  fixed  line  in  the  plane  of  the  o  b  t  i  d  d  reeled  from 
the  centre  of  the  sun  to  a  point  the  an^,  hr  1  ta  ce  of  which,  back 
from  the  place  of  the  ascending  node  o  i  the  e  1  j  t  c  e  ball  desig- 
nate by  it;  and  let  the  angle  betwe  n  tl  fixed  1  ne  a  d  the  eemi- 
transverse  axis  be  designated  by  ^.     Tl  e       e  ha  e 

The  fixed  line  tbns  taken  is  supposed  to  be  so  situated  that,  so  long 
as  the  position  of  the  plane  of  the  orbit  remains  unchanged,  we  have 


But  if  the  elements  which  fix  the  position  of  the  plane  of  the  orbit 
ace  supposed  to  vary,  we  have  the  relations 

df!  ^eosidSi, 

d'i  =  dz~cosidQ,  (72) 

dit^dx  +  il  —  cos i)dSl^dz  +  2  ain' ^id^. 

Now,  since  m  =  ii  +  w,  we  have 

and 

du:=dv  -{-  dx  —  ds^=dV'{-  dx  —  cos  i  dQ  ■ 

Substituting  this  value  of  du  in  the  equations  for  dx,  dy,  dz,  they 

reduce  to 

dx  ^  eosu  dr  ^r  sin  u  dv  —  r  sin m  dx, 

dy  =:  sin  it  dr -\- r  cos  udv-\-r  aosu  dx,  (73) 

ds  ^  —  r  cosu  sin i  dSi  -\-r  sinu  di. 

The  inclination  is  here  supposed  to  be  susceptible  of  any  value  from 
0°  to  180°,  and  if  the  elements  are  given  witli  the  distinction  of 
retrograde  motion  we  must  use  180°  —  i  instead  of  i. 

Let  US  now  denote  by  ff  the  geocentric  longitude  of  the  body  mea- 
sured in  the  plane  of  the  unchanged  orbit  (which  is  hei'e  taken  as  the 
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fundamental  plane)  from  the  ascending  node  of  this  plane  on  the 
ecliptic,  and  let  the  geocentric  latitude  iu  reference  to  the  same  plane 
be  denoted  by  -q.     Then  we  shall  have 

x-\-X=A  COS15  cosfi, 
V-\-  Y=d  CDS';  sin  fJ, 
a  4-  2  =  J  sin  >?, 

in  which  X,  Y,  Z  are  the  geocentric  co-ordinates  of  tlie  sun  referred 
to  the  same  system  of  co-ordinates  as  a;,  j/,  and  s.  These  equations 
give,  by  differentiation. 


(te ^:  cos 5?  amO  d^^  A  sin ^ ,cos 0  dii  —  d 
dy ^ cos rj  siaO  dA  ^  a  auiij  sin 0  dij  -\-  A 
dz^sinr)  dA-\-  A  cos 5;  rfij; 

cos^aintf  rifl, 

and  hence  we  obtain 

cos  11  d0—~  —^  dx  +  —^-  dy, 

sin>?eos(?           sin^jsinff. 

ly^-'-^dz. 

ayi                  ^        «-^             4        ^ 

These  give 

do            sini?                   do        cosC 

""'''' ^ J"'         ^*" '^  ~dy  ~  ~A-' 

dij             sin  r,  cos  6          d-q             sin  i?  sin  d 

(74) 

dx^              A         ■         dv                    A        ■ 

and  from  (73)  we  get 

^:=«^ 

dx         dx                 .             dy         dy dz    dz 

dv         dx^                  '       dv         dx                  '       dv         dy_ 

«'"'  _o               *  -0                *   -      rcos.sini- 

rfa^"'         dg,-"-         da-    "°"™'' 

0; 

(76) 

4  =  «-            1  =  «-            T  =  "'»' 

.. 

Substituting  the  values  thus  found,  in  tlie  equations 

do  do     dx    ,  de     dy 

cos 5) -^ ^=  cos n -j- •  -= — hcos:!  -,-  •  -,-, 

dv  dx    dv  dy    dv 

dt) di}     dx       d-q    dy       di}     dz 
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we  get 


COSi 

J  -7-  =  COS  1?  ^- 

'  dv             '  dx 

d^i        d-Tj 
dv~  dx~ 

■^8ia,  sill (»-«). 

a  similar  r 

nann. 

er,  wc  derive 

6,0 

^- 

4..  (.-.,. 

^.-i..,  ».(.-.,, 

do 

^0, 

*=-^c„s,.i„ic„..,   (77) 

do 

=  0, 

-5-+i»-i- 

If  we  introduce  the  elements  f,  M^,  and  /t,  which  determine  )■ 
we  have,  from 

do  do    dr   ,  dif    dv 

COB  )?  T"  ^=  cos  i?  -;-  '  3 f-  COS  17  -3-  ■  T— , 

(tf  dr    dip  dv    dip 

d^t        dij     dr        drj     dv 
dip       dr    d>p       dv    d^ 


if  we  introduce  also  the  auxiliary  quantities/and  F,  as  determined 
by  meana  of  the  equations  (59), 

dff       /        ,„  j^^,      dri  f    . 

Finally,  using  the  auxiliaries  ff,  h,  G,  and  H,  according  to  the  equa^ 
tions  (61),  we  get 


~F),     '^'L  =  -Jsm^dn(0-u~F).     (78) 


— cS;  =  ^-t^-'*-^^'      ^  =  -3-'^-^''-«-?,>j 


cos  5?  —j —  =  -J  eoa  (S  —  M  —  S),         — j—  =  —  -^  sin  jj  sin  (fl  —  u  —  S). 

If  we  express  r  and  v  in  terms  of  the  elements  T,  q,  and  e,  the 
values  of  the  auxiliaries  /,  g,  h,  F,  &c.  must  be  found  by  means  of 
,(64);  and,  in  the  same  manner,  any  other  elements  which  determine 
the  form  of  the  orbit  and  the  position  of  the  body  in  its  orbit,  may 
be  introduced. 

The  partial  differential  coefficients  with  respect  to  the  elements 
having  been  found,  we  have 

do        ,  do         ,  do      „   ,  do 

COSI  AS  ;=  cos  )? -J- a/  +  cos  5)  J— Ay  -|-  COS);    ,j^  AI/0  +  COSli  A/l, 
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fram  which  it  appears  that,  by  the  introduction  of  3;  as  one  of  the 
elements  of  the  orbit,  when  tlie  gooeentric  places  are  referred  directly 
to  the  plane  of  the  unchanged  orbit  as  the  fundamental  plane,  the 
variation  of  the  geocentric  longitude  in  reference  to  this  plane  depends 
on  only  foiir  elements. 

57.  It  remains  now  to  derive  the  formulse  for  finding  tlie  values 
of  -q  and  S  from  those  of  A  and  j9.  Let  ^c,,,  y^,  z„  be  the  geocentric  co- 
OKlinates  of  the  body  referred  to  a  system  in  which  the  ecliptic  is 
the  plane  of  xy,  the  positive  axis  of  x  being  directed  to  the  point 
whose  longitude  is  SJ ;  and  let  x/,  y^',  2g'  be  the  geocentric  co-ordi- 
nates of  the  body  refeiTcd  to  a  system  in  which  the  axis  of  x  remains 
tlie  same,  but  in  which  the  plane  of  the  unclianged  orbit  is  the  plane 
of  xy;  then  we  shall  have 

a;,  =^  J  cos  |9  cos  (_l  —  Q,),  xj  =^  J  cos  5;  cos  ff, 

yg  =  J  cos ^ sin  (^  —  Si),  Vo  ^^  ^  ™^1  sin''. 

Zg=^  d  sin  ,9,  ^  =  ^  sin  ij, 


<  ^  y„  cos  i  +  s„  sin  j, 
eJ  =  —  ;/o  sin  i  +  ^o  "^os  i. 
Hence  we  obtain 

cos  jjeosS^;  cos  (?  cos  (^  —  SI), 

cos  ij  sin  0  =  COS  (5  sin  (i  —  £J )  cos  i  +  sin  (S  sin  i,  (80) 

sin  13  —  —  cos  i?  sin  (A  —  JJ  )  sin  t  -J-  sin  ff  cos  i. 

These  equations  con-espond  to  the  relations  between  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  i,  90°  —  ly,  and  90°  —  ^, 
the  angles  opposite  to  90°  —  'fj  and  90°  —  /9  being  respectively 
90°  +  (^  —  SJ)  and  90°  ■—  S.  Let  the  other  angle  of  the  triangle  be 
denoted  by  y,  and  we  have 


cos  5j  sin  r^  sin*  cos  C^.  —  Q,), 

cos  7  cos  ;•  ^  sin  i  sin  (J  —  fj )  sin  /9  +  cos  i  cos  ^. 


(81) 


The  equations  thus  obtained  enable  us  to  determine  :;,  ^,  and  ;■  from 
X  and  ^.  Their  numerical  application  is  facilitated  by  the  intro- 
duction of  auxiliary  angles.     Thus,  if  we  put 


resin  A"  =  sin  )9, 
)t  cosi\r=i=eo8iSsi 


(82) 
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in  which  n  is  always  positive,  we  get 

cos,coafi  =  cos^eos(^-SJ), 

COS  vsme  =  n  coa  (N~ i),  (83) 

siiH!  =ji8iii(iV"— 4 

from  which  -/^  and  d  may  bo  readily  found.     If  we  also  put 

we  shall  have 

cot  N'  =  tan  i  sin  (A  —  JJ), 

taoir    =^^^^5^^cot(A-SJ).  (85) 

If  ^  is  small,  it  may  he  found  from  tJie  equation 

The  quadrants  in  which  the  augles  s  1 1  ni  5t  bo  tih  n  in,  i  ly 
determined  by  the  relations  of  the  juiutit  es  mv  Ived  ind  the 
accuracy  of  the  numerical  calculation  mij  le  checl  ed  is  already 
illustrated  for  similar  cases. 

If  we  apply  Gauss's  analogies  to  tl       in     pi  r     1 1    in  1     \e  get 

sin  (45°  —  i^-)  sin  (45=  —  ^  (fl  +  ^))  = 

008(45=  +  ^A  -  a))  sin  (45=  -  -J  (jS  +  i)), 
sin  (45^  -  i^i)  cos  (45=  -  ^  (P  +  ,-))  = 

sui  (45"  +-h(^-  fi))  ein  (45°  -ij(^-  ^), 
cos  (46=  -  ^,)  sin  (45=  -^(0~r))=  (87) 

cos (45=  +  !(.'.-  fi))  cos (45°  - i 0?  +  ^■)), 
cos  (45=  —  ^1?)  cos  (45=  —  ^  (fl  —  j-))  = 

dn  (45=  +  |(;  -  Q  ))  cos  (45=  -  ^  (^  -  0), 

from  which  we  may  derive  ij,  d,  and  y. 

When  the  problem  is  to  determine  the  corrections  to  bo  applied  to 
the  elements  of  the  orbit  of  a  heavenly  body,  in  order  to  satisfy 
given  observed  places,  it  is  necessary  to  find  the  expressions  for 
cos  rj  h.d  and  A^  in  terras  of  cos  ^  aX  and  aj9.  If  we  differentiate  the 
first  and  second  of  equations  (80),  regarding  Q  and  *  (which  here 
determine  the  position  of  the  fundamental  plane  adopted)  as  con- 
stant, eliminate  the  terms  containing  dy^  from  the  resulting  equations, 
and  reduce  by  means  of  the  relations  of  the  parts  of  the  spherical 
triangle,  we  get 
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COS  tide  =  COS  Y  COS  fidl  +  sin  y  0. 

Differentiating  the  last  of  eqiiations  (80),  and  reducing,  we  find 

dtj^  —  sin  Y  cos  ^  d-t  +  cos  y  d§. 

Tlie  equations  thus  derivec!  give  the  values  of  the  differential  co- 
efficients of  d  and  Tj  with  reSpect  to  ^  and  fi ;  and  if  tlie  differences 
A^  and  i;8  are  small,  wc  shall  have 


COSiJ  Afl  =  C03?'C0S/?  A^  +  sin;' Aft 
A;;  ^  —  sin  Y  cos  (5  aA  -[-  cos  Y  "ift 


(88) 


The  value  of  y  required  in  the  application  of  numbers  to  these 
equations  may  generally  be  derived  with  sufficient  accuracy  from 
(86),  the  algebraic  sign  of  cos;-  being  indicated  by  the  second  of 
equations  (81) ;  and  the  values  of  rj  and  d  required  in  the  calculation 
of  the  differential  coefficients  of  these  quantities  with  respect  to  the 
elements  of  the  orbit,  need  not  be  determined  with  extreme  accuracy. 

58.  Example. — Since  the  spherical  co-ordinates  which  are  fur- 
nished directly  by  observation  are  the  right  ascension  and  declina- 
tion, the  formulte  will  be  most  frequently  required  in  the  form  for 
finding  rj  and  d  from  a  and  S.  For  this  purpose,  it  is  only  necessary 
to  write  a  and  S  in  place  of  X  and  /3,  respectively,  and  also  £J',  i', 
a}',  i',  and  m'  in  place  of  Q,,  t,  (O,  ;f,  and  it,  in  the  equations  which 
have  been  derived  for  the  determination  of  17  and  d,  and  for  the 
differential  coefficients  of  these  quantities  with  respect  to  the  elements 
of  the  orbit. 

To  illustrate  this  clearly,  let  it  be  required  to  find  the  expressions 
for  cos  jy  A^  and  A^y  in  terms  of  the  variations  of  the  elements  in  the 
case  of  the  example  already  given ;  for  which  wc  have 

<u'  =  50°  10'  7".29,        Si'  =  353^  45'  35".87,        i'  =  19°  26'  25".76. 

These  are  the  elements  which  determine  the  position  of  tlie  orbit  of 
.E>i,rynome  @,  referred  to  the  mean  equinox  and  equator  of  1865.0. 
We  have,  further, 

log/-=  0.62946,  log  g  =  0.34593,  log  k  =  2.97759, 

jP^  339=  14'  0",  G  =  350°  11'  16",         H^  14°  30'  48", 

m'  =  179°13'58". 

In  the  first  place,  we  compute  r,  d,  and  ;-  by  means  of  the  formulie 
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(83)  and  (85),  or  by  means  of  (87),  writing  a,  d,  Q,',  and  z'  instead 
of  X,  p,  Si,  and  i,  respectively.     Hence  we  obtain 

C  =  188=  31'  9",  ,  =  —  1°  59'  28",  ^  =  — 19'  17'  7". 

Since  tlie  equator  is  here  considered  as  tbe  fundamental  plane,  tlie 
longitude  d  is  measured  on  the  equator  from  the  place  of  the  ascend- 
ing node  of  the  orbit  on  this  plane.  The  valnca  of  the  differential 
coefficients  are  then  found  by  means  of  the  formulte 


c..,3-,=0, 

COS  ri  —^  —  U, 

id       r 

!OsC»~.0 

»=(»-«'- 

-F), 

do        g 

^.<ifi(0  —  v!- 

-m, 

do       h 

MS(C— u'- 

-3), 

dS.'' 


)S^SlUi   COSM, 

n:jsin(C— «'), 


wbieb  give 


COSJJ 


=  0, 

=  +  1.5051, 
=  +  2.0978, 
=  4^  1.1922, 
^  +  538.00, 


dSi' 


dx' 
dy/ 
dip 

dfi- 


=  +  0.6072, 
=  +  0.0204, 
=  +  0.0086, 
=  +  0.0^ 
.  -j.  0.0143, 
.  - 1.71. 


Therefore,  the  equations  for  cos^  ^6  and  Ay/  become 

cos  7  afl  =  +  1.5051  A/  -f  2.0978  a?  +  1.1922  aM^  +  538.00  A/i, 

A^  =  -]-  0.0086  A-/  +  0.0422  iy  +  0.0143  aJ^  —  1.71  a/j. 

+  0.5072  AJJ' 4- 0.0204  Ai'. 

If  we  assign  to  the  elements  of  the  orbit  the  variations 
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6".64, 

ia'  =  -14".12, 

ii'  =  -8".86. 

10", 

A.«.  =  +  10», 

i,.  =  +  0".01, 

we  liave 

A/  =  A<»'  +  cosi'  aS3'  =  —  19".96  ; 

and  the  preceding  equations  give 

cos  ^  AC  =  +  8".24,  A5?  =  —  (i".96. 

With  the  same  values  of  Aw',  aJJ',  &c.,  we  have  already  found 

cos  5  Ab  =  +  5".47,  A^  z:^  —  9".29, 

which,  by  means  of  the  equations  (88),  writing  a  and  3  in  place  of 
X  and  /3,  give 

C08  ij  AC  =  4-  8".23,  Avj  =  —  6".96. 

59.  In  special  eases,  in  which  the  differences  between  the  calcu- 
lated and  the  observed  values  of  two  spherical  co-ordinates  are  given, 
and  the  corrections  to  he  applied  to  the  assumed  elements  are  sought, 
it  may  become  necessary,  on  account  of  difficulties  to  be  encountered 
in  the  solution  of  the  equations  of  condition,  to  introduce  other  ele- 
ments of  the  orbit  of  the  body.  The  relation  of  the  elements  chosen 
to  those  commonly  used  will  serve,  without  presenting  any  difficulty, 
for  the  transformation  of  the  equations  into  a  form  adapted  to  the 
special  case.  Thus,  in  the  case  of  the  elements  which  determine  the 
form  of  the  orbit,  we  may  use  a  or  log  a  instead  of  /t,  and  the 
equation 

^  /gl/l  +  m 
"'  ai 

gives 

d!^  =  —  l'Ua  =  —  ^^dloga,  (89) 

in  which  ^|,  is  the  modulus  of  the  system  of  logarithms.  Therefore, 
the  coefficient  of  a^  is  transformed  into  that  of  a  log<t  by  multiply- 
ing it  by  —  f  T- ;  and  if  the  unit  of  the  mth  decimal  place  of  the  loga- 
rithms is  taken  as  the  unit  of  a  log  a,  the  coefficient  must  be  also 
multiplied  by  10""".  The  homogeneity  of  the  equation  is  not  disturbed, 
since  p.  is  here  supposed  to  be  expressed  in  seconds. 

If  we  introduce  logp  as  one  of  the  elements,  from  the  equation 
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d  logp  ^  ■ — ■  ^  -  dfi  —  2>-^  tan  y  dy, 


dfi.^  —  ^yd  iogp  —  3/!  tan  j*  i^p.  (90) 

Hence  it  appears  that  the  coefficienta  of  a  logj)  are  the  same  as  those 
of  i  log  a,  but  since  p  is  also  a  function  of  f,  the  coefficients  of  ap 

are  changed;  and  if  we  denote  by  cos ^ I -3—  j  and! -j—  jthe  values  of 
the  partial  differential  coef&cienta  when  the  element  [i  is  used  in  con- 
nection with  p,  we  shall  have,  for  the  case  under  consideration, 

,da  .1  da\         „lt  .da 

cos^^-^cosi?    -y-    —  S-tan?-  cos3-^, 
df  \dtf  I         s  dn 

df  \df  I        s  dp.' 

in  which  g  =  206264 ",8.  If  the  values  of  the  differential  coefficienta 
with  respect  to  ji  and  ^  have  not  already  been  found,  it  will  be  ad- 
vantageous to  eompnte  the  values  of  t— .  -j— 1  -rr- — -,  and  -y-. by 

°  ^  d<p   df    d  logj)  d  logp     ■" 

means  of  the  expressions  which  may  be  derived  by  substituting  in 
the  equations  (15)  the  value  of  dji  given  by  (90),  and  then  we  may 

compute  directly  the  values  of  cos  5-;—,  cos5-n >  -r->  and  -n 

^  -^  df  d  logjp    dip  d  logp 

In  place  of  M,„  it  is  often  convenient  to  introduce  Lq,  the  mean 

longitude  for  the  epoch ;  and  since 

4  =  lf„  +  TZ, 

dL^  =  dM^-^  d^  =  dM^-^  d<o  +  dO., 
and,  when  ;f  is  used, 

(?4  ==  d^„  +  (Zjf  +  (1  —  cos -t)  d  fi . 


1  of  the  elements  S2  and  i  which  indicate  the  position  of  the 
plane  of  the  orbit,  we  may  use 


and  the  expressions  for  the  relations  between  the  differentials  of  b 
and  c  and  those  of  i  and  SJ  are  easily  derived.  The  cosines  of  the 
angles  which  the  line  of  apsides  or  any  other  line  in  the  orbit  makes 
with  the  three  co-ordinate  axes,  may  also  be  taken  as  elements  of  the 
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orbit  in  the  formation  of  the  equations  for  the  variation  of  the  geo- 
centric place. 

60,  The  equations  (48),  by  writing  I  and  b  in  place  of  A  and  /3, 
respectively,  will  give  the  values  of  the  diiferential  coefficients  of 
the  heliocentric  longitude  and  latitude  with  respect  to  x,  y,  and  z. 
Combining  these  with  the  expressions  for  the  differential  coefficients 
of  the  heliocentric  co-ordinates  with  respect  to  the  elements  of  the 
orbit,  we  obtain  the  values  of  cos&  td  and  46  in  terms  of  the  varia^ 
tions  of  the  elements. 

The  equations  for  dx,  dy,  and  dz  in  t«rms  of  du,  d£!,  and  di,  may 
also  be  used  to  determine  the  corrections  to  be  applied  to  the  co-or- 
dinaf«s  in  order  to  reduce  thorn  from  the  ecliptic  and  mean  equinox 
of  one  epoch  to  those  of  another,  or  to  the  apparent  equinox  of  the 
date.     In  this  case,  we  have 

du  =  dT  —  dQ,. 

When  tlie  auxiliary  constants  A,  B,  a,  b,  &c.  are  introduced,  to 
find  the  variations  of  these  arising  from  the  variations  assigned  to 
the  elements,  we  have,  from  the  equations  {9d\, 

cot  ^  =  —  tan  Q  cos  i, 

cot  -B  =  cot  SI  cos  i  —  sin  i  cosec  SI  tan  s, 

cot  C^  cot  SI  cos  i-^-siai  cosec  Si  cot  s, 

in  which  i  may  have  any  value  from  0°  to  180°.  If  we  differentiate 
these,  regarding  all  the  quantities  involved  as  variable,  and  reduce 
by  means  of  the  values  of  sin  a,  sin  b,  and  sin  e,  we  get 

dA  =    .  J     dSi  —— sin  JJ  sinidi, 

dB  =    .        (cos  t  cos  E  —  sin  i  sin  e  cos  S3 )  dSl 

,    sinB  .       r.    ■    ■            1          ■   ■      Nj-   I    sin*sin£3 
-\ — ^^CcosSJ  sin*cose-|-  eos*sm£)m-| r  ^ ,  ■  ■■■■  de, 

(?C=;— ,— J— (eos*sine-f  sini  cose  cos  Si)dSi 

J ___((,Qg  jj  siuisine  —  cos  i  cos  ^)di'i-  ■■■■    .—, ds; 

'     sme  ^  '        '        sui^c  ' 

and  these,  by  means  of  (lOl),,  reduce  to 
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■  sin  B  cot  bdi-\-  ■  .  ,,  ds. 


Let  us  now  differentiate  the  equations  (101),,  using  only  the  upper 
sign,  and  the  result  is 


da=^  —  sin  i  sin  A  d^  -\-  cos  A  di, 

db=  —  sin  i  sin  B  d£i  +  cos  Bdi+  cos  o  eosec  6  <?£, 

rfe  ^  — sin  tain  Cd£J  +  cob  Gdi  —  cos&  cosecerfs. 

If  we  multiply  the  first  of  these  equations  by  cot  a,  the  second  by 
cot 6,  and  the  third  by  cote,  and  denote  by  i„  the  modulus  of  the 
system  of  logai'ithms,  we  get 

d  log  sin  a  = — ^^  sin  i  cot  a  sin  A  d  SI  +JoCotaeos^  di, 

(^log5ine  =  —  ^o^i'i*  '^ote  sin  CdSi  +^  cote  cos  CfZi—^.n ;— . -de. 

(92) 

The  equations  (91)  and  (92)  furnish  the  differential  coefficients  of 
A,  B,  C,  log  sin  0.,  &c.  with  respect  to  £2,*,ande;  and  if  the  varia- 
tions assigned  to  SI,  i,  and  e  are  so  small  that  their  squares  may  be 
tk^lected,  the  same  equations,  writing  a^,  aJJ,  ai,  &c.  instead  of 
the  difFerentials,  give.'*the  vaiiations  of  the  auxiliary  constants.  In 
the  ease  of  equations  (92),  if  the  variations  of  Si,  i,  and  e  are'  ex- 
pressed in  seconds,  ea«h  term  of  the  second  member  must  be  divided 
by  206264.8,  and  if  the  variations  of  log  sin  a,  log  sin  6,  and  logsino 
are  required  in  units  of  the  mth  decimal  place  of  the  logarithms,  each 
term  of  the  second  member  must  also  be  divided  by  10™. 

If  we  differentiate  the  equations  (81)i,  and  reduce  by  means  of  tlie 
same  equations,  we  easily  find 


cos  5  (^i  ^=  cos  *  sec ;»  tfw  +  eos6  dSl  —  sin  6  cos(^ —  SI)  di, 
(?6  =  sini  cos(^  —  Sl)du-\-  sm(J —  Sl)di, 


(93) 


which  determine  the  relations  between  the  variations  of  the  elements 
of  the  orbit  and  those  of  the  heliocentric  longitude  and  latitude. 
By  differentiating  the  equations  (88)i,  neglecting  the  latitude  of 


stsd  by  Google 


BrPPERENTIAL    FOEltUL^.  165 

the  sun,  and  considering  X,  (9,  J,  and  O  as  variables,  we  derive,  after 
reduction, 

7?  ^^^^ 

rfjS  =  -JsinjSsina-0)<fO, 

which  determine  tlie  variation  of  the  geocentric  latitude  and  longitude 
arising  from  an  increment  assigned  to  the  longitude  of  the  sun.  It 
appears,  therefore,  that  an  error  in  the  longitude  of  the  sun  will 
produce  the  greatest  error  in  the  computed  geocentric  longitude  of  a 
f  body  wlien  the  body  is  in  opposition. 
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61.  The  observed  spherical  co-ordinates  of  the  place  of  a  heaveiiJy 
body  furnish  each  one  equation  of  condition  for  the  correction  of  the 
elements  of  its  orbit  approximately  known,  and  similarly  for  the 
determinatiou  of  the  elements  in  the  case  of  an  orbit  wholly  unknown ; 
and  since  there  are  six  elements,  neglecting  the  mass, — which  must 
always  be  doue  in  the  first  approximation,  the  perturbations  not 
being  considered, — three  complete  observations  will  furnish  the  six 
equations  necessary  for  finding  these  unknown  quantities.  Hence, 
the  data  required  for  the  determination  of  the  orbit  of  a  heavenly 
body  are  three  complete  observations,  naniely,  three  observed  longi- 
tudes and  the  corresponding  latitudes,  or  any  other  spherical  co- 
oivjinates  which  completely  determine  three  places  of  the  body  as 
seen  from  the  eai-th.  Since  these  observations  are  given  as  made  at 
some  point  or  at  different  points  on  the  earth's  surface,  it  becomes 
necessary  in  the  first  place  to  apply  the  corrections  for  pamllax.  In 
the  case  of  a  body  whose  orbit  is  wholly  unknown,  it  is  impossible 
to  apply  the  correction  for  parallax  directly  to  the  place  of  the  body; 
but  an  equivalent  correction  may  be  applied  to  tlie  places  of  the 
earth,  according  to  the  formulae  wliich  will  be  given  in  the  next 
cjiapter.  However,  in  the  first  determination  of  approximate  ele- 
inents  of  the  orbit  of  a  comet,  it  will  be  sufficient  to  neglect  entirely 
the  oorreetion  for  parallax.  The  uncertainty  of  the  observed  places 
of  these  bodies  is  so  much  greater  tlian  in  the  case  of  well-defined 
objects  like  the  planets,  and  the  intervals  between  the  observations 
■which  will  be  generally  employed  in  the  first  determination  of  the 
orbit  will  be  so  small,  that  an  attempt  to  represent  the  observed  places 
with  extreme  accuracy  will  be  superfluous. 

When  approximate  elements  have  been  derived,  we  may  find  the 
distances  of  the  comet  from  the  earth  corresponding  to  the  three 
observed  places,  and  hence  determine  the  parallax  in  right  ascension 


stsd  by  Google 


DETERMINATION   OF   AN   ORBIT,  16/ 

and  in  declination  for  each  observation  by  means  of  tlic  iiaiial  formulfe. 
ThUiS,  we  have 

Tzp  C08  ^'   sin  (»  —  6) 

""  d        '        QOSS       ' 

^^'•^eosc'T-e)' 


in  which  a  is  the  right  ascension,  3  the  declination,  J  the  distance 
of  the  comet  from  the  earth,  f'  the  geocentric  latitude  of  the  place 
of  observation,  0  the  sidereal  time  corresponding  to  the  time  of 
observation,  p  the  radius  of  the  earth  expressed  in  parts  of  the 
equatorial   radius,   and   ^   the   equatorial   horizontal   parallax   of  tho 

In  order  to  obtain  the  most  accurate  representation  of  the  observed 
place  by  means  of  the  elements  computed,  the  connection  for  aberra- 
tion must  also  be  applied.  When  the  distance  d  is  known,  tlie 
time  of  observation  may  be  corrected  for  the  time  of  aberration; 
but  if  J  is  not  approximately  known,  this  correction  may  be  neglected 
in  the  first  approximation. 

The  transformation  of  the  observed  right  ascension  and  declination 
into  latitude  and  longitude  is  effected  by  means  of  the  equations 
which  may  be  derived  from  (92)i  by  interchanging  a  and  A,  d  and  ^, 
and  writing  —  £  instead  of  s.     Thus,  wc  have 


t.Bjf  =*?!', 

.„;.      "■'"'-' 

it... 

tan^  =tan(if— s 

)sinJ, 

which  will  serve  to  check  the  numerical  calculation  of  ^  and  /3. 
Since  cosj9  and  cos  5  are  always  positive,  cos  A  and  cos  a  must  have 
the  same  sign,  thus  determining  the  quadrant  in  which  A  is  to  be 
taken. 

62.  As  soon  as  these  prchminary  corrections  and  traTisformations 
have  been  effected,  and  the  times  of  .observation  have  been  reduced 
to  the  same  meridian,  the  longitudes  having  been  reduced  to  the 
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same  equinox,  we  are  prepared  to  proceed  with  the  determination  of 
the  elements  of  the  orbit.  For  this  purpose,  let  (,  V,  t"  be  the  times 
of  obsei'vatioD,  j',  r',  r"  the  radii-vectores  of  the  body,  and  m,  n',  u" 
the  corresponding  arguments  of  the  latitude,  R,  R',  R"  the  distances 
of  the  earth  from  the  sun,  and  O,  ©',  O"  the  longitudes  of  the  sun 
corresponding  to  these  times. 

Let  [)t']  denote  double  the  area  of  the  triangle  formed  between 
the  radii-vectoi-es  r,  r'  and  the  chord  of  the  orbit  between  the  corre- 
sponding places  of  the  body,  and  similarly  for  the  other  triangles 
thus  formed.  The  angle  at  the  sun  in  this  triangle  is  the  difference 
between  the  corresponding  arguments  of  the  latitude,  and  we  shall 
have 

[jV]   =  jy  sin  Cu' —  w), 

[rr"]  =  jV'  sin  (m"  —  u),  (2) 

[r'/'3  =  rV'sin(M"-w'), 

If  we  designate  by  s>,  y,  z,  x',  y',  a',  x",  y",  z"  the  heliocentric  co- 
ordinates of  the  body  at  the  times  (,  t' ,  and  (",  we  shall  have 

^;=rsin«sinU+«). 
s^  =  /  sin  a  sin  (J.  -|-  m'), 
ic"  =  /'  sin  a  sin  {A  -\-  w"), 

in  which  a  and  A  are  auxiliary  constants  which  are  functions  of  the 
elements  JJ  and  i,  and  these  elements  may  refer  to  any  (nndamental 
plane  whatever.  If  wc  multiply  the  first  of  these  equations  by 
sin  (m"  —  m'),  the  second  by  —  sin  {u."  —  v),  and  the  third  by 
sin(M'  — m),  and  add  the  products,  we  find,  after  reduction, 

?  sin  («"  -  «')  -  ^  sin  {xC  -u)  +  ^,  sin  («'  -  «)  =  0, 

which,  by  introducing  the  values  of  [rj-'j,  [rr"],  and  [r'j-"],  becomes 
[/r"]  w  —  [rr"]  a/  +  [iV]  x"  =  0. 

(3) 

(4) 


If  we  put 

we  get 

-[ST 

=  0. 

In  precisely 

the 

same  manner,  wc  find 

ny-^  +  n'Y 
m-J  +  n'V 

=  0, 
=  0. 
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Since  the  coefficients  in  these  equations  are  independent  of  the  posi- 
tions of  the  co-ordinate  planes,  except  that  the  origin  is  at  the  centre 
of  the  sun,  it  is  evident  that  the  tliroe  equations  are  identical,  and 
express  simply  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun ;  and  the  last  two  might  have  been  derived 
from  the  first  by  writing  successively  y  and  z  in  place  of  x. 

Let  ^,  k',  X"  be  the  three  observed  longitudes,  /3,  ^',  ^"  the  corre- 
sponding latitudes,  and  A,  J',  A"  the  distances  of  the  body  from  the 
earth ;  and  let 

A  cos  /?  =  p,  A'  cos  ^  =  (I,  A"  cos  ;9"  =  i>", 

which  are  called  eu^-tate  distances.     Then  we  shall  have 

a:^^  cosA  — -Kcos  O,  ^  ^^p'  cob  X'  -—R'  cos  Q', 

y  ^puin).  ^ RBinQ,  y  =p' sink'  — M' sinQ', 

z  =  /)  tan  ft  d  ^p'  tan  ^, 

a-"  ^ />"  cos -J"  ~  J?"  cos  0", 

y"  =  p"sm/'-i;"sinO", 

s"  =  f,"  tan ;?', 

in  Mhich  the  latitude  of  the  'iun  is  neglected.  The  data  may  be  so 
transformed  that  the  latitude  of  the  suu  becomes  0,  as  will  he  ex- 
plained in  the  next  chapter ;  but  in  the  computation  of  the  orbit  of 
a  comet,  in  which  this  preliminary  reduction  has  not  been  made,  it 
will  he  unnecessary  to  consider  this  latitude  which  never  exceeds  1", 
while  its  introduction  into  tlie  formulas  would  unnecessarily  com- 
plicate some  of  those  which  will  be  derived.  If  we  substitute  these 
values  of  x,  x',  &c.  in  the  equations  (4)  and  (6),  they  become 

0  =  w  (/)  cos  i  —  B  cos  O  )  —  (p'  cos  A'  —  J?  cos  © ') 

+  «."C/'cosA"  — iT'cosO"),     ■" 
0  ^  H  (;0  sin  A  —  ,R  sin  O  )  —  ifi'  sin  }!  —  IS  sin  ©')  (6) 

-\-  n"  ip"  sin  A"  —  R"  sin  O  ")> 
0  =  np  tan  [i  ^  p'  tan  ^  -\  n"p"  tan  f^'. 

These  equations  simply  satisfy  the  condition  that  the  plane  of  the 
orbit  passes  through  the  centre  of  the  sun,  and  tliey  only  become 
distinct  or  independent  of  each  other  when  «  and  n"  are  expressed 
in  functions  of  the  time,  so  as  to  satisfy  the  conditions  of  undisturbed 
motion  in  accordance  with  the  law  of  gravitation.  Further,  they 
involve  five  unknown  quantities  in  the  case  of  an  orbit  wholly 
unknown,  namely,  n,  n",  p,  p',  and  p" ;  and  if  the  values  of  n  and 
n"  are  fii-st  found,  they  will  be  sufficient  to  determine  p,  p',  and  p". 
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The  determination,  however,  of  n  and  n"  to  a  sufficient  degree  of 
accuracy,  by  means  of  the  intervals  of  time  between  the  observations, 
requires  that  p'  should  be  approximately  known,  and  hence,  in 
general,  it  will  become  necessary  to  derive  first  the  values  of  n,  n", 
and  p')  after  which  those  of  p  and  p"  may  be  found  from  equations 
^6)  by  elimination.  But  since  the  numbei'  of  equations  will  then 
exceed  the  number  of  unknown  quantities,  we  may  combine  them  in 
such  a  manner  as  will  diminish,  in  the  greatest  degree  possible,  the 
effect  of  the  errors  of  the  observations.  In  special  cases  in  which 
the  conditions  of  the  problem  are  such  tliat  when  the  ratio  of  two 
curtate  distances  is  known,  the  distances  themselves  may  be  deter- 
mined, the  elimination  must  be  so  performed  as  to  give  this  ratio 
with  the  greatest  accuracy  practicable, 

63.  If,  in  the  first  and  second  of  equations  (6),  we  change  the 
direction  of  the  axis  of  x  from  the  vernal  equinox  to  the  place  of  the 
sun  at  the  time  (',  and  again  in  the  second,  from  the  equinox  to  the 
second  place  of  the  body,  we  must  diminish  the  longitudes  in  these 
equations  by  the  angle  through  which  the  axis  of  x  has  been  moved, 
and  we  shall  liave 

0  =  )i(;ocosCA  — O')— -RcosCo'—  O))  — (/cosCA'— 0')— -fi') 

+  n"  {p"  cos  {>."—  0')  —  S'  cos(0"  —  ©')), 
O  =  »iC/.sin(^-O')  +  -RsinC0'-O))-p'8m(/-O') 

+  «,'V'sin(r-  ©')  --E"  sm(0"-  0')),  (7) 

0  =  n.(/'ein(/— A)-|-£sin(0  — A'))  — -K'sin(0'— A') 

~  n"  ip"  sin  (A"  —  i.'}  —  Hf'  sin  (  ©  "  —  i')'), 
0  =;  np  tan  ^  —  p'  tan  /?  +  n"(>"  tan  ff'. 

If  wc  multiply  the  second  of  these  equations  by  tan/3',  and  the 
fourth  by  —  sin(A'—  ©'),  and  add  the  products,  wc  get 

0  =  «"p"(tan(5'ain(A"—  ©')  —  tan(!"sinCr—  ©')) 
— H"if"sin(0"— 0')tanj9'-|-m;o(tan/3'sin(A  — ©')  — taniJsin(J'— ©')) 
-(-re5sin(©'— ©  )tan;?'.  (8) 

.Let  us  now  denote  double  the  ai'ea  of  the  triangle  formed  by  the 
sun  and  two  places  of  the  earth  con-esponding  to  R  and  R'  by  [iSfi'], 
and  we  shall  have 

iRS-\=  JtSf  sm^O'—  ©), 
and  similarly 

[iJ'^']  =  i^ii"  sin  C  ©"— Q ')■ 
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Then,  if  we  put 


if"= 


ii"sin(O"-"0')=iisin(O'--O)y,. 

Substituting  this  in  tlie  equation  (8),  and  dividing  by  the  coefficient 
of  p",  the  result  is 


^; 


wj)   tim;3'am(^  — Q')— tan^sin(J/— 0') 
■'^W'tan(S"sia(A'— ©')  —  tan (9' sin ( -I"—  ©') 

,  /  «■       -?^\  -RsiD(G'-G)tan;y 

"*"  \  ra"       iV"  /tan ,5"  sia (^'  —  ©')  —  tan/J'  siii (A"  —  ©')' 
Let  ns  also  put 

jj-^  taiijysiD(A—  ©')  — tanj?ain(J.'—  ©') 
tan  ^"  sin  (A'  —  ©')  —  taji  (?  sin  (A"  —  ©')' 

_j^„^ eiii(Q'~-0)tanyy ^^"■' 

taujS"emC.A' —  ©')  — tan/S'sin(A" —  ©')' 

and  the  preceding  equation  reduces  to 

We  may  transform  the  values  of  M'  mid  M"  so  as  .to  bi\  better 
adapted  to  logarithmic  calculation  with  the  ordinary  tables.  Thus, 
if  w'  denotes  the  inclination  to  the  eeliptic  of  a  great  circle  passing 
through  the  second  place  of  the  comet  and  the  second  place  of  the 
sun,  the  longitude  of  its  ascending  node  will  be  ©',  and  we  shall 

sin(A'— 0')tant(/— tanjS'.  (12) 

Let  (5^,  j5(|"  be  the  latitudes  of  tfe  points  of  this  circle  corresponding 
to  the  longitudes  X  and  V ,  and  we  have,  also, 


tan;5„  =Ein(;.  — ©')tani(; 
tan  ft"  =  sill  {V'  ~  ©'}  tan  w 


(13)   - 


Substituting  these  values  for  tan/3',  sin(A —  ©')  and  sin(A" —  ©') 
in  the  expressions  for  M'  and  M",  and  rcduchig,  they  become 


-sin(r-0 
jW"  =  tanw/Bin(0'— ©) 


sin  (^'~  ft")' 


stsd  by  Google 


172  THEORETICAL   ASTEONOMY. 

When  the  value  of  —77-  has  been  found,  equation  (11)  will  give  the 
relation  between  p  and  p"  in  terms  of  known  quantities.  It  is  evi- 
dent, however,  from  equations  (14),  that  when  the  apparent  path  of 
the  comet  is  in  a  plane  passing  through  the  second  pla«e  of  the 
sun,  since,  in  this  case,  ,8  = /3g  and  ^"  =  j9„",  we  shall  have  Jf'— ^ 
and  M"=^  ce.  In  this  case,  therefore,  and  also  when  ^„  —  p  and 
P"  —  /3o"  are  very  nearly  0,  we  must  have  recourse  to  some  other 
equation  which  may  be  derived  from  the  equations  (7),  and  which 
does  not  involve  this  indeter  mi  nation.      V'; 

It  will  be  observed,  also,  that  if,  at  the  time  of  the  middle  obser- 
vation, the  comet  is  in  opposition  or  conjunction  with  the  sun,  the 
values  of  M'  and  M"  as  given  by  equation  (14)  will  be  indeter- 
minate in  form,  but  that  the  original  equations  (10)  will  give  the 
values  of  these  quantities  provided  that  the  apparent  path  of  the 
comet  is  not  in  a  great  circle  passing  through  the  second  place  of  the 
sun.     These  values  are 


M'^ 


sin(A~0')  _  _  sin(O'-0) 

sia  (;"_©')'  -       Bin  (/'-©')■ 


Hence  it  appears  that  whenever  the  apparent  path  of  the  body  is 
neai-ly  in  a  plane  passing  through  the  place  of  the  sun  at  the  time  of 
the  middle  observation,  tho  errors  of  observation  will  have  great* 
influence  in  vitiating  the  resulting  values  of  M'  and  M";  and  to 
obviate  the  difficulties  thus  encountered,  we  obtain  from  the  third  of 
equations  (7)  the  following  value  of  p" : — 

+  -  "  »n(r-y)  • 

We  may  also  eliminate  p  between  the  first  and  fourth  of  equa- 
tions (7).  If  we  multiply  the  first  by  tan/5',  and  the  second  by 
—  cos(A'—  O'),  and  add  the  products,  we  obtain 

0  =  n"p"  (tan  ^'  cos  (X"  —  ©')  —  tan  /9"  cos  (A'  —  ©')) 

~n"Jif' t&niS' co&(_0"~  Q')  -\-np(ta.a^ msi^  —0')—taiLl^ cosi^'—Q')) 

—  nS  tan ,?  cos  (©'—  ©)  +  R'  tan  /S", 

from  which  we  derive 
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„_    _n_    tan  ^'  cos  (A  —  0 ')  —  tan ^  cos  jk'  —  0') 
''   ~^  n"  'tim^"coslx'—Q')  —  tan^ooB{X"—Q')  (16) 

ii"  tan ;?  cos  (  0  "— 0 ')  + -^ -B  tan  ^  COB  (  O '— O  )  —  ^  ii' tan  p' 
'  tan  (J"  cos  C-l'  —  O ')  —  tan  (?  cos  (A"  —  ©') 

Let  ua  now  denote  by  7'  the  inclination  to  the  ecliptic  of  a  great 
circle  passing  through  the  second  place  of  the  comet  and  that  point 
of  the  ecliptic  whose  longitude  is  0'~~  90°)  which  will  therefore  be 
the  longitude  of  its  ascending  node,  and  we  shall  have 

cos  Q'  —  0')  tan  J'  =  tan  ;9' ;  (17) 

and,  if  we  designate  by  /9,  and  j3„  tlie  latitudes  of  the  points  of  this 
circle  corresponding  to  tlie  longitudes  X  and  /",  we  shall  also  have 

tanjS,  =:cos(A  —  0')tani'',  ,,g-, 

tan  ft,  =  cos  (^"  —  G')  tan  I'. 

Introducing  these  values  into  equation  (16),  it  reduces  to 

„_     n      sin  (ft  — f?)     cQs,y'  cosft. 


sin  (^'- ft,) 


ft,)     cos /5  cosft 
^fiJ"cos(O"-O')+4riSco3C0'-O)- 


from  which  it  appears  that  this  equation  becomes  indetormiuate  when 
the  appai'ent  path  of  the  body  is  in  a  plane  passing*  through  that 
point  of  the  ecliptic  whose  longitude  is  equal  to  the  longitude  of  tlie 
second  place  of  the  sun  diminished  by  90°.  In  this  case  we  may  use 
equation  (11)  provided  that  the  path  of  the  comet  is  not  nearly  in 
the  ecliptic.  When  the  comet,  at  the  time  of  the  second  observation, 
is  in  quadrature  with  the  sun,  equation  (19)  becomes  indetei'minate 
in  form,  and  we  must  have  recourse  to  the  original  equation  (16), 
which  does  not  necessarily  &il  in  this  case. 

When  both  equations  (11)  and  (16)  are  simultaneously  nearly  in- 
determinate, so  as  to  be  greatly  afFeeted  by  errors  of  observation,  the 
relation  between  p  and  p"  must  be  determined  by  means  of  equation 
(15),  which  fails  only  when  the  motion  of  the  comet  in  longitude  is 
very  small.  It  will  rarely  happen  that  all  three  equations,  (14), 
(15),  and  (16),  are  inapplicable,  and  when  such  a  case  does  occur  it 
will  indicate  that  the  data  are  not  sufficient  for  the  determination  of 
the  elements  of  the  orbit.  In  general,  equation  (16)  or  (19)  is  to  be 
used  when  the  motion  of  the  comet  in  latitude  is  considerable,  and 
equation  (15)  when  the  motion  in  longitude  is  greater  than  in  latitude. 
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64.  The  formula  already  derived  are  sufficient  to  determine  the 
relation  between  p"  and  p  when  the  values  of  n  and  n"  are  known, 
and  it  remains,  therefore,  to  derive  the  expressions  for  these  quan- 
tities. 

If  we  put 

h(.f  —t)  =  r", 

k  (f  —  t')  ^  T,  (20) 

k  if  —  (}  ^  ■^', 

and  express  the  values  of  x,  y,  z,  x",  y",  %"  in  terras  of  x' ,  y',  z'  by 
3sion  into  aeries,  we  have 

_(W;    T^         1     (f.l/    t"»  1       d?x'    r""    ,-^^ 


1.2 '  d^'  h^       1.2.3  '  dt^'  H' 
'  dt'  h^i:2'  df  '  k'  "^  1.2.3 '  df  '  k-- 


,  ,  A/    r    ,1     rfV     r"    ,      1       cP/    T=    ,   „ 


and  similar  expressions  for  y,  y",  s,  and  s".  We  shall,  however,  take 
the  plane  of  tlic  orbit  as  the  fundamental  plane,  in  which  case  z,  %', 
and  z"  vanish. 

The  fundamental  equations  for  the  motion  of  a  heavenly  body 
relative  to  the  sun  are,  if  we  neglect  its  mass  in  comparison  with 
that  of  the  sun, 

^  _[.  ^^  ==  0 


If  we  diiferentiate  the  first  of  these  equations,  ■ 

rfV  _  W^    d^_}f   d^ 
~d^~   /'   '~di      ?^'  dt' 

DiJierentiating  again,  we  find 

dV_/^__12^/^\ 
If^X^"        t"'  \dt) 

Writing  y  instead  of  x.  we  shall  have  the  expressions  for  -77;  and 
rfV  .      .  .  .  .         ^^ 

~~-  Substituting  these  values  of  the  differential  coefficients  in  equa- 
tions (21),  and  the  corresponding  expressions  for  y  and  y",  and 
putting 


stsd  by  Google 


ORBIT  OF   A   HEAVENLY   BODY. 


6    =V- 


^P/'"  di  ■ 


we  obtain 

ai  =  a*'- 

-^. 

^„  3/'  =  a'V 

-"^ 

-^ 

y^aif- 

-l. 

«S"  =  «V 

+  -f 

From  these 

ecLuations 

woe« 

ily  derive 

?■».- 

"■s  = 

■  i -■*■-!''<'-' 

;.; 

S'V- 

-,/,/  = 

,i„^'>!/ ->■•!'■, 

S"x- 

^^''J  = 

^(*  +  ."S)=^ 

It 

The  hiat  meinbei&  of  the'^e  eijinitioii'i  lie  double  the  areas  of  the 
triuiales  foimed  by  the  iidii-\ectoi05  ind  the  chords  of  the  orbit 
between  the  plices  of  the  comet  oi  planet     Thus, 

yx  —  zy=lti],  y  a^  — ar  i;  =[rr  ],  y"x~-^'y  =  {_n"'},  (24) 
and  x'dy'  —  y'dx'  is  double  the  area  described  by  the  radina-vector 

during  tlie  element  of  time  dt,  and,  consequently,  -j-^ —  ia 

double  the  areal  velocity.  Therefore  we  shall  have,  neglecting  the 
mass  of  the  body, 

afdy'  —  ifdx'      ^.      ,     ,- 

in  which  p  is  the  semi-parameter  of  the  orbit.  The  equations  (23), 
therefore,  become 

[rr"]  =  hh  yp,  [//']  =  h"k  i/p,  [jV']  =  iab"  +  a"b)  k  i/p- 

Substituting  for  a,  b,  a",  b"  their  valties  from  (22),  we  find,  since 
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["'] 

=  'Vy(l- 

V'". 

l='y'j;(l- 

•^."I-.J^.  J, 

(25) 


From  these  equations  the  vahies  of  «.  =^  ^^pr'  and  i 

."  = 

■^]«^ 

Ijg  derived ;  and  the  results  are 

■  di  ■ 

■  dt  ■ 

;'   (26) 

which  values  are  exact  to  the  third  powers  of  the  time,  inclusive. 

In  the  case  of  tlie  orbit  of  the  earth,  the  tenn  of  the  third  order, 
being  multiplied  by  the  very  small  quantity  -j-.  is  reduced  to  a 
superior  order,  and,  therefore,  it  may  be  neglected,  so  that  in  this 
case  wc  shall  have,  to  tiie  same  degree  of  approximation  as  in  (26), 


i  +  i 


Since  this  equation  involves  r'  and  -57-,  it  is  evident  that  the  value 
of  -^,  in  the  case  of  an  orbit  wholly  unknown,  can  be  determined 
only  by  successive  approximations.  In  the  first  approximation  to 
the  elements  of  the  orbit  of  a  heavenly  body,  the  intervals  between 
the  observations  will  usually  be  small,  and  the  series  of  terras  of  (28) 
wili  converge  rapidly,  so  that  we  may  take 
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and  similarly 

Hence  the  equation  (H)  reduces  to 

p"=^j,M'p.  ~  (29) 

It  will  he  observed,  further,  that  if  the  intervals  between  the  observa- 
tions are  equal,  the  term  of  the  second  order  in  equation  (28) 
vanishes,  and  the  supposition  that  — ,  ^  -7;  is  correct  to  terms  of  the 
third  order.  It  will  be  advantageous,  therefore,  to  select  observa- 
tions whose  intervals  approach  nearest  to  equality.  But  if  the 
observations  available  do  not  admit  of  the  selection  of  those  which 
give  nearly  equal  intervals,  and  these  intervals  are  necessarily  very 
unequal,  it  will  be  more  accurate  to  assume 

IL  —  JL 

and  compute  the  values  of  N  and  JV"  by  means  of  equations  (9), 
since,  according  to  (27)  and  (28),  if  r'  does  not  differ  much  from  R', 
tlie  error  of  this  assumption  will  only  involve  terms  of  the  third 
order,  even  when  the  Values  of  t  and  t"  differ  very  much. 

Whenever  the  values  of  p  and  p"  can  be  found  when  that  of  their 
ratio  is  given,  we  may  at  once  derive  the  corresponding  values  of  r 
and  r",  as  will  be  subsequently  explained. 

The  values  of  r  and  r"  may  also  be  expressed  in  terms  of  r'  by 
means  of  series,  and  we  have 


r  = 

:/- 

t" 
i 

^i% 

r"' 

-Ac. 

/■  = 

,r'  + 

J 

+  lf 

■"F 

+  &C. 

wliioh 

we 

derive 

r" 

-r 

= 

neglecting  terms  of  tlie  tliird  order.     Therefore 
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and  when  the  intervals  are  equal,  this  value  is  exact  to  terms  of  the 
fourth  order.     We  have,  also, 


Therefore,  when  r  and  i-"  have  been  determined  by  a  first  approsi- 

dr' 
mation,  the  approximate  values  of  r'  and  --^  are  obtained  from  these 

equations,  by  means  of  which  the  value  of  -^  may  be  recomputed 

froni  equation  (28).     Wc  also  compute 

W'=  iiJi' m(G'-O)'  ^    ' 

n  N 

and  substitute  in  equation  (11)  the  values  of  -^  and  -j^  thus  found. 

If  we  designate  by  if  the  ratio  of  the  curtate  distances  p  and  jo", 

■we  have  ,-^^ 

M^P-=M'^,+M'-{^.~4r,)--       '"^        (83) 
p  n"  \n"       N"!  p 

In  the  numerical  application  of  this,  the  approximate  value  of  j>  will 
be  used  in  computing  the  last  term  of  the  second  member. 

In  the  case  of  the  determination  of  an  orbit  when  the  approximate 
elements  are  already  known,  the  value  of  —,  may  be  computed  from 

n"         rr'  sin  {if  —  v)  ' 

N 
and  that  of  ^  from  (32);  and  the  value  of  M  derived  by  means  of 

these  from  (33)  will  not  require  any  further  correction. 

65.  When  the  apparent  path  of  the  body  is  such  that  the  value 
of  M',  as  derived  from  the  first  of  equations  (10),  is  either  indeter- 
minate or  greatly  affected  by  errors  of  obsei-vation,  the  equations  (15) 
and  (IG)  must  be  employed.  The  last  terms  of  these  equations  may 
be  changed  to  a  form  which  is  more  convenient  in  the  approximations 
to  .the  value  of  the  ratio  of  p"  to  p. 

Let   T.  Y',  Y"  be  the  ordinates  of  the  sun  when  the  axis  of 
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s  is  directed  to  that  point  in  the  ecliptic  whose  longitude  is 
I',  and  we  have 

Y  =R  sinCO  —A'), 
Y'  :^E  sin(0'— A'), 
Y"  ^  R"  sm{Q"  — ).'). 

Now,  in  the  last  term  of  equation  (15),  it  will  be  sufficient  to  put 


and,  introducing  Y,  Y',  Y",  it  becomes 

[;§''<'  ^~^  ^'+  2"')cosec(A"-A')-  (36) 

It  now  remains  to  find  the  value  of  —^^    Prom  the  second  of  cqua- 
tiona  (26)  we  find,  to  terms  of  the  second  order  inclusive, 


We  have,  also, 


'y+'")\ 


Therefore,  the  expression  (35)  becomes 

But,  aecordiug  to  equations  (6), 

NY—Y'JrS"Y"=D, 
and  the  foregoing  expression  reduces  to 

■-Ui"'r,'-t,"l|i        1  \-B'sin(0'-)') 
"•■■t"*-    T^U-      H']    sin(l"-/)    • 

since  F'  =  iJ'sin(©'  —  H),    Hence  the  equation  (15)  becomes 

„_■«     gin  (;.'-))        ,'''„,,, J  1        1  \gsin(/-G')    ,,,, 
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If  we  put 

j^^»      ■!.().'-)) 

,»"     rf  ,in(/-0O     fi-M  IV 

-^='~'V?-^'+'^    .ic(r-ir'Tli"~g)' 
we  have 

^1  =  M=M^.  (37) 

Let  lis  now  consider  the  equation  (16),  and  let  us  designate  by  X, 
X',  X"  the  abscissas  of  the  earth,  the  ajiis  of  abscissas  being  directed 
to  that  point  of  the  ecliptic  for  which  the  longitude  is  0',  then 

X  =  JicosC©  —  ©'). 

X'  =R, 

X" ^  R"  GQ&iQ" ~  Q'). 

It  will  bo  sufficient,  in  tho  last  term  of  (16),  to  put 


and  for  — ;;-  its  value  in  terms  of  iV""  as  already  found.     Then,  since 

NX—X'-ArN"X"  =  0, 
this  term  reduces  to 

1  \  fftani^ 


and  if  we  put 


V'      ii'VtanrcosC''-'— O')  — tanj?cos(A"— G')  ' 


^"-"^■to/3"co«(^'-O')-tan^'K«(^"-0T  (38) 

the  ef[Hation  (16)  becomes 

M^^~  =  M'F'.  (39) 

In  the  numerical  appiicatjon  of  these  formulse,  if  the  elements  are 
not  approximately  known,  we  first  assume 


■when  the  intervals  are  nearly  equal,  and 
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as  given  by  (32),  when  the  intervals  are  very  unequal,  and  neglect 
the  iactors  F  and  F'.  The  values  of  p  and  p"  which  are  tlius  ob- 
faiined,  enable  us  to  find  an  approximate  value  of  r',  and  with  this  a 
more  exact  value  of  —,7  may  be  found,  and  also  the  value  of  F  or  F', 

"Whenever  equation  (11)  is  not  materially  affected  by  errors  of 
observation,  it  will  furnish  the  value  of  if  with  more  accuracy  than 
the  equations  (37)  and  (39),  since  the  neglected  terms  will  not  be  so 
great  as  in  the  case  of  tliess  equations.  In  general,  therefore,  it  is  to 
be  preferred,  and,  in  the  case  in  which  it  fails,  the  very  circumstance 
that  the  geocentric  path  of  the  body  is  nearly  in  a  great  circle,  maltes 
the  values  of  F  and  F'  differ  but  little  from  unity,  since,  in  order-^ 
that  the  apparent  path  of  the  body  may  be  nearly  in  a  great  circle, 
r'  must  differ  very  little  from  R'. 

66,  When  the  value  of  M  has  been  found,  we  may  proceed  to 
determine,  by  means  of  other  relations  between  p  and  p",  the  values 
of  the  quantities  themselves. 

The  co-ordinates  of  the  first  place  of  the  earth  referred  to  the  third, 
are 

X,  "  R"  cos  O"  —  R  cos  O,  u(y\ 

y.  =  B"smQ"  —  Ji&mQ. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
coiTcaponding  to  the  first  and  third  observations,  and  by  Gf  the  longi- 
tude of  the  first  place  of  the  earth  as  seen  from  the  third,  we  shall 
have 

a,-,  :^  ff  cos  G,  yi  =  S  sin  G, 

and,  consequently, 

S'  cos  (G"—  G)  —  -K  ^ 3  cos (f?  —  O),  f-^^-, 

H"  am(0"  —  Q')  =ysin(G  — G). 

If  i^  represents  the  angle  at  the  earth  between  the  sun  and  comet 
at  the  first  observation,  and  if  we  designate  by  w  the  inclination  to 
the  ecliptic  of  a  plane  passing  through  the  places  of  the  earth,  sun, 
and  comet  or  planet  for  the  first  observation,  the  longitude  of  the 
ascending  node  of  this  plane  on  the  ecliptic  will  be  0,  and  we  shall 
have,  in  accordance  with  equations  (81)i, 

COS^  =  C03(9COSC^  — O), 

sin  4-  cos  M!  ;^  cos  ;3  sin  (J-  — ■  G), 
sin  4-  sin  w  ^  sin  ft 
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tan;? 
tan(A  — O) 


Since  cos  j9  is  always  positive,  cos  tJ-  and  cos  (^  —  ©)  must  Imve  the 
same  sign;  and,  further,  -i^  cannot  exceed  180°. 

In  the  same  manner,  if  lo"  and  tJ/"  represent  analogous  quantities 
for  the  time  of  the  third  observation,  we  obtain 

„  tan  (5" 


"'""'  -.in  (;"-©")' 

tanV'---^^^,^.  (43) 

COS  4-"^^  cos (3"  cos  (A"—  O"). 
We  also  have 

r''=J=  +  -B'  — 2^-Rcos^, 

■which  may  be  transformed  into 

)■=  ^  (p  sec  /?  —  i?  cos  4)'  +  B'  sin'  4 ;  (44) 

and  in  a  similar  manner  we  find 

r"'  =  (/'  sec  iS"  —  R'  cos  4")'  +  ^"'  sin=  V-  (45) 

Let  K  designate  the  chord  of  the  orbit  of  the  body  between  the  first 
and  third  places,  and  we  have 

«=  =  (a/'  -~  xy  +  (y"  -  yr  +  (f  -  £)\ 
But 

x^P  cm>-  —  -K  cos  O, 

y^P  ainA  — iJ  sin  O, 

z  =  /)  tan  ;9, 
and,  since  fi"  =^  Mp, 

ul'  =  Mp  cos  A"  —  B"  cos  O", 
y"  =  Mp  sin  J"  —  iJ"  sin  ©  ", 
s"  =  iW^tanj3" 

from  which  wc  derive,  introducing  g  and  G, 


a'' 

'  — »:  =  jlfpcosA"  — /)  cos  A 
'  — s  =jy"^tan/S"— ;otan;3. 

Let  us  now  put 
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Mp  coa  >•"  —  p  COS  i  :=  ph  COS  t  cos  H, 
Mp  sin  X"  ~psmX=ph  cos  C  sin  ZT,  (46) 

Mpt?tn^"—pta.n^=^ph  sinC. 
Then  we  have 

a/'  —  x^r^ph  cosC  cos  J/— !7  cos  (3, 

f  —  ,j  =  ph  cos  S  sin  -ff—  g  sin  G, 

a"  —  3  ^=:  /j/i  sin  ?, 

Squaring  these  values,  and  adding,  we  get,  by  i-ednction, 

x=  ^  ^Vi=  —  2g  ph  cos  S  cos  (  G  —  if )  +  3= ;  (47) 

and  if  we  put 

cos  r  cos  C  G  —  iZ")  :^  cos  f,  (48) 

we  have 

x'  =  {ph  —  g  cos  <py  +  s»'  sin^  f.  (49) 

If  we  multiply  the  first  of  equations   (46)  by  cos^",  and   the 

second  by  sin  X",  and  add  the  products ;  then  multiply  the  first  by 

sin  X",  and  the  second  by  cos  A",  and  subtract,  we  obtain 

AcosCcos(^— >l")  =  J(if— co8(r  — ;), 

A  cos  C  sin  {H—  A")  =  sin  {X"  —  ;),  (50) 

hsmZ  =  -M"  tan  (9"  —  tan  /5, 

by  means  of  which  we  may  determine  h,  ^,  and  H. 
Let  us  now  put" 

g  wia<p^  A, 
j;  sin 4  ^ B,  h  cos  fi  =h, 

Il"mi^"^B",  -Yf~^^"'  ^^^^ 

p  cos  f  —  bS  cos  ■^  ^  c,  (/  cos  f  —  b"Ii"  cos  •4'"  ~-  c". 


and  the  equations  (44),  (45),  and  (49)  become 

r  =  yj(i+i)-  +  B:    ]^  (62) 

The  equations  thus  derived  are  independent  of  the  form  of  the 
orbit,  and  are  applicable  to  the  ease  of  any  heavenly  body  revolving 
around  the  sun.  They  will  serve  to  determine  *■  and  r"  in  all  cases 
in  which  Uie  unknown  quantity  d  can  be  determined.   If  jO  is  known, 
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d  becomes  known  directly;  but  in  the  case  of  an  unknown  orbit, 
these  equations  are  applicable  only  when  p  or  d  may  be  detei'mined 
directly  or  indirectly  from  the  data  furnished  by  observation. 

67.  Since  the  equations  (52)  involve  two  radii-vectores  r  and  r" 
and  the  chord  x  joining  their  extremities,  it  is  evident  that  an  addi- 
tional equation  involving  these  and  known  quantities  will  enable  us 
to  derive  d,  if  not  directly,  at  least  by  successive  approximations. 
There  is,  indeed,  a  remarkable  relation  existing  between  two  radii- 
vectorea,  the  chord  joining  their  extremities,  and  the  time  of  describing 
the  part  of  the  orbit  included  by  these  radii-vectores.  In  general, 
the  equation  which  expresses  this  relation  involves  also  the  semi- 
transvei-se  axis  of  the  orbit;  and  hence,  in  the  case  of  an  unknown 
orbit,  it  will  not  be  sufficient,  in  connection  with  the  equations  (52), 
for  the  determination  of  d,  unless  some  assumption  is  made  in  regard 
to  the  value  of  the  semi-transverse  axis.  For  the  special  case  of 
parabolic  motion,  the  semi-transverse  axis  is  infinite,  and  the  result- 
ing equation  involves  only  the  time,  the  two  radii-veetores,  and  the 
chord  of  the  part  of  the  orbit  included  by  these.  It  is,  therefore, 
i  to  the  determination  of  the  elements  when  the  orbit  is  sup- 
i  to  be  a  parabola,  and,  though  it  is  transcendental  in  form,  it 
may  be  easily  solved  by  trial.  To  determine  this  expression,  let  us 
resume  the  equations 

y^—- —  =  tan  ^D  +  ■)  tan'  Au 

1/2  5* 
and,  for  the  time  (", 

y^  - ,—  =  tan  iv   ■+-  i  tan"  ^u '. 

1/25!  '     ^^ 

Subtracting  the  former  from  the  latter,  and  reducing,  we  obtain 

1/2  gi         "OS  s""  <*os  i^ '  ?       '^°^  i^"  <=<'^  i"      9 ' 
and,  since  r  =  q  sec^  ^v,  this  gives 

3Kf'-i)^.i..iy-.)v'i?^(,^,„^„,jy^„)^;yy  (53) 
V2  Vq  \  I 

But  we  have,  also,  from  the  triangle  formed  by  the  chord  J£  and  the 

radii-vectores  r  and  r", 

^  =  r'  +  r"'  —  2r/'  cos  (if—  v) 
=:{r-\-  r"y  —  4rr"  cos'  ^  (V  —  v). 
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Therefore, 

i.-SC'- 

■») 

1    t/(r  +  r' 

'+»)(>■ 

+  /'-») 

2/n-" 

Let  us  now 

put 

r  +  / 

'  + 

>.  =  .»■, 

r  +  /' 

-»  =  »■, 

m  and  n  being  positive  quantities.     Then  we  shall  have 

'  +  '"=l('»l+»').  (54) 

and,  since  m  and  Ji  are  always  positive,  it  follows  that  the  upper  sign 
mnst  be  used  when  v"—v  is  less  than  180°,  and  the  lower  sign  when 
v"  —  V  IS  greater  than  ISC,     Combining  the  last  equation  with  (53), 


.»).  (55) 


the  result  is 

34(!" 
How  we  have 

-{)  =  Si 

t/2,            ^ 

m'  + 

sin  J 

(."-.)  = 

sin3»"oos>- 

-  cos  I 

8<iuarmg  this,  and  redueing, 

weget 

sin-J(^'-»): 

=  cos'5»  + 

oo.'-y-2cof 

iii;"e. 

or,  introducing  r 

and  q, 

Therefore, 

sin"  1(1." - 
sinK""- 

— J-^  +  T-- 
-.)         ^    ( 

^^rr 

Introducing  this  value  into  equation  (55),  we  find 

Replacing  m  and  w  by  their  values  expressed  in  t«rms  of  r,  r",  and 
«,  this  becomes 

6i  (f  -  i)  =  (r  +  r"  +  ^)i  +  (»■  +  ^'  -  x)^,  (56) 

the  upper  sign  being  used  when  v"  —  v  is  less  than  180°.  This 
equation  expresses  the  relation  between  the  time  of  describing  any 
parabolic  arc  and  the  rectilinear  distances  of  its  extremities  from  each 
other  and  from  the  sun,  and  enables  us  at  once,  when  three  of  these 
quantities  are  given,  to  find  the  fourth,  independent  of  either  the 
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perihelion  distance  or  the  position  of  the  perihelion  with  respect  to 
the  arc  described. 

68.  The  transcendental  form  of  the  equation  (56)  indicates  that, 
■when  either  of  the  quantities  in  the  second  member  is  to  be  found, 
it  must  be  solved  by  successive  trials;  and,  to  facilitate  these  approxi- 
mations, it  may  be  transformed  as  follows: — 

Since  the  chord  %  can  never  exceed  r  +  r",  wo  may  put 

and,  since  x,  r,  and  r"  are  positive,  sin;-'  must  aiways  be  positive. 
The  value  of  y'  must,  therefore,  be  within  the  limits  0°  and  180°. 
From  the  last  equation  we  obtain 


and  substituting  for 

,-  =  (r  +  r")-- 
this  becomes 


Therefore,  we  have  

,  ,  2T/r/'  ,  0- 

cos  r  =  cos  i  (ii '  —  11}  — -y^  -jr,  '-^oj 

and  also 

tan ;•'  =  --, "    ,  „  (59) 

Hence  it  appears  thit  -when  v"  —  v  is  less  than  180°,  y'  belongs  to 
the  first  quadrant,  and  that  when  v"—vis  greater  than  180°,  cos;-' 
is  negative,  and  y'  belongs  to  the  second  quadrant. 

If  we  introduce  y'  into  the  expressions  for  m^  and  n^,  they  become 

m'=  (*■  +  /')(!+ slur'), 

.        _  ,i'  =  0- +  /')(! -sin  A 

which  give 

m'-(r  +  r")(cosy  +  siny)=, 
n'=(T  +  r")  (±  cos  y  T  sin  y)^ 

and,  since  y'  is  greater  than  90°  when  v"  —  v  exceeds  180°,  tiie 
equation  (56)  becomes 

—-^-r-r  =  (cos  ^r'  +  sin  Iff  —  (cos  ij-'  —  sin  l/f. 
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From  this  equation  we  get 

er'        ^  ,,  ,  .    , 


and  this,  again,  may  be  transformed  into 


2!  (.•+,")? 

^    V2    1 

Sinn 

sin  if  ^^ 

y2 

sin  1/ : 

=  l/'2sin3:. 

3r' 

=  3 

l/2fr  +  r")- 

Wlien  v"  —  v  is  less  than  180°,  ;-'  must  be  less  than  90°,  and 
hence,  in  this  ease,  sio  x  cannot  exceed  the  value  J,  or  x  must  be 
within  the  limits  0°  and  30°.  When  d"  —  v  is  greater  than  180°, 
the  angle  ;•'  is  within  the  limits  90°  and  180°,  and  corresponding  to 
these  limits,  the  values  of  sin  x  are,  respectively, }  and  ii/2-  Hence, 
in  the  ease  that  v"  —  v  exceeds  180°,  it  follows  that  x  must  be  within 
the  limits  30°  and  45". 

The  equation 

St' 

--= ■    ;  ^^  8in  Sx 

1/2  (r  +  r")^ 

is  aatisiied  by  the  values  3x  and  180°  —  Sx;  but  when  the  fii'st  gives 
x  less  than  15°,  there  can  be  but  one  solution,  the  value  180°  — Saf 
being  in  this  case  excluded  by  the  condition  that  Bx  cannot  exceed 
135°.  When  x  is  greater  than  15°,  the  required  condition  will  be 
satisfied  by  3a;  or  by  180°  —  3ai,  and  there  will  be  two  solutions, 
corresponding  respectively  to  the  cases  in  which  v"  —  «  is  less  than 
180°,  and  in  which  v"^v  is  greater  than  180°.  Consequently, 
when  it  is  not  known  whether  the  heliocentric  motion  during  the 
intervale  —  i  is  greater  or  less  than  180°,  and  we  find  Sx  greater 
than  45°,  the  same  data  wiU  be  satisfied  by  these  two  different 
solutions.     In  practice,  however,  it  ig  readily  known  which  of  the 
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two  solutions  must  be  adopted,  since,  when  the  interval  ("  —  (is  not 
very  large,  the  hclioeentrio  motion  cannot  exceed  180°,  unless  the 
perihelion  distance  is  very  small;  and  the  known  eircnmstances  will 
generally  show  whether  such  an  assumption  is  admissible. 
Wc  shall  now  put 

2t' 


aJid  we  obtain 

'       (r  +  r'-)i 

(63) 

We  have,  also, 
and  hence 

sin3.=  -?l. 
1/8 

BiaV  =  l/2siM, 

(64) 

Therefore 

sin  /  —  2^  sin  x  V  cos  2a;, 

and,  since  K  = 

(r  +  >-")»nr',wehaYe 

If  we  put 

»  =  2i(i'  +  r")suia!V'cos2». 

''-sinS,''™^"'' 

(65) 

the  preceding  equation  reduces  to 

K  =    ,„..  —  II.  (66) 

V^(r  +  /') 

From  equation  (64)  it  appears  that  5  must  be  within  the  limits  0 
and  ii/s-  Wo  may,  therefore,  construct  a  table  which,  with  :j  as 
the  ai^ument,  will  give  the  corresponding  value  of  fi,  since,  with  a 
given  value  of  -y,  3a!  may  be  derived  from  equation  (64),  and  then 
the  value  of  ft  from  (65).  Table  XI.  gives  the  values  of  /x  corre- 
sponding to  values  of  !j  from  0.0  to  0,9. 

69.  In  determining  an  orbit  wholly  unknown,  it  will  be  necessary 
to  make  some  assumption  in  regard  to  the  approximate  distance  of 
the  comet  from  the  sun.  In  this  case  the  interval  t"  —  t  will  gene- 
rally be  small,  and,  consequently,  K  will  be  small  compared  witli  r 
and  r".  As  a  first  assumption  we  may  take  ?■  =  1,  or  ^  +  )■"  =  2, 
and  fi^l,  and  then  find  x  from  the  formula 

«  =  /V'2. 
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\yitli  tilis  value  of  K  we  compute  d,  r,  and  r"  by  means  of  the 
equatioiiis  (52).  Having  thus  found  approximate  values  of  r  and  r", 
wo  compute  rj  hy  means^  of  (63),  and  witJi  this  value  we  enter  Table 
XI.  and  take  out  the  corresponding  value  of  /i.  A  second  value 
for  K  is  then  found  from  (66),  with  which  we  recompute  r  and  r",  and 
proceed  as  before,  until  the  values  of  these  quantities  remain  un- 
changed. The  final  values  will  exactly  satisiy  the  equation  (56), 
and  will  enable  us  to  complete  the  determination  of  the  orbit- 
After  three  trials  the  value  of  r  -|-  r"  may  be  found  very  nearly 
correct  from  the  numbers  already  derived.  Thus,  let  y  be  the  true 
value  of  log  (r  +  r"),  and  let  Ay  be  the  difference  between  any 
assumed  or  approximate  value  of  y  and  the  true  value,  or 

Then  if  we  denote  by  y^l  tlie  value  which  results  by  direct  calculation 
irora  the  assumed  value  y^,  we  shall  have 

y^  —  2/0  ^/C2/d)  =fiy  +  ^y')- 

Expanding  this  function,  we  have 

y^  —  yo  =/(y)  +  Jl  Ay  +  £  11/  4-  &c. 
But,  since  the  equatioi^  (52)  ajid  (66)  will  be  exactly  satisfied  when 
the  true  value  of  y  is  used,  it  follows  that 

and  hence,  when  ay  is  very  small,  so  that  we  may  neglect  terms  of 
the  second  order,  we  shall  have 

y«'  —  ya  =  ^^y  =  -^  (v«  —  v)- 

Let  us  now  denote  three  successive  approximate  values  of  log  (r  + »'") 
by  y„  y^',  y^",  and  let 

y«  —  2/«  =  «,  y"  —  y«  =  «'  ; 

then  we  shall  have 

a'^A  (%'  —  y). 
Eliminating  A  from  these  equations,  we  get 
y  {a!  ~  a)  =  a'y„  —  ay^, 
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s  the  assumed  values  are  considerably  in  error,  the  value  of 
y  or  of  log  (r  +  r")  thus  found  will  be  sufficiently  exact;  but  should 
it  be  still  in  error,  we  may,  from  the  three  values  which  approximate 
nearest  to  the  truth,  derive  y  with  still  greater  accuracy.  In  the 
numerical  application  of  this  eqiiation,  a  and  a'  may  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  cmploysid. 

The  solution  of  ecLuation  (56),  to  find  ("  —  t  when  x  is  known,  ia 
readily  effected  by  means  of  Table  VIII.     Thus  we  have 


l/2  (r  +  T")i 

and,  when  y'  is  less 

than  90°,  if  we  put 

we  get 
or 

r'  =  i^2S'V'r  +  r". 

When  f  exceeds  9C 

)°,  we  put 

and  we  have 

*'  =  Bin  Si, 

(69) 

in  which  log Ji/2  =  9.6733937.  With  the  ai^ument  y'  we  talce 
from  Table  VIII.  the  corresponding  value  of  N  or  N',  and  hy 
means  of  these  equations  v'  =  k  {t"  —  ()  is  at  once  derived. 

The  inverse  problem,  in  which  t'  is  Iinown  and  x  is  required,  may 
also  be  solved  by  means  of  the  same  table.  Thus,  we  may  for  a  first 
approximation  put 

and  with  this  value  of  Jt  compute  d,  r,  and  r".  The  value  of  y'  is 
then  found  from 


aniit  the  t.iblc  gives  the  corresponding  value  of  N  or  N'.     A  seeond 
approximation  to  K  will  be  given  by  the  equation 


v/2  '  ^Vr  +  /'' 
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or  by 

in  which  log  -7=  =  0.3266063.     Then  we  recompute  d,  r,  and  r", 
and  proceed  as  before  until  x  remains  unchanged.     The  approxima- 
tions are  faeihtated  by  means  of  equation  (67). 
It  will  be  observed  that  d  is  computed  from 


and  it  should  be  known  whether  the  positive  or  negative  sign  must 
be  used.     It  is  evident  from  the  equation 

d^=ph  —  g  cos  ip, 

since  j3,  h,  and  g  arc  positive  quantities,  that  so  long  as  f  (which 
must  be  within  the  limits  0°  and  180°}  exceeds  90°,  the  value  of  d 
must  be  positive ;  and  therefore  f  must  be  less  than  90°,  and  </  cos  m 
greater  than  ph,  in  order  that  d  may  be  negative.  The  equation  (47) 
shows  that  when  k  is  greater  than  g,  we  have 

jf  cos  p  <  ^ph, 

and  hence  d  must  in  this  case  be  positive.  But  when  K  is  less  than 
g,  either  the  positive  or  the  negative  value  of  d  will  answer  to  the 
given  value  of  (p,  and  the  sign  to  be  adopted  must  be  determined 
from  the  physical  conditions  of  the  problem. 

If  we  suppose  the  chords  g  and  x  to  be  proportional  to  the  liuear 
velocities  of  the  earth  and  comet  at  the  middle  observation,  we  have, 
the  eccentricity  of  the  earth's  orbit  being  neglected. 


-Wl 


which  shows  that  X  is  greater  than  g,  and  that  d  is  positive,  so  long 
as  r'  is  less  than  2.  The  comets  are  rarely  visible  at  a  distance  from 
the  earth  which  much  exceeds  the  distance  of  the  earth  from  the  sun, 
and  a  comet  whose  radius-vector  is  2  must  be  nearly  in  opposition  in 
order  to  satisfy  this  condition  of  visibility.  Hence  oases  will  rarely 
occur  in  which  d  can  be  negative,  and  for  those  which  do  occur  it 
will  generally  be  easy  to  determine  which  sign  is  to  be  used.  How- 
ever, if  d  is  very  small,  it  may  be  impossible  to  decide  which  of  the 
two  solutions  is  correct  without  comparing  the  resulting  elements 
■with  other  and  more  distant  observations. 
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70.  When  the  values  of  r  and  r"  have  been  finally  determined,  as 
just  explained,  the  exact  value  of  d  may  be  computed,  and  then  we 
have 

d-^gcosf 

''^  h         '  (70) 

p"  =  Mp, 

from  which  to  find  p  and  p". 

According  to  the  equations  (90)„  we  have 

}•  cos  6  cos  (^  —  0)  =  ;o  cos  (:t  —  O)  —  B, 
r  cos bmii(l~Q)  =  p  sin (^  —  O),  (71) 

1-  sin  6  =  />  tan  fi. 

and  also 

/'  cos  b"  cos  (J"  —  O")  =  p"  cos  (A"  —  G")  —  ^', 

/'  cos  b"  sin  Q"  —  O")  =  p"  shi  (A"  —  Q"),  (72) 

r"  sin  6"  =  />"  tan  /?', 

in  which  ;  and  i"  are  the  heliocentric  longitudes  and  b,  b"  the  corre- 
sponding heliocentric  latitudes  of  the  comet.  From  these  equations 
we  find  r,  r",  I,  I",  b,  and  b" ;  and  the  values  of  r  and  r"  thus  found, 
should  agree  with  the  final  values  already  obtained.  When  I"  is  leas 
than  I,  the  motion  of  the  comet  ia  retrograde,  or,  rather,  when  the 
motion  is  such  that  the  heliocentric  longitude  is  diminishing  instead 
of  increasing. 

From  the  equations  (82)i,  we  have 


±  tan  i  sin  (Z  —  SJ  )  —  tan  b, 
±  tan  i  sLn  (f '—  £i  )  —  tan  b". 


(73) 


which  may  be  written 

±  tan  i(sin  {I  —  x)  qos{x  —  Q,) -{-  sin  (x  —  Q,)  cos  (I  —  ci-))  =  tan  b, 
±  tan  i  (sin  {t'~  x)  cos  (a:  —  Si  )  +  sin  (k  —  JJ  )  cos  (?'—  x))  =  tan  b". 

Multiplying  the  first  of  these  eqiiations  by  sin  {I"  —  x),  and  the  second 
by  —  sin  [I  —  x),  and  adding  the  products,  wc  get 

±tanisin(3:  —  SJ)sin(/"  —  I)  =:tan6  sui(?'  —  x)  — -tan6"sin(;  —  x); 

and  in  a  similar  manner  we  find 

±tani  cos  (a;  —  Si)  sin  (f — 0  —  tan  6"  cos  (^ — a;)  — tan&  noa^l" —  x). 

Now,  since  x  is  entirely  arbitrary,  we  may  put  it  equal  to  ?,  and  we 
have 


stsd  by  Google 


PAKABOLIC  ORBIT.  193 

tan  i  sin  (?  — ■  JJ  )  =  ±  tan  b, 

:,       „  -,            tan  h"  —  tan  6  cos  {V  —  I)  (74) 

tao  *  cos  y  —  JJ)  =  ± sin  (I"  — I) ^~"~' 

the  lower  sign  being  usecl  when  it  is  desired  to  introduce  the  distinc- 
tion of  retrograde  motion. 

The  formulffi  will  be  better  adapted  to  logaritlimic  calculation  if 
Ve  put  x^^{l"+  l),  whence  I" — x=jj{l"  —  t)  and  I — a;— 1(^— Z"); 
and  we  obtain 

..,....,,   >^       ^1  sin  (6" -1-6) 

tan  .  .,n  (ICf  +  0  -  a)  =  ±  g  „„  i  „„. 'y.  „Vy  ",). 

smib"—i)  ^     ' 

tan i  cos (i  (I"  +  1}  —  g,)  =  ±  ^  cos  b  cos  b"  sin  .■  (?"  —  ij' 

These  equations  may  also  be  derived  dii-ectly  from  (73)  by  addition 
and  anbtraetion.     Thus  we  have 

±tani(sin(r—  £^)  -f  sin^—  Si))  =  tan  6"+ tan  6, 
±:  tan*(8iu(r—  JJ)  —  sin(^^  Si )):^  tan 6"  —  tan&; 


sin(r-  £J)  +sina-  fi)  =  2  sin.K^"+  ;- 2SJ)  cos-J(f'- 0, 
sin  il"-  Si)  -  sin  (/  -  Si  )  =  2  cos-i  {?'+  ?  -  2Si)  sin  |  {l"-  I), 


MW  +  i)-Si)  = 


^(tani"  +  tan6) 


cosi(^'— 0 

4.      •       (./?'/  .   7^       r.\        ,   J  (tan  S"— tan  6)  ^'"-' 

sin  2 1'  — *; 

which  may  be  readily  transformed  into  (75).  However,  since  b  and 
b"  will  be  found  by  means  of  their  tangents  in  the  numerical  appli- 
cation of  equations  (71)  and  (72),  if  addition  and  subtraction  loga- 
rithms are  used,  the  equations  last  derived  will  be  more  convenient 
than  in  the  form  (75). 

As  soon  as  Si  and  i  have  been  computed  from. the  preceding  equa- 
tions, we  have,  for  the  determination  of  the  arguments  of  the  latitude 
IS  and  u", 

u.nu=±'!Sli^M  Unu"=±*!^'^m      (77) 


in  which  oj^t:  —  Si  in  the  case  of  direct  motion,  and  o 
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■when  tlie  distinction  of  retrograde  motion  is  adopted;  and  we  shall 
have 

and,  consequently, 

K'r^r'-{-  r"=  —  27t"  cos  (u"  —  «),  (78) 

or 

«•  =  (/■  -  r  CO!  («"  -«))•  +  r'  sin-  K  -  «).  (79) 

The  value  of  x  derived  from  this  equation  should  agree  with  that 
already  found  from  (66). 
We  have,  further, 


r  = 

?seo-j 

(»- 

-"), 

)"  =  5sec=U»"- 

— ), 

1 

— 7=C0S^ 

(«--: 

)=^ 

1 

1 

.5(«"-. 

"'-7^- 

By 

addition  and  subtraction,  we  get, 

from  these  equations, 

(co>K» 
(cosi(« 

;"- 

<•)+' 
.)-, 

»ij( 

..-«)): 

1 

1 

■j/r' 
1 

Vr 

from  whicli  we  easily 

fa 

ive 

"  + 

..)-■ 
»)-• 

.)co, 

}(""-•' 

)=4- 

1 

1 

-V7' 

Bnt  _  __ 

and  if  we  put 

tan  (45°+  S')=-y^, 

since  -y —  will  not  differ  much  from  1,  6'  will  be  a  amall  angle;  and 
we  shall  have,  since  tan  (45°  +  6')  ~  cot  (45°  +  ff')  -=  2  tan  29', 


yj—  —  \^  =  2  tan  2. 
-^V  +  V7r  =  2sec26 
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Therefore,  the  equations  (80)  become 

V\      ''"^   +  '      '"  co,iK-»)  y'''<" 

from  which  the  vahics  of  g  and  (u  may  be  found.     Then  we  shall 
have,  for  the  longitude  of  the  perihelion 

when  the  motion  is  direct,  and 


when  i  unrestricted  exceeds  90°  and  tiie  distinction  of  retrograde 
motion  is  adopted. 

It  remains  now  to  find  T,  the  time  of  perihelion  i>aasage.   We  have 


Witli  the  resulting  values  of  v  and  v"  we  may  find,  by  means  of 
Table  VI.,  the  corresponding  values  of  M  (which  must  be  distin- 
guished from  the  symbol  M  already  used  to  denote  the  ratio  of  the 
euttat«  distances),  and  if  these  values  are  designated  by  iff  and  Jf ", 
we  shall  have 


in  which  m  =  —^i  and  log  Q,  ~  9,9601277.  When  v  is  negative,  the 
corresponding  value  of  M  is  negative.  The  agreement  between  the 
two  values  of  T  will  be  a  final  proof  of  the  aeciiracy  of  the  numerical 
calculation. 

The  value  of  T  when  the  true  anomaly  is  small,  is  most  readily 
and  accurately  found  by  means  of  Table  VIII.,  from  which  we 
derive  the  two  values  of  N  and  compute  the  corresponding  values 
of  rfrom  the  equation 

3'=(-|AVt,in,, 

in  which  log  s-.  =  1.5883273.     When  v  is  greater  than  90°,  we  de- 
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rive  the  values  of  N'  from  the  table,  and  compute  the  coiTesponding 
values  of  T  from 

T=t~~N'ri. 

71.  The  &lements  q  a«d  Tmay  be  derived  directly  from  the  values 
of  r,  r",  and  x,  aa  derived  from  the  ec[uation8  (52),  without  first 
finding  the  position  of  the  plane  of  the  orbit  and  the  position  of  the 
orbit  in  its  own  plane.  Thus,  the  equations  (80),  replacing  u  and  u" 
by  their  values  i;  -h  «>  and  «  +  m",  become 


Vq  Vr       Vr" 

Adding  together  the  squai'es  of  these,  and  reducing,  we  get 

1       ,7  +  ,"^  ~  ;7^  '^^^  2  ^^  ~  ^^ 


3 

"I'K""— ) 

or 

'=/ 

rr"mtfK»"~») 

'  +  r  —  %V'W'  emli^'  —  V) 

Combining 

this  equation  with  (59),  the  result  is 

n"tm'i{J'~v) 

'       r  +  /'-i.coti-" 

and  hence,  s 

iince  K  =  (r 

+  r")>mf, 

S  = 

=  2^  sin"  J  (»"-.)  cot  J/. 

We  have,  further,  from 

(78), 

x==.( 

/■-ry  +  fe'-ain-K'"-") 

from  which. 

,  putting 

Therefore,  the  equation  (83)  becomes 


(84) 
(85) 
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g-K^  +  i-'Ocos^-ycos'.,  (86) 

by  means  of  which  q  is  derived  directly  from  r,  r",  and  x,  the  value 
of  V  being  found  by  means  of  the  ibrmula  (84),  so  that  cosi^  is 
positive. 

When  y'  cannot  be  found  'with  sufEcient  accuracy  from  the  equa- 
tion 

wc  may  use  another  form.     Thus,  we  have 


■+••'+<'         1    -i„  ■   '-+'"- 


r  +  r"     ■ 
which  give,  by  division, 

tan  (46-  +  if)  =  ^'  +  'J^±i. 
In  a  similar  manner,  we  derive 


tan  (46°  +  J.)  =  -J"  +  (''"  —  '•). 


In  order  to  find  the  time  of  perihelion  passage,  it  is  necessary  first 
to  derive  the  values  of  v  and  v".  The  equations  (59)  and  (85)  give, 
by  multiplication, 

tan  ^  {v"  —  v)  =  tan  y'  cos  v,  (89) 

from  which  v"  —  v  may  be  computed.     From  (82)  wc  get 


If  we  put 

t.n/  =  ^Z, 

(90) 

this  equation  reduces  to 

tan  1  (-o"  +  e)  =  tan  (/  —  45')  cot  |  (»/'  ~  v), 

(91) 

and  the  equations  (81)  give,  also, 

tan  i  («"  +  v)  =  cot  \  iv"  -  v)  sin  29", 

either  of  which  may  be  used  to  find  v"  +  v. 
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rrom  the  ec[uations 

cos  ^v 1  cos  j^v" 1 

l/g         Vr  Vq         V7^ 

by  multiplying  the  first  by  sin  \v"  and  the  second  by  - 
ing  tlie  products  and  reducing,  we  easily  find 


Heiic«  we  have 


^  (,/'—„)  sin  |i^  _  coaljv"- 
Vq  V~T 


-v) 


Vq    ^  Vt         vv'^^'^w-^y 

1  ,  1 


(92) 


which  may  be  used  to  compute  g,  v,  and  v"  when  v"  —  n  is  known. 

When  \  {v"  —  jj)  and  \  (v"  +  c),  and  hence  v"  and  v,  have  been 
determined,  the  time  of  perihelion  passage  must  be  found,  as  already 
explained,  by  means  of  Table  VI.  or  Table  VIII. 

It  is  evident,  therefore,  that  in  the  determination  of  an  orbit,  as 
soon  as  the  numerical  values  of  r,  r" ,  and  K  have  been  derived  from 
the  equations  (62),  instead  of  completing  the  calculation  of  the  ele- 
ments of  the  orbit,  we  may  find  5  and  T,  and  then,  by  means  of 
these,  the  values  of  r'  and  v'  may  be  computed  directly.  When  this 
has  been  effected,  the  values  of  w  and  n"  may  be  found  from  (3),  or 
that  of  -7j  from  (34).  Then  we  compute  p  by  means  of  the  first  of 
equations  (70),  and  the  corrected  value  of  M  fronj  (33),  or,  in  the 
special  cases  already  examined,  from  the  equations  (37)  and  (39).  In 
this  way,  by  successive  approximations,  the  determination  of  para- 
bolic elements  from  given  data  may  be  carried  to  the  limit  of  accuracy 
which  is  consistent  with  the  assumption  of  parabolic  motion.  In  the 
case,  however,  of  the  equations  (37)  and  (39),  the  neglected  terms 
may  be  of  the  second  order,  and,  consequently,  for  the  final  results 
it  will  be  necessary,  in  order  to  attain  the  greatest  possible  accuracy, 
to  derive 


from  (15)  and  (16).  When  the  final  value  of  ff  has  been  found,  the 
determination  of  the  elements  is  completed  by  means  of  the  formulse 
already  given. 
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72.  Example. — To  illustrate  the  iipplieation  of  the  formulffl  for 
the  caJculation  of  the  parabolic  elements  of  the  orbit  of  a  comet  by 
a  numerical  example,  let  us  take  the  following  observations  of  the 
Fifth  Comet  of  1863,  made  at  Ann  Arbor: — 

Ann  Arbor  M.  T.  o.  '  3 

1864  Jan.  10  G"  57"*  20'.5  19*  14"  4'.92  +  34"    6'  27".4, 

13  6    11    54.7  19    25    2.84  36    36  62  .8, 

16  6   35    11.6         19   41    4.54         +39   41  26  .9. 

These  places  ace  referred  to  the  apparent  equinox  of  the  date  aud 
are  already  corrected  for  parallax  and  aberration  by  means  of 
approximate  values  of  the  geocentric  distances  of  the  comet.  But 
if  approximate  values  of  these  distances  are  not  already  known,  the 
corrections  for  parallax  and  aberration  may  be  neglected  in  the  first 
'determination  of  the  approximate  elements  of  the  unknown  orbit  of 
a  comet.  If  we  convert  the  observed  right  ascensions  and  declina- 
tions into  the  corresponding  longitudes  and  latitudes  by  means  of 
equations  (1),  and  reduce  the  times  of  obseiTation  to  the  meridian 
of  Washington,  we  get 

Washington  M.  T,                                 X  fl 

1864  Jan.  10  7'  24"'    3'  297°  53'    7".6  -f-  55°  46'  5S".4, 

13  6  38    37  302    57  51  .3  57    39  35  .9, 

16  7     1    54  310    31  52  .3  +  59    38  18  .7. 

Next,  we  reduce  these  places  by  applying  the  corrections  for  pre- 
cision and  nutation  to  the  mean  equinox  of  1864.0,  and  reduce  the 
times  of  observation  to  decimals  of  a  day,  and  we  have 

t  =10.30837,  -t   ^297°  52'-51".l,  j3   =  +  55=  46' 58".4, 

('  =  13.27682,  i.'  =  302    57  34  .4,  jT  =       57    39  35  .9, 

("  =  16.29299,         /'  =  310    3135.0,         ^'=  +  59    38  18.7. 

For  the  same  times  we  find,  &om  the  American  Nauiicat  Almanac, 

0   =290°    &'27"A,  logJ;  =9.992763, 

O'  =293      7  57  .1,  logii'  =9.992830, 

©"  =  296    12  15.7,  log  B"  =  9.992916, 

which  are  referred  to  the  mean  cqninox  of  1864.0,  It  will  gene- 
rally be  sufficient,  in  a  first  approximation,  to  use  logarithm^  of  five 
decimals ;  but,  in  order  to  exhibit  the  calculation  in  a  more  complete 
form,  we  shall  retain  six  places  of  decimals. 

Since  the  intervals  are  very  nearly  equal,  we  may  assume 
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Then  we  have 

^■^-    M=     _ 

and- 

,  i,smC(?^O)  =  if'sm(0"-0), 

A  cos C  cosCH"—  A")  =  JIf  ~  eos(r  —  i), 
Acos?sm(iZ--/')=siii(r-;.), 
AsioC  =  jytsm^'— tan;?; 

from  which  to  find  M,  G,  (/,  H,  Z,  and  A.     Thus  we  obtain 

log  jW":^  9.829827,  H=      94=24'    1".8, 

G  =  22"  58'  1".7,  ?  =  —  40    28  21  .9, 

logfir  =  9.019613,  log  ft  =  9.3^8532. 

Since  —r-  =  M ^  ^=  0.752,  it  appears  that  the  comet,  at  the  time 

of  these  observations,  was  rapidly  approaching  the  earth.  The 
quadrants  in  which  G  —  Q  and  H~X"  must  be  taken,  are  deter- 
mined by  the  condition  that  g  and  A  cos  ^  must  always  be  positive. 
The  value  of  J:/"  should  be  checked  by  duplicate  calculation,  since  an 
eiTOr  in  this  will  not  be  exhibited  until  the  values  of  I'  and  ^'  are 
computed  from  the  resulting  elements. 
Next,  from 
cos  ^  =  cos  j3  cos  (A  —  O),  cos  +"  —  cos  ff'  cos  (A"—  ©"), 

cosi^  =  cos?cosCG'~Ji"), 

wc  compute  cos  4-,  cosi^",  and  cos^;  and  then  from 

gwxf     ^  A,  ft,  cos /S  ^=6, 

if  sin  4     =  B,  -''"f  ■  -  =  ^". 

M 
B"  sin  ^"  ^  B", 
jr  cos  f  —  bR  cos  +  ^  e,  t;  cos  v"  —  t"B"  cos  +"  ;==  c"', 

we  obtain  A,  B,  B",  &c.  It  will  generally  be  sufficiently  exact  to 
find  sinij/  and  sini^'  from  cosil-  and  eosi^";  but  if  more  accurate 
values  of  4'  and  ■^"  are  required,  they  may  be  obtained  by  means  of 
the  equations  (42)  and  (43).     Thus  we  derive 

log  A  ^  9.006485,        log  B  =  9.912052,     Jt^'  ^ 
log  6  =  9.438524,  '    logJ"=ig@387, 

c=  —  0.125067,  e''*=««i^l6056^ 
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Then  we  have 

T'=tCl"  — 1), 

2/ 


+  B"-, 


from  which  to  find,  by  successive  trials,  the  vahies  of  r,  ?■",  and  x, 
that  oi n  being  found  fram  Table  XI.  witli  the  argument  rj.  First, 
we  assume 

log;.  =  log  t'|/2  =  9.163132, 

and  with  this  we  obtain 

logr=  9.913895,        log  r"  =  9.938040,        log(r  +  r")  =  0.227165. 

This  value  of  log{r  +  r")  gives  rj  =  0.094,  and  from  Table  XI.  we 
find  log  ^^0.000160.     Hence  we  derive 

log  X  =  9.200220,        log  r  =  9.912097,        log  /'  =  9.935187, 
log  (r  +  /')  =  0.224825. 

Repeating  the  operation,  using  the  last  value  of  ]og(r  +  r"),  we  get 

log  x  =  9.201396,        log  r  =  9.912083,        log  /'  =  9.935117, 
log  (?■  +  /')==  0.224783. 

The  correct  value  of  log(»"  +  r")  may  now  be  found  by  means  of  the 
equation  (67).  Thus,  we  have,  in  units  of  the  sixth  decimal  place  of 
the  logarithms, 

a  =  224825  —  227165  =  —  2340,        a'  ^  224783  —  224825  ^  —  42, 

and  the  correction  to  the  last  value  of  !og(r  +  r")  becomes 

Therefore,       '         '^ 

log(r +  )-"}  =  0.224782,  ^ 

and,  recomputing  ly,  ft,  x,  r,  and  r",  we  get,  finally, 

log  K  =  9.201419,         log  r  =  9.912083,         log  r"  =  9.935116, 
log  ()■  +  ?■")=  0.224782. 

The  i^reeraent  of  tlie  last  value  of  log{r  +  r")  with  the  preceding 
one  show^  that  the  results  are  correct.     Further,  it  appears  from  the 
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values  of  r  nnd  r"  that  tlie  comet  had  passed  its  perihelion  and  was 

receding  from  the  sun. 

By  means  of  the  values  of  r  and  )■"  we  might  compute  approxi- 

mate  values  of  r'  and  -jr  from  the  equations  (30)  and  (31),  and  then 

n  N 

a  more  approximate  value  of  — ;;  from  (28),  that  of  ^  being  found 

from  (32).  But,  since  r'  differs  but  little  from  R',  the  difference 
between  — ;;  and  -^  is  very  sma^l,  so  that  it  is  not  necessary  to  con-  , 
sider  the  second  term  of  the  second  member  of  the  equation  (33); 
and,  since  the  intervals  are  very  nearly  equal,  the  error  of  tlie  as- 
sumption 

is  of  the  third  order.  It  should  be  observed,  however,  that  an  error 
in  the  value  of  Jtf  affects  H,  ^,  /t,  and  hence  also  A,  6,  b",  c,  and  e",  . 
and  the  resulting  value  of  p  may  be  affected  by  an  error  whicli  con- 
siderably exceeds  that  of  M.  It  is  advantageous,  therefore,  to  select 
observations  which  furnish  intervals  as  nearly  equal  as  possible  in 
order  that  the  error  of  M  may  be  small,  otherwise  it  may  become 
necessary  to  correct  Jf  and  to  repeat  the  calculation  of  r,  r",  and  x. 
We  may  also  compute  the  perihelion  distance  and  the  time  of  peri- 
helion passage  from  r,  r",  and  x  by  means  of  the  equations  (86),  (89), 
and  (91)  in  connection  with  Tables  VI.  and  VIII.  Then  r'  and  v' 
may  be  computed  directly,  and  the  complete  expression  for  M  may 
be  employed. 

In  the  first  determination  of  the  elements,  and  especially  when  the 
corrections  for  parallax  and  aberration  have  been  neglected,  it  is  un- 
necessary to  attempt  to  arrive  at  the  limit  of  accuracy  attainable, 
since,  when  approximate  elemente  have  been  found,  the  observations 
may  be  more  conveniently  reduced,  and  those  which  include  a  longer 
interval  m^  be  used  in  a  more  complete  calculation.  Hence,  as  soon 
as  r,  r",  -and  x  have  been  foimd,  the  curtate  distances  are  next  deter- 
mined, and  then  the  elements  of  the  orbit.  To  find  p  and  p",  we 
have 

d --  +  0.122395, 

the  positive  sign  being  used  since  Jt  is  greater  than  g,  and  tlie  formula 

o!  +  0  cos  p  ,,       ,  _ 

give 

log  p  ^  9.480952,  log  p"  ^  9.310779. 
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From  these  values  of  p  and  p" ,  it  appears  that  the  comet  was  very 
near  the  earth  at  the  time  of  the  observations. 

The  heliocentric  places  are  then  found  by  means  of  tlie  equations 
(71)  and  (72).     Thus  we  obtain 

I  =  106°  40'  50".5,         h  =  +  33=    1'  10".6,         logr  ^  9.912082, 
r=112    31     9.9,        6"=  +  23    55     5.8,        logr"=9.9351ie. 

The  agreement  of  these  values  of  r  and  r"  with  those  previously 
found,  checks  the  acciiracy  of  the  calculation.  Further,  since  the 
heliocentric  longitudes  are  increasing,  the  motion  is  direct. 

The  longitude  of  the  ascending  node  and  the  inclination  of  the 
orbit  may  now  be  found  by  means  of  the  equations  (74),  (75),  or  (76) ; 
and  wc  get 

Q,  zzz.  304°  43'  11".5,  i  ==  64"  31'  21".7. 

The  values  of  u  and  u"  are  given  by  the  formuiaj 

u  and  l^  Q,  being  in  the  same  quadrant  in  the  case  of  direct  motion. 
Thus  we  obtain 

V,  ^  142°  52'  12".4,  u"=  158'  18'  49".4. 

Then  the  equation 

jj2   __    (j."  J.    gi^y  (^^(" y^y  _|_    ,.S  gij,2  (^"  __  ^^ 

gives 

log  X  =  9.201423, 

and  the  agreement  of  this  value  of  K  with  that  previously  found, 
proves  the  calculation  of  Sl,i,  u,  and  ii". 
From  the  equations 


t-an(45°+0')=\-- 


V  q  9mi('a' — u)  yvr 

1 


'sH.K«"  +  «)--) 


Vq  cos  i  (u  —  m)  |/ jt 

■wc  get 

^  =  0=  22'  47".4,        m  ^  115°  40'  6".3,        log  q  =  9.887.378. 

Hence  we  have 

TT  ~  <u  +  fi  =  60°  23'  i7".8. 
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and 

t,  =  «  —  «.  =  27=  12'  6".l,  v"  =  u"  —  w  =  ST'  38'  43".l. 

Then  we  obtain 

logm  =  9.9601277  ~  |  log  5  =  0.129061, 
and,  corresponding  to  the  values  of  v  and  «",  Table  VI-  gives 

log  Jf  =  1.26716!!,  log  jtf"  =  1.424152. 

Therefore,  for  the  time  of  perihelion  passage,  we  have 

T=t   ~  —  =  i— 13.74364, 
and 

T=  ("——'■  =f— 19.72836. 

The  first  value  gives  'f=  1863  Dec.  27.66473,  and  the  second  gives 
r^Dec.  27.56463.  The  agreement  between  these  results  da  the  final 
proof  of  the  calculation  of  the  elements  from  the  adopted  value  of 

p 
If  we  find  T  by  means  of  Table  VIII.,  we  have 

log  N^  0,021616,  log  N"  =  0.018210, 

and  the  equation 

in  which  log  ~,  =  1.5883273,  gives  for  T  the  values  Deo.  27.56473 
and  Dec.  27.56469. 

Collecting  together  the  several  results  obtained,  we  have  the  fol- 
lowing elements : 

T  =  1863  Dec.  27.56471  Washington  mean  time. 

!!   =   60°  23' 17".8 1  ^  ,.    . 

o  —  ^oi   4q  1 1    5  V  Ecliptic  and  Mean 

R  _  <(U4   4rf  11  .0  >  Equinox  1864.0, 

*    ^   64    31  21  .7)  ^ 
log  g  =  9.887378. 

Motion  Direct 

73.  The  elements  thus  derived  will,  in  all  eases,  exactly  represent 
the  extreme  places  of  the  comet,  since  these  only  have  been  used  in 
finding  the  elements  after  p  aud  p"  have  been  found.     If,  by  means 
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of  these  elements,  we  compute  n  and  w",  and  correct  the  value  of  M, 
the  elements  which  will  then  be  obtained  will  approximate  nearer 
tlie  true  values ;  and  each  successive  correction  will  furnish  more 
accurate  results.  When  the  adopted  value  of  Mia  exact,  the  result- 
ing elements  must  by  calculation  reproduce  this  value,  and  since  the 
computed  values  of  ^,  X",  ^,  and  j5"  will  be  the  same  as  the  observed 
values,  the  computed  values  of  A'  and  j3'  must  be  such  that  when 
substituted  in  the  equation  for  M,  the  same  result  will  be  obtained 
as  when  the  observed  values  of  }~'  and  ji'  are  used.  But,  according 
to  the  equations  (13)  and  (14),  the  value  of  JW  depends  only  on  the 
inclination  to  the  ecliptic  of  a  great  circle  passing  through  the  places 
of  the  sun  and  comet  for  the  time  (',  and  is  independent-  of  the  angle 
at  the  earth  between  the  sun  and  comet.  Hence,  the  spherical  co- 
ordinates of  any  point  of  tlie  great  circle  joining  these  places  of  the 
sun  and  comet  will,  in  connection  with  those  of  the  extreme  places, 
give  the  same  value  of  M,  and  when  the  exact  value  of  M  has  been 
used  in  deriving  the  elements,  the  computed  values  of  X'  and  ^'  must 
give  the  same  value  for  w'  as  that  which  is  obtained  from  observa- 
tion. But  if  we  represent  by  i^'  the  angle  at  the  earth  between  the 
sun  and  comet  at  the  time  t',  the  values  of  'i|''  derived  by  observation 
and  by  computation  from  the  elements  will  differ,  unless  the  middle 
place  is  exactly  represented.  In  general,  this  difference  will  be  small, 
and  since  w'  is  constant,  the  equations 

cos  V  =  cos  (9'  cos  C-l'  —  0')i 
sin  4.'  cosw'  ~  cos  ft'  sin  (A'  —  ©'),  (93J 

give,  by  differentiation, 

cos  ^  dl'  =  cos  iif  see  ft'  d-^', 

=  sin«/coaC't'— 0')rf4'.  -     ' 

From  these  we  get 


which  expresses  the  ratio  of  the  residual  errors  in  longitude  and 
latitude,  for  the  middle  place,  when  the  correct  value  of  M  has  beeu 
used. 

Whenever  these  conditions  are  satisfied,  the  elements  will  be 
correct  on  the  hypothesis  of  parabolic  motion,  and  the  magnitude 
of  tlie  final  residuals  in  the  middle  place  will  depend  on  the  deviation 
of  the  actual  orbit  of  the  comet  from  the  parabolic  form.     Further, 
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when  elements  have  been  derived  from  a  value  of  M  which  has  not 
been  finally  corrected,  if  we  compute  X'  and  ^'  by  means  of  these 
elements,  and  tJien 

tan  if 

the  comparison  of  this  value  of  tan  w'  with  that  given  by  observa- 
tion will  show  whether  any  further  correction  of  Jf  is  necessary,  and 
if  the  difference  is  not  greater  than  what  may  be  duo  to  unavoidable 
errors  of  calculation,  we  may  regard  JIf  as  exact. 

To  compare  the  elements  obtained  in  the  case  of  tlie  example 
given  with  the  middle  place,  we  find 

■!/=32°  31'  13".5,  u'  =  li8°  ll'ir.8,  log/ =  9.922836. 

Then  from  the  eipations 

tan  (J'  —  S^  )  :=  cos  i.tan  it', 

tan  6'  =  tanisinC?  —  £J), 
we  derive 

f  =  109°  46'  48".3,  h'  =  28"  24'  56".0. 

By  means  of  these  and  the  values  of  0'  and  ill',  we  obtain 

k'  =  302°  57'.  41". 1,  ^  =  57=  39'  37".0  ; 

and,  comparing  these  results  with  the  observed  values  of  X'  and  ;9', 
the  residuals  for  the  middle  place  are  found  to  be 

Comp.  —  Obs. 
cos  /9'  A/  =  +  3".6,  i(S  =  +  I'M. 

The  ratio  of  these  remaining  errors,  after  making  due  allowance  for 
unavoidable  errors  of  calculation,  shows  that  the  adopted  value  of 
M  is  not  exact,  since  the  error  of  the  longitude  should  be  less  than 
that  of  the  latitude. 

The  value  of  w'  given  by  observation  Ls 

log  tan  if/ =z:  0.966314, 

and  that  given  by  tlie  computed  values  of  ?.'  and  (9'  is 

log  tan  iu'  =  0.966247. 

The  difference  being  greater  than  what  can  be  attributed  to  errors  of 
calculation,  it  appears  that  the  value  of  M  requires  further  eor- 
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re«rtIoii.  Since  the  difference  is  small,  we  may  derive  the  correct 
value  of  Mhy  using  the  same  assumed  value  of  —<  and,  instead  of 
the  value  of  tan  w'  derived  from  observation,  a  value  differing  as 
much  from  this  .in  a  contrary  direction  as  the  computed  value  diifers. 
Thus,  in  the  present  example,  the  computed  value  of  log  tan  w'  is 
0.000067  less  than  the  observed  value,  and,  in  finding  the  new  vaUie 
of  M,  we  must  use 

log  tan  «/  =  0.966381 

in  eomputing  /S^,  and  (9„"  involved  in  the  first  of  equations  {14).  If 
the  first  of  equations  (10)  is  employed,  we  must  use,  instead  of  tanj9' 
as  derived  from  observation, 

tan  1^'  =  tan  ii/  sin  {i'  -—  O'), 

log  tan  /  =  0.966381  +  log  sin  (A'  —  O')  =  0.198559, 

the  observed  value  of  X'  being  retained.     Thus  we  derive 

log  Jf^  9.829586, 

and  if  the  elements  of  the  orbit  arc  computed  by  means  of  this 
value,  they  will  represent  the  middle  place  in  accordance  with  the 
condition  that  the  difference  between  the  computed  and  the  observed 
value  of  tan  w'  shall  be  zero. 

A    system  of   elements    computed    with    the    same    data,    from 
log  Jlf  :^  9.822906  gives  for  the  error  of  tlie  middle  place, 

C— O. 


If  we  interpolate  by  means  of  the  residuals  thus  found  for  two  values 
of  M,  it  appears  that  a  system  of  elements  computed  from 

log  Jf=  9.829586 

will  almost  exactly  represent  the  middle  place,  so  that  the  data  are 
completely  satisfied  by  the  hypothesis  of  parabolic  motion. 
The  equations  (34)  and  (32)  give 

log  -^  ^  0.006955,  log  -^7  =  0.006831, 


^N"~ 


and  from  (10)  we  get 

log  M'  =  9.822906, 
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Then  by  means  of  the  equation  (33)  we  derive,  for  the  corrected 
value  of  M, 

log  j¥=  9.829582, 

which  differs  only  iu  the  sixth  decimal  place  from  the  result  obtained 

n       T       N 
by  varyiDg  tanV  and  retaining  the  approximate  values  -y,^^,^^,- 

74.  When  the  approximate  elements  of  the  orbit  of  a  comet  are 
known,  they  may  be  corrected  by  using  observations  whieh  include 
a  longer  uitei'val  of  time.  The  most  convenient  method  of  effecting 
this  correction  is  by  the  variation  of  the  geocentric  distance  for  the 
time  of  one  of  the  extreme  observations,  and  the  formulse  which 
may  be  derived  for  this  purpose  are  applicable,  without  modification, 
to  any  case  in  which  it  ia  possible  to  determine  the  elements  of  the 
orbit  of  a  comet  on  the  supposition  of  motion  in  a  parabola.  8ince 
there  are  only  five  elements  to  be  determined  in  the  case  of  parabolic 
motion,  if  the  distance  of  the  comet  from  the  earth  corresponding  to 
the  time  of  one  complete  observation  is  known,  one  additional  com- 
plete observation  will  enable  us  to  find  the  elements  of  the  orbit. 
Therefore,  if  the  elements  are  computed  which  result  from  two  or 
more  assumed  values  of  d  differing  but  little  from  the  correct  value, 
by  comparison  of  intermediate  observations  with  tliese  different  sys- 
tems of  elements,  we  may  derive  that  value  of  the  geocentric  distance 
of  the  comet  for  whieh  the  resulting  elements  will  best  represent  the 
observations. 

In  order  that  the  formulse  may  be  applicable  to  the  case  of  any 
fundamenbil  plane,  let  us  consider  the  equator  as  this  plane,  and, 
supposing  the  data  to  be  three  complete  observations,  let  A,  A',  A" 
be  tlie  right  ascensions,  and  D,  D',  D"  the  declinations  of  tlie  sun 
for  the  times  (,  (',  t".  The  co-ordinates  of  the  first  place  of  the  earth 
referred  to  the  third  are 


x  =  S'mjy'c~ 

Ds  A"  —  E  COS  D  ma  A, 

,j  =«' CO,  ly's 

■mA"  —  JtcosDsinA, 

z  =  }l"  tin  If' 

-BsmD. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
for  the  first  and  third  observations,  and  by  G  and  K,  respectively, 
the  right  ascension  and  declination  of  the  first  place  of  the  earth  as 
seen  from  the  third,  we  shall  have 

x^^g  cosK  cos  G, 

y^f/CQsK  sin  G, 

:i  ^g  smK, 
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and,  consequently, 

g  cos  ^ coa  (G  ~  J-)  =  ii"  cos  I>"  cos (_A"  —  A)  —  R  cos  D, 

g  COS  Kiim{G  —  A)  =  K'  cos D"  sin  {A"  —  A),  (96) 

J  sin  S'  =  R"  sin  D"  —  i^  sin  Z>, 

from  wliich  g,  K,  and  G^  may  be  found. 

If  we  designate  by  x„  y„  a,  the  co-ordinates  of  the  firat  place  of 
the  comet  referred  to  the  third  place  of  the  earth,  we  shall  have 

a!,  ^  J  cos  5  cos  B  +  ?  cos  £"  cos  (?, 
y,^^  cos  5  sin  ft  +  5*  cos  K  sin  G, 
e,=:  A  sm&  -\-  g  sin K. 

Let  us  now  pnt 

X,  ^^  h'  cos  C  cos  -ff', 
y,  =  h'  cos  C' sin  ^', 
.£,  =  ft.'sinC', 
and  we  get 


i'cosC'cosC-ff'- 

-G)=zlo 

osi!oo.(»-e)  +  s 

K  cost' Bin  (ff- 

-  0)  =  ^  o 

o.3«m(.-G), 

i'sinC 

=  Jsi 

inJ  +  jBiniC, 

from  which  to  determine  H',  ^',  and  h'. 

If  we  represent  by  ^'  the  angle  at  the  third  place  of  the  earth 
between  the  actual  first  and  third  places  of  the  comet  in  space,  we 
obtain 

cos  p'  ==  cos  C  cos  H'  cos  ^'  e 


COS  /  ^  cos 

rcos 

rcos  (a" 

■-JI'). 

4- sin 

and  if 

wc  pnt 

. 

sin/  = 

=  sill5", 

this  becomes 
Tlien  we  shall  have 

C08/=CO,y'cOs(,."- 
C0.5.'  =  «C08(£'-/) 

H') 

!.■ 

=  ;." 

+  A"-- 

-  WA"  c< 

>s/ 

or 

H- 

^ 

:(J"^ 

-i'cosf 

')<  +  4'- 

sinV 

(100) 

in  which  A"  is  the  distance  of  the  oomet  from  the  earth  correspond- 
ing to  the  last  observation.     We  have,  also,  from  equations  (44)  and 

r-    ==(/)   -Bco=*r     +i?ain'+,  ,,„, 

/'■  =  ( J"  —  if '  cos  i"y  +  X"  sin"  i",  ^      ' 
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in  which  if*  is  the  angle  at  the  earth  between  tlie  sun  and  comet  at 
the  time  i,  and  '^"  the  same  angle  at  the  time  (".  To  find  their 
values,  we  have 


IS  4  =  cos  D  cos  S  cos  {a  —  A)  -\-  sin  D  s 
PS  ■^"=  cos  D"  cos  S"  cos  (a" —  A!')  +  ain  J 


(102) 


which  may  be  still  further  reduced  by  the  introductiou  of  auxiliary 
angles  as  in  the  case  of  equation  (98). 
Let  us  now  put 

K  sill  ip'  =  0,  h'  cos  /  =  e, 

Bsin4^-B,  i?  cos  4  =5,   -  (103) 

E"  sin  4"  =  B",  '  K'  cos  V  =  b", 

and  we  shall  have 


r  =  V{.^-iy-\-B',  (104) 

r"  =  Vir  —  h"y^B"\ 

These  equations,  tt^ether  with  (56),  will  enable  us  to  determine  J" 
by  successive  trials  when  A  is  given. 

"We  may,  therefore,  assume  an  approximate  value  of  A"  by  means 
of  the  approximate  elements  known,  and  find  r"  from  the  last  of 
these  equations,  the  value  of  r  having  been  already  fomid  from  the 
assumed  value  of  A.    Then  X  is  obtained  from  the  equation 

II  being  found  by  means  of  Table  XI.,  and  a  second  approximation 
to  the  value  of  A"  from 

6"  =  e±  V^'—C\  (105) 

The  approximate  elements  will  give  A"  near  enough  to  show  whether 
the  upper  or  lower  sign  must  be  used.  With  the  valne  of  A"  thus 
found  we  recompute  r"  and  K  as  before,  and  in  a  similar  manner  find 
a  still  closer  approximation  to  the  correct  value  of  A".  A  few  trials 
will  generally  give  the  correct  result. 

When  A"  has  thus  been  determined,  the  heliocentric  places  are 
found  by  means  of  the  formulse 

rcoaS  cos(i  — J.)  =  J  coa5  cos(a  — -d)  —  E  cosD, 

r  cos  b  sin  (i  —  X)  =  ^  cos  5  sin  (a  —  A),  (106) 

r  sin  6  =  J  sin  J  —  iS  sin  D; 
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/'  COS  h"  COS  (/"  —  ^")  ^  A"  COS  S'  COS  (a"  -  A"')  —  R"  cos  D", 

r"  cos  b"  sin  (Z"  —  ^")  =  A"  cos  iS"  sin  (a"  —  ^"},  (107) 

r"  sin  b"  =  A"  sin  J"  —  ii"  sin  .D", 

ill  which  b,  b",  I,  I"  are  the  heliocentric  spherical  co-ordinates  re- 
ferred to  the  equator  as  the  fundamental  plane.  The  values  of  )•  and 
r"  found  from  these  equations  must  agree  with  those  obtained  from 
(104). 

The  elements  of  the  orbit  may  now  be  determined  by  means  of  the 
equations  {75),  (77),  and  (81),  in  connection  with  Tables  VI.  and 
VIII.,  as  already  explained.  The  elements  thus  derived  will  be  re- 
ferred to  the  equator,  or  to  a  plane  passing  through  the  centre  of  the 
sun  and  parallel  to  the  earth's  equator,  and  they  may  be  transformed 
into  those  for  the  ecliptic  as  the  fundamental  plane  by  means  of  the 
equations  (lOS);. 

75.  With  the  resulting  elements  we  compute  the  place  of  the  comet 
for  the  time  ('  and  compare  it  with  the  corresponding  observed  place, 
and  if  we  denote  the  computed  right  ascension  and  declination  by  a/ 
and  (?(,',  respectively,  we  shall  have 

"'  +  «'  =  V>  S'-\-d'  =  V, 

in  which  a'  and  d'  denote  the  diffeienees  between  computation  and 
observation.  Next  we  assume  i  second  \  ilut  if  J,  which  wl  lepie 
sent  by  ^ +'5J,  and  compute  the  ^,^^re^pondmg  sjstem  of  ekmpit= 
Then  we  have 

a"  and  d"  denoting  the  differences  between  computation  and  obser- 
vation for  the  second  system  of  elements.  We  also  compute  a  third 
system  of  elements  with  the  distance  A  —  dA,  and  denote  the  differ- 
ences between  computation  and  observation  by  a  and  d;  then  we  shall 
have 

a=SiA-SA\  a!=f{A),  a"=fiA  +  SA), 

and  similarly  for  d,  d',  and  d".  If  these  three  numbers  are  exactly 
represented  by  the  expression 

in  which  J  +  «  is  the  general  value  of  the  argument,  since  the  values 
of  a,  a',  and  a"  will  be  such  that  the  third  differences  may  be  neg- 
lected, this  formula  may  be  assumed  to  express  exactly  any  value  of 
the  function  corresponding  to  a  value  uf  the  argument  not  differing 
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much  from  J,  or  within  the  Hmits  x^  —  dJ  and  x^=  -\-  §J,  the  as- 
sumed values  J  —  SJ,  J,  and  J  -\-  3J  being  so  taten  that  the  correct 
value  of  A  shall  be  either  within  these  limits  or  very  nearly  so. 
To  find  the  coefficients  m,  n,  and  o,  we  have 

whence 

Now,  in  order  thut  the  middle  place  may  be  exactly  represented  in 
right  ascens^ion,  we  must  have 

from  which  we  find 


lu  the  same  manner,  the  condition  that  the  middle  place  shall  be 
exactly  represented  in  declination,  gives 

a;  —p'SA  ^  0. 

In  oi-der  that  the  orbit  shall  exactly  represent  the  middle  place,  both 
conditions  must  be  satisfied  simultaneously ;  but  it  will  rarely  happen 
that  this  can  be  effected,  and  the  correct  value  of  x  must  be  found 
from  those  obtained  by  the  separate  conditions.  The  arithmetical 
mean  of  the  two  values  of  x  will  not  make  the  sum  of  the  squares 
of  the  residuals  a  minimum,  and,  therefore,  give  the  most  probable 
value,  unless  the  variation  of  cos  3'  ia',  for  a  given  increment  as- 
signed to  Jj  is  the  same  as  that  of  a5'.  But  if  we  denote  the  value 
of  X  for  which  the  error  in  a'  is  reduced  to  zero  by  x',  and  that  for 
which  a8'  =^,0,  by  x",  the  most  probable  value  of  x  will  be 

(108) 


in  which  n  ^  j  (a"  —  a)  and  n'  =  1  (d"  —  d).  It  should  be  observed 
that,  in  oi-der  that  the  diiferenees  in  right  ascension  and  declination 
shall  have  equal  influence  in  determining  the  value  of  x,  the  values 
of  n,  a',  and  a"  must  be  multiplied  by  cos  S',  The  value  of  SJ  is 
most  conveniently  expressed  in  units  of  the  last  decimal  place  of  the 
logarithms  employed. 
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If  the  eJemente  are  already  known  so  approximately  that  the  first 
assumed  value  of  A  differs  so  little  from  the  true  value  that  the 
second  diiferences  of  the  residuals  may  be  neglected,  two  assumptions 
in  regard  to  the  value  of  A  will  suffice.  Then  we  shall  have  o  =  0, 
and  hence 


The  condition  that  the  middle  place  shall  be  exactly  represented, 
gives  the  two  equations 


(109) 


The  combination  of  these  equations  according  to  the  method  of  least 
squares  will  give  the  most  probable  value  of  x,  namely,  that  for 
which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 

Having  thus  determined  the  most  probable  value  of  x,  a  final 
system  of  elements  computed  with  the  geocentric  distance  A  +  x, 
corresponding  to  the  time  (,  will  repi'esent  the  extreme  places  exactly, 
and  will  give  the  least  residuals  in  the  middle  place  consistent  with 
the  supposition  of  parabolic  motion.  It  is  further  evident  that  we 
may  use  any  number  of  intermediate  places  to  correct  the  assumed 
value  of  A,  each  of  which  will  fiirnish  two  equations  of  condition 
for  the  determination  of  x,  and  thus  the  elements  may  be  found 
which  will  represent  a  series  of  observations. 

76.  Example. — The  formulae  thus  derived  for  the  correction  of 
approximate  parabolic  elements  by  varying  the  geocentric  distance, 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
a,  S,  A,  JD,  &o.  have  the  same  signification  with  respect  to  this  plane 
that  -  they  have  in  reference  to  the  equator.  To  illustrate  their 
numerical  application,  let  us  take  the  following  normal  places  of 
the  Great  Comet  of  1858,  which  were  derived  by  comparing  au 
ephemeris  with  several  observations  made  during  a  few  days  before 
and  after  the  date  of  each  normal,  and  finding  the  mean  difference 
between  computation  and  observation : 


Washington  M.  T. 
1858  June  11.0 

141° 

18'  30".9 

+  24= 

■  46'  25".4, 

July  13.0 

144 

32  49  .7 

27 

48     0  .8, 

Aug.  14.0 

152 

14  12  .0 

+  31 

21  47  .9, 

which  are   referred  to   the  apparent    equinox  of  the    date.     These 
places  are  free  from  aberration. 
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We  shall  fake  the  ecliptic  for  the  fundamental  plane,  and  con- 
verting these  right  ascensions  and  declinations  into  longitudes  and 
latitudes,  and  reducing  to  the  ecliptic  and  mean  equinox  of  1858.0, 
the  times  of  observation  being  expressed  in  days  from  the  beginning 
of  the  year,  we  get 


162.0, 

X   =  135°  51'  44".2, 

^  =+    9- 

6'  57".8, 

194.0, 

X'  =  137  39  41  .2, 

y  =   12 

53  9  .0, 

226.0, 

X"  =  142  51  31  .8, 

/'  =  +  18 

^6  28  .7. 

From  the  American  Nautical  Almanao  we  obtain,  for  the  true  places 
of  the  sun, 

O   =   80°  24' 32".4,  log^  =0.006774, 

O'  =110    55  61  .2,  iogB'  =0.007101, 

©"=141    33     2.0,  log  fl"  =  0.005405, 

the  longitudes  being  referred  to  the  mean  equinox  1858,0. 

"When  the  ecliptic  is  the  fundamental  plane,  we  have,  neglecting 
the  sun's  latitude,  D  ^0,  and  we  nmat  write  ?.  and  j3  m  place  of  a. 
and  I?,  and  0  in  place  of  A,  in  the  equations  which  have  been  derived 
for  the  equator  as  the  fundamental  plane.     Therefore,  we  have 

(/  cos  (G  —  O)  =  R"  cos  (G"  —  Q}  —  E, 
^  am  ((?  -  O)  =  Jir"  sin  (©"  -  0}  ; 
cos  +  =  cos  (5  cos  (A  —  O),  cos  4"  =  cos  ,5"  cos  (X"  ~  Q") 

i?  cos  4.  =  b,  E"  cos  +"  =  b", 

RsmA'  =  S,  A*"  sin  4"  =  Ji", 

from  which  to  find  G,  g,  b,  B,  h",  and  B",  all  of  which  remain 
unchanged  in  the  successive  trials  with  assumed  values  of  J.  Thus 
we  obtain 

G  =  201"  7' 57".4,         log^   =9.925092,         b   =  +  0.568719, 
log  (/  =  0.013500,  log  B'  =  9.510309,        b"  =  +  0.959342. 

Then   we    assume,    by    means    of  approximate    elements 
known, 

log  A  =  0.397800, 
and'  from 

A' cos  JT  cos  (B"' —  e)  =  J  cos  (?  cos  (:(  —  (?)+ ^, 
h'  cos  J'  sin  (H'  —  G)  =  ^  cos  (3  sin  (X—G), 
A'sinC  =  J  sin  ft 

we  find  H',  Z',  and  h'.     These  give 

H'  =  158°  46'  20".5,         C  =  +  7°  24'  16".4,         log  k'  =  0. 
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Next,  from 

COS  f'  =  COS  C  COS  fi"  COS  {X'  —  H')  +  sin  Z'  siii  fi", 
hi  cos  If'  =  c,  h'  sin  /  =;  C, 

we  get 

log  (7=  9.912519,  c  :=  +  2.961673; 

and  from 

r  =  Vid—  by  +  B\ 
we  find 

log)-=.  0.323446. 
Then  we  have 

4"^C±:  Vx'~C\  r"  =  v'{A"—b'y  +  I}"\ 

T'^kir~t),  y/=        ^"^      „  « =  — -^-^  ^, 

()■  +  /')■'■  l/r  +  r" 

from  which  to  find  ^",  r",  and  x.     First,  by  means  of  the  approxi- 
mate elements,  we  assume 

log -J"  =  0.310000, 

which  gives  log r"^  0,053000,  and  henc«  we  have 

yj  =  0.3783,  log  IX  =  0.002706,  log  x  =  0.090511. 

"With  this  value  of  X  we  obtain  from  the  expression  for  J",  the 
lower  sign  being  used,  since  J"  is  less  than  c, 

log  J"  =  0.309717. 

Repeating  the  calculation  of  r",  //,  and  x,  and  then  finding  A"  again, 
the  result  is 

log  J"  =  0.309647. 

Then,  by  means  of  the  formula  (67),  we  may  find  the  correct  value. 
Thus  we  have,  in  units  of  the  sixth  decimal  place, 

a  =  309717  —  310000  =  —  283,         a'  =  309647  —  309717  =  -  -  70, 

and  for  the  correction  to  the  last  result  for  log  A"  we  have 

^  =  —  23, 

Therefore, 

log  J"  =  0.309624. 

By  means  of  this  value  we  get 

logr"  =  0.052350,,  log;.  =  0.090628, 
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and  this  value  of  J(  gives,  finally, 

log  A"  ^  0.309623,  log  »■"  =  0.052348. 

The  heliocentric  places  of  the  comet  are  now  found  from  the  erjiiar- 
tions  (71)  and  (72),  writing  Jcos(9  and  J"  cos;3"  for  p  and  p", 
respectively.     Thus  we  obtain 

I  =  159°  43'  14".2,        b  =  +  10'  60'  14".0,        logr  =  0.323447, 
r  =  144    17  47.8,        6"  =  +  35    14  28.7,        logr"  =  0.052347. 

The  agreement  of  these  results  for  r  and  r"  with  those  already 
obtained,  proves  the  accuracy  of  the  calculation.     Since  the  helio- 
centric longitudes  are  diminishing,  the  motion  is  retrograde. 
Then  from  (74)  we  get 

i  =  63°  6'32".5; 

^^^„^_tan(r— SJ) 
cosi        ' 

;"=::=40''  18'51".2, 

the  values  of  — u  and  ?—  S3  being  in  the  same  quadrant  when  the 
motion  is  retrograde.     The  equation   (79)  gives  log  K  =  0.090630, 
which  agrees  with  the  value  already  found. 
The  formulte  (81)  give 

«<  =  129°6'46".3,  logg=  9.760326, 

and  lie  nee  we  have 

),  =  «  —  <«==  — 116°  56'  33".7,  ^'=:=v!' ~m^  —  88°  47'  o5".l, 

from  which  we  get 

r=  1858  Sept.  29.4274. 

From  these  elements  we  find 

log  /  =  0.212844,  v'^  —  107°  7'  34".0,  u'  =  21°  59'  12".3, 

and  from 

tan  (J  —  Si)  =  —  009  i  tan  w', 

tan  &'  =  —  tan i  sin  (V  —  Q,), 
we  get 

V  =  154°  56'  33".4,  6'  =  +  19°  30'  22'M. 


and  from 

a  =  166°  17'  30".3, 

tanii 

,  =  _'3£(l-_zi», 

we  obtain 

«  =  12"  10'  12".6, 
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By  means  of  these  and  the  values  of  O'  and  W,  we  obtain 

V  ==  137°  39'  13".3,  &  =  +  12°  54'  45".3, 

and  comparing  tliese  results  with  observation,  we  have,  for  the  eiTor 
of  the  middle  place, 

C.~0. 
cos  ^  iA'  =  —  27".2,  i^'  =  —  23".T. 

From  the  relative  positions  of  the  sun,  earth,  and  comet  at  the 
time  i"  it  is  easily  seen  that,  in  order  to  diminish  these  residuals,  the 
geocentric  distance  must  be  increased,  and  therefore  we  assume,  for 
a  second  value  of  J, 

log  A  =  0.398500, 
from  whicli  we  derive 

U'  ^  153°  44'  57".6,  C  =  +  7°  24'  2G".l,      log  A'  =  0.488026, 

log  C--=  9.912587,  log c --=  0.472115,  logr  =  0.324207, 

log  6"  =  0.311054,  log  r"  ^  0.054824,  log  x  =  0.089922. 

Then  we  find  the  lieliocentric  places 

I  ==  159°  40' 33".8,        6   ==  +  10°  50'    8".6,         logr   =0.324207, 
f'  =  144    17  12.1,        6"z=  +  35     8  37.8,        log /'  =  0.054825, 

and  from  these, 

ft  =  165°  15' 41".l,  i^W    2'49".2, 

M=   12    10  30  .8,  m"  =  40    13  26  .0,     ' 


=  128    54  44.4,  logg  = 

T=  1858  Sept.  29.8245,  logr"  =  0.214116, 

^  =  — 106°  55' 43".8,  V=      21=59'    0".6, 

;'=      154    53  32,3,  6' =  +  19    29  31.9, 

X=      137    39  39.7,  (9' ^  +  12    55     2.9. 

Therefore,  for  the  second  assumed  value  of  J,  we  have 


COSTS'  aA'  =  ~  1".5,  A;?  =  —  6".l. 

Since  these  residuals  are  very  small,  it  will  not  be  i 
make  a  third  assumption  in  regard  to  A,  but  we  may  at  once  derive 
the  correction  to  be  applied  to  the  last  assumed  value  by  means  of 
the  equations  (109).     Thus  we  have 

a'  =  —  1.5,        «■'  =  —  27.2,        d'  =  —  6.1,        d!'  =  —  23.7, 
aiogJ  =  — 0.000700, 
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and,  expressing  d  log  z/  in  units  of  the  sixth  decimal  place,  these 
equations  give 

25.7a^  —  1050  =  0. 

17.6a;  —  4270  ^  0. 

Combining  these  according  to  the  method  of  least  squares,  we  get 

105x2.57+427  X  1.76        ,   ^.. 
^  ^ (2.57)' +  (1.76)^ +  ^^^■ 

Hence  the  corrected  value  of  log  J  is 

log  A  =  0.398600  +  0.000106  =  0.39860G. 

With  this  value  of  log  J  the  final  elements  are  computed  as  already 
illustrated,  and  the  following  system  is  obtained; — 

T=  1858  Sept.  29.88617  Washington  mean  time. 


1°  22'  36"  9  1 

I  ■     >    Mean  Equinox  1868.0. 


Si  =  165    15  24 
i=    63      2  14  .2 
log  3  =  9.764142 

Motion . 

If  the  distinction  of  retrograde  motion  is  not  adopted,  and  we  regard 
i  as  susceptible  of  any  value  from  0°  to  180°,  we  shall  have, 

!:^2U°    8'12".7, 
^=:116    57  45  .8, 

the  other  elements  remaining  the  same. 

The  comparison  of  the  middle  place  with  these  final  elements 
gil'GS  the  following  residuals: — 

C  — O. 
cos  I3aX  =  +  0".2,  a^  =  —  4".3. 

These  errors  are  so  small  that  the  orbit  indicated  by  the  observed 
places  on  which  the  elements  are  based '  differs  very  little  from  a 
parabola. 

When,  instead  of  a  single  place,  a  series  of  iutermediate  places  ia 
employed  to  correct  the  assumed  value  of  J,  it  is  best  to  adopt  the 
equator  as  the  fundamental  plane,  since  an  error  in  a  or  5  will  affect 
both  A  and  ^;  and,  besides,  incomplete  observations  may  also  be  used 


sted  by  Google 


NUMERICAL    EXAMPLE, 


when  the  fundameiitai  plane  is  tliafc  to  whieh  the  obaervatious  are 
directly  referred.  Further,  the  entire  group  of  equations  of  con- 
dition for  the  determination  of  x,  according  to  the  formulje  (109), 
must  be  combined  by  multiplying  each  equation  by  the  coefficient  of 
X  in  that  equation  and  taking  the  sum  of  all  the  equations  thus 
formed  as  the  linal  equation  from  whicli  to  find  x,  the  observations 
being  supposed  equally  good. 
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CHAPTER  IV. 


77.  The  formulse  which  have  thus  far  been  derived  for  the  deter- 
mination of  the  elements  of  the  orbit  of  a  heavenly  body  by  means 
of  observed  places,  do  not  suffice,  in  the  form  in  which  they  have 
been  given,  to  determine  an  orbit  entirely  unknown,  except  in  the 
particular  ease  of  parabolic  motion,  for  which  one  of  the  elements 
becomes  known.  In  the  general  case,  it  is  necessary  to  derive  at 
least  one  of  the  curtate  distances  witliout  making  any  assumption  as 
to  the  form  of  the  orbit,  after  which  the  others  may  be  found.  But, 
preliminary  to  a  complete  investigation  of  the  elements  of  an  un- 
known orbit  by  means  of  three  complete  observations  of  the  body, 
it  is  necessary  to  provide  for  the  corrections  due  to  parallax  and  aber- 
ration, so  that  they  may  be  applied  in  as  advantageous  a  manner  as 
possible, 

"When  the  elements  are  entirely  unknown,  we  cannot  correct  the 
observed  places  directly  for  parallax  and  aberration,  since  both  of 
these  corrections  require  a  knowledge  of  the  distance  of  the  body 
from  the  earth.  But  in  the  case  of  the  aberration  we  may  either 
correct  the  time  of  observation  for  the  time  in  which  the  light  from 
the  body  reaches  the  earth,  or  we  may  consider  the  observed  place 
corrected  for  the  actual  aberration  due  to  the  combined  motion  of  the 
earth  and  of  light  as  the  true  place  at  the  insteint  when  the  light  left 
the  planet  or  comet,  but  as  seen  from  the  place  which  the  earth  occu- 
pies at  the  time  of  the  observation.  When  the  distance  is  unknown, 
the  latter  method  must  evidently  be  adopted,  according  to  which  we 
apply  to  the  observed  apparent  longitude  and  latitude  the  actual 
aberration  of  the  fixed  stars,  and  regard  this  place  as  corresponding 
to  the  time  of  obsen'ation  corrected  for  the  time  of  aberration,  to  be 
effected  when  the  distances  shall  have  been  found,  but  using  for  the 
place  of  the  earth  that  corresponding  to  the  time  of  observation.  It 
will  appear,  therefore,  that  only  that  part  of  the  calculation  of  the 
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elements  which  involves  the  times  of  observation  will  have  to  be  re- 
peated after  the  corresponding  distances  of  the  body  from  the  earth 
have  been  found.  First,  then,  by  means  of  the  ap^iarent  obliquity  of 
the  ecliptic,  the  observed  apparent  right  ascension  and  declination 
must  be  converted  into  apparent  longitude  and  latitude.  Let  ^„  and 
^Q,  respectively,  denote  the  obsei'ved  apparent  longitude  and  latitude ; 
and  let  Oq  be  the  true  longitude  of  the  sun,  i",  its  latitude,  and  Bf, 
its  distance  from  the  earth,  corresponding  to  tlie  time  of  observation. 
Then,  if  f.  and  ^  denote  the  longitude  and  latitude  of  the  planet  or 
comet  corrected  for  the  actual  aberration  of  the  fixed  stars,  we  shall 
liave 

X  —  X^=-j-  20".445  oos(A~0„)sec^  +  0".'343  cos(-l  —  281=)  sec/3,  ,,-, 
/?  —  ^„  =  —  20".445  sin  (A  —  ©„)  sin  ^  —  0".343  sin  (;.  —  281°)  sin  ^.  ^  ' 

In  computing  the  numerical  values  of  these  corrections,  it  wiil  be 
sufiiciently  accurate  to  use  ^  and  ^^  instead  of  X  and  (9  in  the  second 
members  of  these  equations,  and  the  last  terms  may,  in  most  cases, 
be  neglected.  The  values  of  ).  and  j9  thus  derived  give  the  trne  place 
of  the  body  at  the  time  t  —  497*. 78//,  but  as  seen  from  the  plaee  of 
the  earth  at  the  time  t.  ■ 

When  the  distance  of  the  planet  or  comet  is  unknown,  it  is  impos- 
sible to  reduce  the  obsei'ved  place  to  the  centre  of  the  earth ;  but  if 
we  conceive  a  line  to  be  drawn  from  tlie  body  through  the  true  plaee 
of  observation,  it  is  evident  that  were  an  observer  at  the  point  of 
intersection  of  this  line  with  the  plane  of  the  ecliptic,  or  at  any  point 
in  the  line,  the  body  would  be  seen  in  the  same  direction  as  from  the 
actual  place  of  observation.  Hence,  instead  of  applying  any  correc- 
tion for  parallax  directly  to  the  observed  apparent  place,  we  may 
conceive  the  place  of  the  observer  to  l>e  changed  from  the  actual  place 
to  this  point  of  intersection  with  the  ecliptic,  and,  therefore,  it  be- 
comes necessary  to  determine  the  position  of  this  point  by  means  of 
the  data  furnished  by  observation. 

Let  d^  be  the  sidereal  time  corresponding  to  the  time  i^  of  obser- 
vation, <f'  the  geocentric  latitude  of  the  place  of  observation,  and  p^ 
the  radius  of  the  earth  at  the  place  of  observation,  expressed  in  pai'ts 
of  the  equatorial  radius  as  unity.  Then  Sg  is  the  right  ascension  and 
<p'  the  declination  of  the  zenith  at  the  time  i„.  Iict  \  and  6^  denote 
these  quantities  converted  into  longitude  and  latitude,  or  the  longitude 
and  latitude  of  the  geocentric  zenith  at  the  time  t^.  The  rectangular 
co-ordinates  of  the  place  of  observation  referred  to  the  centre  of  the 
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earth  and  expressed  in  pails  of  the  mesiii  distance  of  tlie  earth  from 
the  sun  as  the  unit,  will  be 

ar^  =  p^  sin  ^Tj  cos  bg  cos  4, 
y^  ^:  p^  sin  Tfl  cos  6„  sin  4, 
E^,  =:  ;0„  sin  Tj  sin  ft„ 

in  which  7ro^8".571i6.t 

Let  ii(|  be  the  distance  of  the  planet  or  comet  from  the  trne  place 
of  the  observer,  and  J,  its  distance  from  the  point  in  the  t!(3liptic  to 
which  the  observation  is  to  be  reduced.  Then  will  the  coTOi-dinatea 
of  the  place  of  observation,  referred  to  this  point  in  the  ecliptic,  be 

s,  =(J,  — JJsin;9, 

tiie  axis  of  x  being  directed  to  the  vernal  equinox.  Let  us  now 
designate  by  ©  the  longitude  of  the  sun  as  seen  from  the  point  of 
reference  in  the  ecliptic,  and  by  S  its  distance  from  this  point.  Then 
will  the  heliocentric  co-ordinates  of  this  point  be 

X— — -RcosO, 
Y=  —  BmiG, 
Z  =  0. 

The  heliocentric  co-ordinates  of  the  centre  of  the  earth  are 


X.  =  -_R.  00=1.0 

osO. 

i;=--K.<!0» -!■.■' 

no,, 

Z.  =  --E.6iiiJ.. 

Bat  tlie  heliocentric  co-ordinates  of  the  true  place  of  observation 
will  be 

X-\-x„  Y+y„  Z+z„ 

or 

^0  +  ■%,  Y,  ■+  y„  Z,  +  s„ 

and,  consequently,  we  shall  have 


ii  cos  O  ~  (A,  —  Jj)  cos  ^  cos  A  =  i?„  cos  ^0  cos  Oo  —  Pa 

i£  sin  O  ^ (J,  —  d^  cos (* sin ^  =^ i?,, cos S^ sin  Op  —  Pv- 
-(J,- JJsin^  =-fiosiii^„  -P, 


niToCosfeoCos^, 
n  T!^  cos  6o  sin  l^. 


If  we  suppose  the  axis  of  x  to  be  directed  to  the  point  whose  longi- 
tude is  ©0,  these  become 
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iJcosCQ  —  ©o)  — (J,  ~  Jo)cos;9cos(:i~  0„)  = 

Eg  COS  -J'o  —  Po  sin  TT,,  cos  65  cos  (^j  —  Go), 
-R  sin  (O  -  ©,)  -  (z),  ~  J„)  cos  f  sin  (i  -  0,)  =  (2) 

—  P„  sin  7r„  cos  60  sin  (?„  —  ©j), 
—  (J,  —  J„)  sin  i?  =  ^„  sin  i;  —  p„  sin  >t„  sin  6„, 

from  which  B  and  ©  may  be  determined.     Let  us  now  put 

(J,  —  J„)  cos  iS  =  U  ;  (.j) 

then,  since  z^,  ^0,  and   ©  —  ©5  are  small,  theBe  equations  may  be 
reduced  to 

B  =  Deos(X~  ©„)  ~  jr„  p„  cos  J^  cos  (4  —  ©„)  +  -K„ 
if  (O  —  ©  J  ==  ^  sin  (-!  —  ©J  —  "„/.„  C03  6„  sin  (k  —  ©J, 
0  =3  i)  tan  ,3  —  ;:„  p„  sin  6„  +  iJ^  I^^- 

Hence  we  shall  have,  if  ti^  and  2'^  are  expressed  in  sctioiids  of  arc, 


eos6|,co3(/o^©[,J 


_R  =  if„  -h  /)  cos  (A  -  ©„)  -  ^»_J^- A  |__^,  (4) 

^  _  r^  _i  2Q^264.8  D  6in(A  — ©„)  — ^„/.,coB6„EinC4— ©,) 

from  which  we  may  derive  the  values  of  ©  and  R  which  are  to  be 
used  throughout  tlie  calculation  of  the  elements  as  the  longitude  and 
distance  of  the  sun,  instead  of  the  corresponding  places  referred  to 
the  centre  of  the  earth.  The  point  of  reference  being  in  the  plane 
of  the  ecliptic,  the  latitude  of  the  sun  as  seen  from  this  point  is  zero, 
which  simplifies  some  of  the  equations  of  the  problem,  since,  if  the 
observations  had  been  reduced  to  the  cental  of  the  earth,  the  sun's 
latitude  would  be  retained. 

We  may  remark  that  the  body  would  not  be  seen,  at  the  instant 
of  observation,  from  the  point  of  reference  in  the  direction  actually 
observed,  but  at  a  time  difFei-ent  from  t„,  to  be  determined  by  the 
interval  which  is  required  for  the  light  to  pass  over  the  distance 
J,  —  A^.  Consequently  we  ought  to  add  to  the  time  of  observation 
tlie  quantity 

(J,  —  J„)  497'.78  =  497-.78  D  see  ft  (5; 

which  is  called  the  reduction  of  the  time;  but  unless  the  latitude  of 
the  body  should  be  very  small,  this  correction  will  bo  insensible. 
The  value  of  A  derived  from  equations  (1)  and  the  longitude  © 


stsd  by  Google 


224  THEORETICAL  .  ASTRONOMY. 

derived  from  (4)  should  be  reduced  by  applyir^  the  correction  for 
nutation  to  the  mean  equinox  of  the  date,  and  then  both  these  and 
the  latitude  j9  should  be  reduced  by  applying  the  connection  for  pre- 
cession to  the  ecliptic  and  mean  equinox  of  a  fixed  epoch,  for  which 
the  beginning  of  the  year  is  usually  chosen. 

In  this  way  each  observed  apparent  longitude  and  latitude  is  to  be 
con-ected  for  the  aberration  of  the  fixed  stars,  and  the  corresponding 
places  of  the  sun,  referred  to  the  point  in  which  the  line  drawn  from 
the  body  through  the  place  of  observation  on  the  eartli's  surfiice  in- 
taraecta  the  plane  of  the  ecliptic,  are  derived  from  the  equations  (4), 
Then  the  places  of  the  sun  and  of  the  planet  or  comet  are  reduced 
t-o  the  ecliptic  and  mean  equinox  of  a  fixed  date,  and  the  results  thus 
obtained,  together  with  the  times  of  observation,  furnish  the  data  for 
the  determination  of  the  elements  of  the  orbit- 
When  the  distance  of  the  body  corresponding  to  each  of  the 
observations  shall  have  been  determined,  the  times  of  observation 
may  be  corrected  for  the  time  of  aberration.  This  connection  is 
necessary,  since  the  adopted  places  of  the  body  are  the  true  places 
for  the  instant  when  the  light  was  emitted,  cor i-espon  ding  respectively 
to  the  times  of  observation  diminished  by  the  time  of  aberration, 
but  as  seen  from  the  places  of  the  earth  at  the  actual  times  of 
observation,  respectively. 

When  ^  =  0,  the  equations  (4)  cannot  be  applied,  and  when  the 
latitude  is  so  small  that  tlie  reduction  of  the  time  and  the  connection 
to  be  applied  to  the  place  of  the  sun  are  of  considerable  magnitude, 
it  will  be  advisable,  if  more  suitable  observations  are  not  available, 
to  neglect  the  correction  for  parallax  and  derive  the  elements,  using 
the  uncorrected  places.  The  distances  of  the  body  from  the  earth 
which  may  then  be  derived,  will  enable  us  to  apply  the  correction  for 
parallax  directly  to  the  observed  places  of  the  body. 

When  the  approximate  distances  of  the  body  from  the  earth  are 
already  known,  and  it  is  required  to  derive  new  elements  of  the 
orbit  from  given  observed  places  or  fi-om  normal  places  derived  from 
many  observations,  the  observations  may  be  corrected  directly  for 
parallax,  and  the  times  corrected  for  the  time  of  aberration.  We 
shall  then  have  the  true  places  of  the  body  as  seen  from  the  eenti'e 
of  the  earth,  and  if  these  places  are  adopted,  it  will  be  necessary,  for 
the  most  accurate  solution  possible,  to  retain  the  latitude  of  the  sun 
in  the  formulte  which  may  be  required.  But  since  some  of  these 
formulae  acquire  greater  simplicity  when  the  sun's  latitude  is  not 
introduced,  if,  in  this  case,  we  reduce  the  geocentric  places  to  the 
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point  in  ivhieh  a  perpendicular  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plane,  the  longitude  of  the  sun 
will  remain  unchanged,  the  latitude  will  be  zero,  and  the  distance  R 
will  also  be  nnclianged,  since  the  greatest  geocentric  latitude  of  the 
sun  does  not  exceed  1".  Then  the  longitude  of  the  planet  or  comet 
as  seen  from  this  point  in  the  ecliptic  will  be  the  same  as  seen  from 
the  centre  of  the  earth,  and  if  J,  is  the  distance  of  the  body  from 
this  point  of  i-eference,  and  ^,  its  latitude  as  seen  from  this  point,  we 
shall  have 

J,cos;5,==  JcosjS, 

A,  ^lii  jS,  =  J  sin  /?  —  _S„  sin  r„, 

,  from  which  we  easily  derive  the  correction  ;9,  — /?,  or  a^,  to  be  applied 
to  the  geocentric  latitude.     Thus,  we  find 

^/5  =.--;,■-"  cos  ft  (6) 

2\  being  expressed  in  seconds.  This  correction  having  been  applied 
to  the  geocentric  latitude,  the  latitude  of  the  sun  becomes 


The  correction  to  be  applied  to  the  time  of  observation  (already 
diminished  by  the  time  of  aberration)  due  to  the  distance  J,  —  Jg 
will  be  absoluitely  insensible,  its  maximum  value  not  exceeding 
O'.OOS,  It  should  be  remarked  also  that  before  applying  the  equa- 
tion (6),  the  latitude  ^g  should  be  reduced  to  the  fixed  ecliptic  which  . 
it  is  desu^  to  adopt  for  the  definition  of  the  elements  which  deter- 
mine the  position  of  the  plane  of  the  orbit.  , 

78.  When  these  preliminary  corrections  have  been  applied  to  the 
data,,  we  are  prepared  to  proceed  with  the  calculation  of  the  elements 
of  the  orbit,  the  necessary  fonnulse  for  which  we  shall  now  investi- 
gate. Tor  this  purpose,  let  us  resume  the  equations  (6)3 ;  and,  if  we 
multiply  the  first  of  these  equations  by  tan /9  sin /•/'  —  tan/3"aiu^ 
the  second  by  tan^"cos^  — tan^cos^",  and  the  third  by  sin  (A  —  i"), 
and  add  tlie  products,  we  shall  have 

0  =  wJJ(tan(5"siu(,i  — O)  — tan^sin(/'—  G)) 

—  p'  (tan  (5  sin  (■!"—  A')  —  tan  j?  sin  {X"  ^X)-\-  tan ^'  siu  (-)'  —  ;.))      ,„  ■ 

—  R  (tan  (S"  sin  {X  —  ©')  —  tan  ^  sin  {X"  —  ©'))  ,  f-' -* 
4-w"j;"(tau^'siny  —  ©")— tan(9sin(r  — O'O).         '' 

It  should  bo  observed  that  when  the  correction  for  parallax  Is  applietl 
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to  the  place  of  the  Eun,  p^  is  the  projection,  on  the  plane  of  the 
ecliptic,  of  the  distance  of  the  body  from  the  point  of  reference  to 
which  the  observation  has  been  retlnced. 

Let  us  now  designate  by  ^the  longitude  of  the  ascending  node, 
and  by  I  the  inclination  to  the  ecliptic,  of  a  great  circle  passing 
thi'ough  the  first  and  third  observed  places  of  the  body,  and  we  hi/i 


1* 

tan  ,5"  =  sin  (A"  —  K)  tan  I. 
Introducing  these  values  of  tan  /3  and  tan  (9"  into  the  equation  (7), 


tan  iS  ~  sin  (A  —  K')  tan  J,  ■     ..  .„, 


sin  (;  _^  o)  sin  (/'  _  iT)  -  sin  {>."  —  ©)  sin  {X  -  JC)  = 

-8iQ(r-A)sin(0-J?), 
sin  {)•  —  A)  siu  (/"  —  £■)  +  sin  (A"  —  )!)  sin  Q.  —  K')  = 

+  gin(A"  — ;)sin(;.'  — iT), 
Eln(J_G')sin(r-70-sin(-l"-©')sina-^  = 

—  sin(r  — A)sin(G'  — /O, 
sin  (A  -  0")  sin  {)'.'  -  K)  -  sin  (A"  -  ©")  sin  (l-K)  = 

—  sin  (A"  —  A)  sin  (©"  —  JO, 
we  obtain,  by  dividing  through  by  sin  {)."  —  ^)  tan  /, 

0  ^  nE  sin  (©  —  K)  +  p'  (sin  (A'  —  ^)  —  tan  /S"  cot  /)      , 

-  R  sin  (©'  -  ^)  +  «"ii"  sin  (©"  —  ^).  '^^ 

Let  /3n  denote  the  latitude  of  that  point  of  the  great  circle  passing 
through  the  first  and  third  places  which  corresponds  to  tlie  longitude 
}.',  then 

tan  ^„  ^  sin  (A'  —  K)  tan  7, 

and  tlie  coefficient  of  p'  in  equation  (9) 


is;5'taii/ 
Therefore,  if  we  put 

^^sin(^-/;„) 
"        cos;3„tanJ' 
wc  shall  have 


This  formula  will  give  the  value  of  p',  or  of  A',  when  the  values  of 
n  and  n"  have  been  determined,  since  a^  and  £'are  derived  from  the 
diita  furnished  by  observation. 
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To  find  -£"011(1  J,  we  obtain  from  equations  (8)  by  a  transformation 
f  similar  to  that  by  which  the  equations  (76)^  were  derived, 

t../«ina(/'+A)-/0  =  /H^^+^seeU-i"~^.), 

'--'^      '     ^  ■*      2cos;?eos^'  ^^2) 

2  oos  /5  cos  j5" 

We  may  also  compute  K  and  /  from  the  equations  which  may  be 
derived  from  {74)3  and  (76)3  by  making  the  necessary  changes  in  the 
notation,  and  using  only  the  upper  sign,  since  J  is  to  be  taken  always 
Isss  than  90-°. 

Before  proceeding  further  with  the  discussion  of  equation  (11),  let 
us  derive  expressions  for  p  and  p"  in  terms  of  p' ,  tlie  signification  of 
p  and  (i",  when  the  corrections  for  parallax  are  applied  to  the  places 
of  the  sun,  being  as  already  noticed  in  the  ease  of  p'. 

79.  If  we  multiply  the  first  of  equations  (6)3  by  smO"tau/9", 
the  second  by —cos  0"tanj9",  and  the  third  by  sin (^" — O"),  and 
add  the  products,  we  get 

0=7ip(tan|5"sin(O"— 'I)— tan;38in(0"~A"))— 5^iitan;5"sin(O"~0) 
— /{tani?"sin(0"— A')— tan;5'siii(0"— A"))+i?'tan/J"sin(0"— 00, 

(13) 
which  may  be  written 

0^=)i;i(tan(?8mCr-^O")— tan^'sinCA— 0"))— »i?tan^'slnC©"— O) 
+  /(tan^'sin(^'~  0")  —  tan(9oSin(A"— ©")) 

— /i'(tan^—  tan/J,)  3in(r  —  0")  +  S  tan;?'  sin(0"—  0'). 

Introducing  into  this  the  values  of  tan  ;3,  tan  /9",  and  tan  /3„  in  terms 
of  I  and  K,  and  reducing,  the  result  is 

0  =  )t/isin(^"— -l)sin(0"— ^)— JiiJsin(0"— 0)sin(A"— ^) 
-  p' sin a"-A')  sin (O "-  K)  - p\ sec^ sin (/"-  0 ") 
+  R'  sin  (0"-  0')  sin(A"-  7Q. 

Therefore  we  obtain 

//sin (A"  —  A')  ((„sec;3'        sin(/' —  ©")  \ 

''~n\  ^m(F  — "A)'  "*■  sin  (A"  —  ,1)  '  sin  (0"  ~  K)  j 

sin(A"— £-)    gsin(G"~0O— nfisin(0"— O)    ^ 
n  '  sin(A"  — A)siii(0'"'_7?} 

But,  by  means  of  the  equations  (O),,  we  derive 

ii'sin(O"-0')-«-Rsin(O"-O)  =  (iV-K)ifsin(O"-0), 
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and  the  preceding  equation  reduces  to 
__//.in(r-r)  o,sec^ 


I         S\Btm(e"—0)mi)."~K)  ^    ' 

+  U       »)     8inCl»-i).in(0"-.S-)  "■ 

To  obtain  an  expression  for  p"  in  terms  of  p',  if  v{e  multiply  the 
first  of  equations  (6)g  by  sin  ©  tan  ^,  the  second  by  —  cos  Q  tan  (9, 
and  the  third  by  sin  {X  —  O),  and  add  the  products,  we  shall  have 

0=wV'(tau;Ssiay"— ©)— tani?'sin(^— ©))— )i"J?'tani93m(0"~0) 
— /(tan;3sin(:t'— ©)— tMi;?'sm(-f— 0))+j;'tan(9sin(0'~0).  (15) 

Introducing  the  values  of  tan^,  tan  ,8',  and  tauj3"  in  terms  of  ^  and 
7,  and  reducing  precisely  as  in  the  case  of  the  formula  already  found 
for  p,  we  obtain 

,,_  /  /siii(/-^)  ft,scc;9'        siii(A-0)  \ 

^        V'\sin(A"-A}       sin(r-A)'sin(0-^); 

_  ^  \-B"sin(0"— G)sin(;.~g)  '-'"'-' 

n"  j     sin(r— i)sin(©— ^) 


+    1- 


Let  us  now  put,  for  brevity, 
,_-B8in(0  — -g)  _gsin(0'— g) 


^_ig"sin(0"~jir) 


-i) 


sin(r-J')    ,    ,g'3in()."~e")  ,,,, 

-Bin(l"-J)+-'  d  '  ^" 

_Bina'-^) 


tsi,.a---ir)        j,^„^A!Lny-« 

and  the  equations  (11),  (14),  and  (16)  become 

p'  sec  ;5'  =  —  c  +  m6  -f  n"d,   '" 

p  =  M,   -^  +  il4  (l~f)'  (18) 

.'-Jf/'^;  +  ^4"(l-5:).'^ 

If  n  and  «."  are  known,  these  equations  will,  in  moat  cases,  be 
sufficient  to  determine  p,  p',  and  /)". 
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30.  It  will  be  apparent,  from  a  consideration  of  the  equations 
which  have  been  derived  for  p,  p',  and  p",  that  under  certain  circnm- 
stances  tliey  are  inapplicable  in  tlie  form  in  which  they  have  been 
given,  and  that  in  some  cases  they  become  indeterminate.  When  the 
great  circle  passing  through  the  first  and  third  observed  plaees  of  the 
body  passes  also  through  the  second  place,  we  have  a,,  =^  0,  and 
equation  (11)  reduces  to 

1^'K'  sin(0"—  iT)  +  nRmi{<S  —K)  =  R'  sin(0'  —  ^O^ 

If  the  ratio  of  n"  to  n  is  known,  this  equation  will  determine  the 
quantities  themselves,  and  from  these  the  i-adins-veetor  r'  for  the 
middle  place  may  be  found.  But  if  the  great  circle  which  thus 
passes  through  the  three  observed  places  passes  also  through  the 
second  place  of  the  sun,  we  shall  have  K^=  ©',  or  K^  180°  +  O', 
and  hence  , j 

f^'R"  sin(0"—  ©0  —  nR  sin  (©'  — '  ©)  =  0, 

j^'  _  -RsinCo'-G) 
n        id"  sin  (©"-©}' 

from  which  it  appears  that  the  sohition  of  the  problem  is  in  this 
case  impossible. 

If  the  first  and  tliird  observed  places  coincide,  we  have  X  =  k"  and 
^  =  j5",  and  each  term  of  equation  (7)  reduces  to  zero,  so  that  the 
problem  becomes  absolutely  indeterminate.  Consequently,  if  the 
data  are  nearly  such  as  to  render  the  solution  impossible,  according 
to  the  conditions  of  these  two  cases  of  indetermi nation,  the  elements 
which  may  be  derived  will  be  greatly  affected  by  errors  of  observa- 
tion. If,  however,  X  is  equal  to  X"  and  ^"  diifers  from  ^,  it  will  be 
possible  to  derive  p',  and  hence  p  and  p" ;  but  the  formula  which 
have  been  given  require  some  modification  in  this  particular  ease. 
Thus,  when  l  =  X",  we  have  K^X"}^X,  7=90°,  and  ft=^90°, 
and  hence  «(,,  as  determined  by  equation  (10),  becomes  --._''  Still,  in 
this  case  it  is  not  indeterminate,  since,  by  recurring  to  the  original 
equation  (9),  the  coef&ciont  of  p',  which  is  —a^  sec/9',  gives 

a,  —  sin  /?'  cot  I—  cos  ^'  sin  {i!  —  K),  (19) 

and  when  ).  =  A",  it  becomes  simply 

a,  =  —  cos )?  sin  (A'  —  K). 


stsd  by  Google 


230  THEOREl'ICAL    ASTRONOMY. 

Whenever,  therefore,  the  diffei'enee  X"  —  X  is  veiy  small  compai-cd 
with  the  motion  in  latitude,  «„  should  be  computed  by  meaus  of  the 
equation  (19)  or  by  means  of  the  expression  which  is  obtained 
directly  from  the  coefReient  of  /»'  in  equation  (7), 

When  X  —  }."  =  K,  the  values  of  M-y,  M^",  M^,  and  -M^"  cannot 
be  found  by  means  of  the  equations  (17);  but  if  we  nse  the  origin.il 
form  of  the  expressions  for  p  and  p"  in  terms  of  p',  as  given  by 
equations  (13)  and  (15),  without  introducing  the  auxiliary  angles, 
we  shall  have 

_/^    tan  ^  sin  jk"  —  ©")  —  tan  /J-"  sin  (I'  ~  Q") 
''  ^  ft  ■  tan  ^  sin  (/'  —  ©")  —  tan  jS"  sin  (A  —  ©") 

,  /,        N\  JJtan/5"ain(0"— ©) 


"^  \  w   /  tan  iS  sin  (A"  —  ©")  —  tan  (5"  sin  (A  - 

tan  (5  sin(A'—  ©)  — tan^sin(:i—  ©) 


tan  ,9  sin  {X"  —  ©)  —  tan  fi"  sin  {I  —  ©) 

i-,_^\ -R'^tanff  sin(©"—  ©) 

~*"\  n"  )tan;Jsin(A"—  0)  —  tan /S"  sin  (^ - 

-  Q")  —  tan  ;y'  sin  (A'  —  0") 


M"  = 


teii/!Bm(l'-0)- 

-taii(9"sm(A— 0"r 
-l.ii|!'.iny-0) 

taniSsiny"-  0) - 
JJtan;5"si 

~  Ian  f/'  .ill  a  -  O) ' 
n(0"-G) 

t«ii|!Bm(i"~0")- 
ie"tanj9ai 

tan  [i  sin  {>."  —  ©)  —  tan  (9"  sin  (^  — '©)  ' 


are  the  expressions  for  l/„  M,",  M^,  and  If/'  which  must  be  used 
■when  A  =  X"  or  when  X  is  very  nearly  equal  to  A" ;  and  then  p  and  /)" 
will  be  obtained  from  equations  (18).  These  expressions  will  also  be 
used  when  X" —  X  =  180°,  this  being  an  analogous  case. 

When  the  great  circle  passing  through  the  first  and  third  observed 
places  of  the  body  also  pa^es  through  the  first  or  the  third  pla«e  of 
the  snn,  tlie  last  two  of  the  equations  (18)  become  indeterminate,  and 
other  formula  must  be  derived.  If  we  multiply  the  second  of  equa- 
tions (7)3  by  tan/3"  and  the  fourth  by  — sin(^"—  ©'),  and  add  the 
products,  then  multiply  the  second  of  these  equations  by  tan  j9  and 
the  fourth  by  ~sin(A  —  ©'),  and  add,  and  finally  reduce  by  means 
of  the  relation 

NR  sin  CG'  —  ©)  =  N"E"  sin  CO"  —  ©'}, 
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tan  t^'  sin  (A'  —  QQ  —  tan  ^  sin  (1"  —  0') 
■  tan  J?' aiu  (A  —  ©')  —  tan /9  sin  (^"  —  ©') 

ir'tan^'sin(0"  — 00 


+ 


'  N  ] tan (?'  sin  {}.  —  ©')  —tan /J  ain~(^''—  0')' 
^    tan/?'ain(A  —  0')  —  tanj9dn(^'  —  0') 
"  '  tan  i-i"  sin  (A  —  ©')  —  tan  /9  sin  (A"  —  ©') 

A"  \ .fitan^einC©'  — 0} 


/  tan^'  sinCA  —  ©')  —  tan;?  sin(r—  ©')' 
These  equations  are  convenient  for  deteiioining  p  and  p"  from  p' ; 
but  they  become  indetei'minate  \yhen  the  great  circle  passing  through 
the  extreme  places  of  the  body  also  passes  through  the  second  place 
of  the  sun.  Therefore  they  will  generally  be  inapplicable  for  the 
cases  in  which  the  equations  (18)  fail. 

If  we  eliminate  p"  from  the  first  and  second  of  the  equations  (6)^ 
we  get 

f)=^np  sin  (A"  —  A)  —  nli  sin  (A"  —  ©)  —  p'  sin  (A"  —  A') 
+  J?"  siu  (A"  —  © ')  —  ifli'  sin  (A"  —  ©"), 
from  which  we  derive 

p'   sin(A"-AO 
''^^■sin(A"_A)  ^^''■' 

nR  sin  (A"  —  ©)  —  .g  sin  (A"  —  ©Q  +  ?t".R"  ain  (A'^  —  0  ") 
+  «  sin  (A" -A) 

Eliminating  p  bct>,vccn  the  same  etjuatiouSj  the  result  is 
„      p'    siu  (J/— A)  .    . 

^=i7'-sin(A"-A)  <2^> 

_  nB.  sin  (A  —  Q)  —  if  ain  (A  —  ©')  +  w"fi"  sin  (A  —  0") 
»"  sin  (A"  —  A) 
These  formulfe  will  enable  us  to  determine  p  and  p"  from  p'  in  the 
special  cases  in  which  the  equations  (18)  aiid  (21)  are  inapplicable; 
but,  since  they  do  not  involve  the  third  of  equations  (6)3,  they  ai'e 
not  so  well  adapted  to  a  complete  solution  of  the  problem  as  the 
formulae  previously  given  whenever  these  may  be  applied. 

If  we  eliminate  successively  p"  and  p  between  the  first  and  fourth 
of  the  equations  (7)s,  we  get 

/»'    tan  ^'  cos  (A'  ^  0 ')  ~  tan  ;?*  cos  (A"  —  0') 

n*  tan  (S"  cos  (A  —  ©')  —  tan  ^3  cos  (A"  —  ©') 

tan^'    %B,  cos (©'—  © )  — i^  +  ■d'E'  cos (©"—  ©') 


tan  ,9"  CO 

tan;J"co3(A  — 
s(A— 0')— tanjJ. 

©■)- 

tan(?coi 
-0') 

C08(O' 

0')  ' 

tan  ^' CO 
tan^S 

•  C-O')- 
»J!cos(0' 

-tan^t 
-0) 

3o.(r-G') 
—  R'  +  9i"i;" 

"  -  0') 

n" 

tan^"c( 

ist/- 

0')- 

-tan /Set 

]S  (/'  - 

-Q')     ■ 
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which  may  also  be  used  to  determine  p  and  p"  when  the  equations 
(18)  and  (21)  cannot  be  applied.  "When  the  motion  in  latitude  is 
greater  than  in  longitude,  these  equations  are  to  be  prefen'ed  insteatl 
of  (22)  and  (23.) 

81.  It  would  appear  at  first,  without  examining  the  quantities  in- 
volved in  the  formula  for  p',  that  the  equations  (26)3  will  enable  ns 
to  find  n  and  n"  by  successive  approximations,  assuming  first  that 


and  from  the  resulting  value  of  p'  determining  r',  and  then  carrying 
the  approximation  to  the  values  of  n  and  n"  one  step  farther,  so  as 
to  include  terms  of  the  second  order  with  reference  to  the  intervals 
of  time  between  the  observations.  But  if  we  consider  the  equation 
(10),  we  observe  that  a^^  is  a  very  small  quantity  depending  on  the 
difference  /3'  —  /S,,,  and  therefore  on  the  deviation  of  the  observed 
path  of  the  body  from  the  are  of  a  great  eircle,  and,  as  this  appears 
in  the  denominator  of  terms  containing  n  and  n"  in  the  equation 
(11),  it  becomes  necessary  to  determine  to  what  degree  of  approxi- 
mation these  quantities  must  be  known  in  order  that  the  resulting 
value  of  p'  may  not  be  greatly  in  error. 

To  determine  the  relation  of  a,,  to  the  intervals  of  time  between 
the' observations,  we  have,  from  the  coefficient  of  p'  in  equation  (7), 

a„  sec  /*'  ^  tan  (?  sin  (A"  —  i!)  —  tan  f?  wi  (A"  —  >.)  +  tan,S"  sin  (A'  ~  A). 

We  may  put 

tan,9   =tan;S'  —  J.T" +  £/''  — .,,., 
tan i?'  =  -taaf^  -\-  Ar  -^  Bt'  -\-  ...., 

and  hence  we  have 

o^,  sec  (?  =  (sin  Q."  —  A')  ~  sin  (A"  —A)  -\-  sin  (A'  —  A))  tau  ^ 
+  (r  sin  (A'— A)  — r"  sm  {}■" —X'))  A-^{f  sin  (A'— A)+t"'  sin  (A"— A'))  B-{-. ., 

which  is  easily  transformed  into 

«•„  sec  J*'  =  4  sin  ^  (A'  —  A)  sin  \  (A"  ~  A')  sin  -^  (A"-—  A)  tan  ^     (25) 
+  (r  sin  (A'— A)— r"  sin  (A"— A'))^-|-(T*8in  (A'— A)+T"=sin  (A"— A'))JS+ .... 

If  we  suppose  the  intervals  to  be  small,  we  may  also  put 

sinA(A"-A)z^|(A"_AX 

sin  (A"  —  A)  =  A"  —  A,  gin  (A'  —  A)  =  A'  —  A. 
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Fuftherj  we  may  put 

X  ^^X'  —  A't-'  +  B't""  —  ...., 
X" --^  X' +  A't  +  B't^  + 

Substituting  these  values  in  the  equation  (25),  neglecting  terms  of 
the  fourth  ortlcr  with  respect  to  r,  and  reducing,  we  get 

a„  =  rrV  (J  J.''  tiiu ;?'  +  A'E  —  AB")  cos  /S'. 

It  appears,  therefore,  tliat  «„  is  at  least  of  the  third  order  with 
reference  to  the  intervals  of  time  between  the  observations,  and  that 
an  error  of  the  second  order  in  the  assumed  values  of  n  and  n"  may 
produce  an  eri-or  of  the  order  zero  in  the  value  of  p'  as  derived  from 
equation  (11)  even  under  the  most  favorable  circumstances.  Hence, 
in  general,  we  cannot  adopt  the  values 


omitting  terms  of  the  second  order,  without  sLffecting  the  resulting 
value  of  p'  to  such  an  extent  that  it  cannot  be  r^arded  even  as  an 
approximation  to  the  true  value ;  and  terms  of  at  least  the  second 
order  must  be  included  in  the  first  assumed  values  of  n  and  n". 
The  equation  (28)3  gives 

^  =  -(1  +  ^-^:7^)-  (26) 

omitting  the  term  multiplied  by  -jt-,  which  term  is  of  the  third  order 
with  respect  to  the  times ;  and  hence  in  this  value  of  -^  only  terms 
of  at  least  the  fourth  order  are  neglected.  Again,  from  the  equations 
(26)3  we  derive,  since  r'  =  r  +  r", 

in  which  only  terms  of  the  foiu:th  order  have  been  neglected.  Now 
the  first  of  equations  (18)  may  be  ivritten : 


in  which,  if  we  introduce  the  values  of  —  and  n  +  n"  as  given  by 
(26)  and  (27),  only  terms  of  the  iburth  oi'der  with  respect  to  the 
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times  will  be  neglected,  and  consequently  tlie  resulting  value  of  />' 
will  be  affected  with  only  an  error  of  the  second  order  when  a^  is  of 
the  third  order.  Further,  if  the  mtervals  between  the  observations 
are  not  very  unequal,  r^  —  t"^  will  be  a  quantity  of  an  order  superior 
to  r^,  and  wheu  these  intervals  are  equal,  we  have,  to  terms  of  the 
fourth  order, 


The  equation  (27)  gives 

Hunce,  if  wc  put 

^^^'  (29) 

we  may  adopt,  for  a  first  approximation  to  the  value  of  p', 

P^~,  Q^rr",  (30) 

and  p'  ivill  be  affected  with  an  error  of  the  first  order  when  the  in- 
tervals are  unequal ;  but  of  the  second  order  only  when  the  intervals 
are  equal.  It  is  evident,  therefore,  that,  in  the  selection  of  the 
observations  for  the  determination  of  an  unknown  orbit,  the  in- 
tervals should  be  as  nearly  equal  as  possible,  since  the  nearer  thoy 
approach  fo  equality  the  nearer  the  truth  will  be  the  first  assumed 
values  of  P  and  Q,  thus  iacilit-ating  the  successive  approximations ; 
and  when  «:„  is  a  very  small  quantity,  the  equality  of  the  intervals 
is  of  the  greatest  importance. 
From  the  equations  (29)  we  get 


"1+P\ 


n"  =  nP; 
and  introducing  P  and  Q  in  (28),  there  results 

This  equation  involves  both  p'  and  r'  as  unknown  quantities,  but 
\>y  means  of  another  equation  between  these  quantities  p'  may  be 
eliminated,  thus  giving  a  single  equation  from  which  r'  may  be 
found,  after  which  f>'  may  also  be  determined, 
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82.  Let  T^'  represent  the  angie  at  the  earth  between  the  sun  and 
planet  or  comet  at  the  second  observation,  and  we  shal!  bave,  from 
the  equations  (93)s, 

tan/y 
n  iX'  -  ©')■ 

cos  w  -^ 

COS  4'  ^^  cos  ^  cos  (/  —  O'), 

by  means  of  which  we  may  determine  ij^',  which  cannot  exceed  .180°. 
Since  cos/3'  is  always  positive,  cosil''  and  cos(// —  O')  must  have  the 


same  sign. 

"We  also  have 

wiiich  may  be  put  in  the  form 

t'-'  =  (/)'  sec  ^  —  ^'  cos  +')=  -h  -B''  «in'  ^■, 

from  which  we  get 

p's<3Cj9':=^cos4'±Vr--ie'=sin'V. 

(34) 

Substituting  for  p'  sec/3'  its  value  given  by  equation  (32),  w< 

;  bave 

/           fi  \  f,   1    pj 

(i  +  ^l)^— *'"*'±>'*''-^-""-^' 

For  brevity,  let  us  put 

h  +  Pd 

""-  1  +  P' 

%  —  a  =  k„, 

(35) 

,    ,                    ~-HQ  =  lo^ 

^„  —  4  =  fl'  cos  4'  ±  ■/r"  —  fi'^  sin"  ■i'.  (36) 

"When  the  values  of  P  and  Q  bave  been  found,  this  eq^uation  will 
give  the  value  of  r'  in  terms  of  quantities  derived  directly  from  the 
data  furnished  by  observation.  We  shall  now  represent  by  s'  the 
angle  at  the  planet  between  the  sun  and  earth  at  the  time  of  the 
second  observation,  and  we  shall  have 

^  =  ^^  (37) 
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Substituting  this  value  of  r',  in  the  preceding  equation,  there  results 


(K^ 

-J?  cos  4-')  sin; 

j'  +  R'  sir 

1  ■;•'  cos 

'-¥. 

as?'       (^»' 

and 

if  we  put 

^„sinC  = 

.ii'sinV, 

!„cos^^ 

(39) 

m^  = 

-,^»sin 

'V 

the  condition 
have,  finally. 

being 

imposed 
■  sin(z' 

I  that  m„ 

,  shall 

always 

be  positive,  wo 
(40) 

In  order  that  in^  may  be  positive,  the  quadrant  in  which  f  is  taken 
must  be  such  that  ij^  shall  have  the  same  sign  as  l^,  since  sin  4-'  is 
always  positive. 

From  equation  (37)  it  appears  that  sin  z'  must  always  be  positive, 
ors'<180'';  and  furt.her,  in  the  plane  triangle  formed  by  joining 
the  actual  places  of  the  earth,  sun,  and  planet  or  eoinet  corresponding 
to  tlie  middle  observation,  we  have 

^,  ^  r'  sin  i^  +  ^')  ^  gainCZ+V) 


^±J1.. 


(41) 


and,  since  p'  is  always  positive,  it  follows  that  sin  iz'  +  4"')  must  be 
positive,  or  that  z'  cannot  exceed  180°  —  ij/'. 

When  the  planet  or  comet  at  the  time  of  the  middle  observation  is 
both  in  the  node  and  in  opposition  or  conjunction  with  the  sun,  we 
shall  have  j9'  =  0, -4/^180°  when  the  body  is  in  opposition,  and 
1^'  :=  0°  when  it  is  in  conjunction.  Consequently,  it  becomes  impos- 
sible to  determine  r'  by  means  of  the  angle  z' ;  but  in  this  case  the 
equation  (36)  gives 

■when  the  body  is  in  opposition,  the  lower  sign  being  excluded  by  the 
condition  that  the  value  of  the  fi.rst  member  of  the  equation  must  bo 
positive,  and  for  ■^'  ^=  0, 

k„  —  l%  =  n'±r', 

the  upper  sign  being  used  when  the  sun  is  between  the  earth  and  the 
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planet,  and  the  lower  sign  when  the  planet  is  between  the  earth  and 
the  sun.  It  is  hardly  necessary  to  remark  that  the  case  of  an  obser- 
vation at  the  superior  conjunction  when  ^'=^0,  is  physically  impos- 
sible. The  vahie  of  r'  may  be  found  from  these  equations  by  trial  j 
and  then  we  shall  have 

when  the  body  is  in  opposition,  and 

^'  =  i?'  — / 

when  it  is  in  inferior  conjunction  with  the  sum^ 

For  the  case  in  which  the  great  circle  passing  through  the  extreme 
observed  places  of  the  body  passes  also  through  the  middle  place, 
which  gives  0^=^  0,  let  us  divide  equation  (32)  through  by  g,  and  we 
have 


p'  sec  J? 


The  equations  (17)  give 

b_MsmiQ  —  K) 


c"     A"  sill 

i(O'--S-)'               0        B'sinCO'- 

-kY 

and  if  we  put 

m  shall  have 

1+P       * 

(i  +  |=)o.-i=o, 

.iiice  0  =  »  when 

ity  =  0.     Hence  we  derive 

(42) 

But  when  the  great  circle  passing  through  the  three  observed  places 
passes  also  through  the  second  place  of  the  sun,  both  e  and  0,  be- 
come indeterminate,  and  thus  the  solution  of  the  problem,  with  the 
given  data,  becomes  impossible. 

83.  The  equation  (40)  must  give  four  roots  corresponding  to  each 
sign,  respectively;  but  it  may  be  shomi  that  of  these  eight  roots  at 
least  four  will,  in  every  case,  be  imaginary.  Thus,  the  equation  may 
be  written 

m^  sin*  ^  —  sin  s'  cos  '  ^  =F  cos  z'  sin  ?, 
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and,  \'ij  squaring  and  reducing,  tliis  becomes 

m„'  siii=  a'  —  Sifto  cos  ^  sin*  e'  +  sin'  /  —  sin"  Z  =  i). 

When  C  is  within  the  limits  ^90°  and  +  90°,  cos ^  will  be  positive, 
and,  m,,  being  always  positive,  it  appears  from  the  algebraic  signs  of 
the  terms  of  the  equation,  according  to  the  theory  of  equations,  that 
in  this  case  there  cannot  be  more  thau  four  real  roots,  of  which  three 
will  be  positive  and  one  negative.  When  ^  exceeds  the  limits  —  90° 
and  +  90°,  cos  (^  will  be  negative,  and  hence,  in  this  case  also,  there 
cannot  be  more  than  four  real  roots,,  of  whieb  one  will  be  positive 
and  three  negative.  Further,  since  sin^  ^  is  real  and  positive,  there 
must  be  at  least  two  real  roots — one  positive  and  the  otlier  negative 
— whether  cos  C  he  negative  or  positive. 

We  may  also  remark  that,  in  finding  the  roots  of  the  equation  (40), 
it  will  only  be  necessary  to  solve  the  eqtiation 

sin(s'-0  =  m„sin*.',  (43) 

since  the  lower  sign  in  (40)  follows  directly  from  this  by  substituting 
180°  —  s'  in  place  of  z' ;  and  hence  the  roots  derived  from  this  will 
comprise  all  the  real  roots  belonging  to  the  general  form  of  the 
equation. 

The  observed  places  of  the  heavenly  body.onb,-  giv(i  the  direction 
in  space  of  right  lines  passing  through  the  places  of  the  earth  and 
the  cori-esponding  places  of  the  body,  and  any  three  points,  one  in 
each  of  these  lines,  which  are  situated  in  a  plane  passing  through  the 
centre  of  the  sun,  and  which  are  at  such  distances  as  to  fulfil  the 
condition  that  the  areal  velocity  shall  be  constant,  according  to  the 
relation  expressed  by  the  equation  (30}i,  must  satisfy  the  analytical 
conditions  of  the  problem.  It  is  evident  that  the  three  places  of  the 
earth  may  satisfy  these  conditions ;  and  hence  there  may  be  one  root 
of  equation  (43)  which  will  correspond  to  the  orbit  of  the  earth,  or 
give 

P'  =  0. 

Further,  it  follows  from  the  equation  (37)  that  this  root  mnst  be 

2-  =  180°  —  +'; 

and  such  would  be  strictly  the  case  if,  instead  of  the  assumed  values 
of  P  and  Q,  their  exact  values  for  the  orbit  of  the  earth  were  adopted, 
and  if  the  observations  were  referred  directly  to  the  centre  of  the 
earth,  in  the  correction  for  parallax,  neglecting  also  the  perturbations 
in  the  motion  of  the  earth. 
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In  the  «ise  of  the  earth, 

„       ,,„        _Bg.hi(0'-~0) 


ii*"sin(G"-0) 

_  gg'diiQ"— O') 

"^  .BK"sm(o"— O)' 

and  the  complete  vahies  of  P  and  fjJ  become 

_        SffmCG'-O) 


-gii"  (shi(0"-0') 
„      „„,/-Bg sin(e'-  G)  +gg'sm(0"-  0')         \ 
«  =  ''-^  I  iJg'«m(Q"-G)  i' 

and  since  the  approximate  values 

differ  but  little  from  these,  as  will  appear  i'rom  tlio  et[niition'*  ^'^'')3i 
there  will  be  one  root  of  equation  (43)  which  gives  z'  nearly  equal 
to  180°  ~  T^'.  This  root,  however,  cannot  satisfy  tlie  physical  con- 
ditions of  the  problem,  which  will  require  that  the  rays  of  light  in 
coming  from  the  planet  or  comet  to  tlie  earth  shall  procceil  from 
points  which  are  at  a  considerable  distance  from  the  eye  of  the 
observer.  Further,  the  negative  \'alue6  of  sins'  ore  excluded  by  the 
nature  of  the  problem,  since  r'  must  be  positive,  or  z'  <  180°  ;  and 
of  the  three  positive  roots  which  may  result  from  equation  (43),  that 
being  excluded  which  gives  z'  very  nearly  equal  to  180°  —  ij/',  there 
will  remain  two,  of  which  one  will  be  excluded  if  it  gives  z'  greater 
than  180°  —  4*'?  ^°*^  *'^^  remaining  one  will  be  that  which  belongs 
to  the  orbit  of  the  planet  or  comet.  It  may  happen,  however,  that 
neither  of  these  two  roots  is  greater  than  180°  -^'^',  in  which  case 
both  will  satisfy  the  physical  conditions  of  the  problem,  and  hence 
the  observations  will  be  satisiied  by  two  wholly  different  systems  of 
elements.  It  will  then  be  necessary  to  compare  the  elements  com- 
puted from  each  of  the  two  values  of  s'  with  other  observations  in 
order  to  decide  which  actually  belongs  to  the  body  observed. 

In  the  other  case,  in  which  cos  i^  is  negative,  the  negative  roots 
being  excluded  by  the  condition  that  r'  is  positive,  the  positive  root 
must  in  most  cases  belong  to  the  orbit  of  the  earth,  and  the  three 
observations  do  not  then  belong  to  the  same  body.  However,  in  the 
case  of  the  orbit  of  a  comet,  when  the  eccentricity  is  large,  and  the 
intervals  between  the  observations  are  of  considerable  magnitude,  if 
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tlie  approximate  values  of  P  and  Q  are  computed  directly,  by  means 
of  approximate  elements  already  known,  from  the  equations 


sinCw'- 

~u) 

sin(w''- 

-n--) 

'r/sin 

(u'~ 

-u)  +  r'v"sm(u"—ti''j 

\  rr"  sm  («"—  u)  I 

it  may  occuv  that  cos  ^  is  negative,  and  the  positive  root  'will  actually 
belong  to  tlie  orbit  of  the  comet.  The  condition  that  one  value  of 
s'  shall  be  very  nearly  eqiral  to  180°  —  i//',  requires  that  the  adopted 
values  of  P  and  Q  shall  differ  but  little  from  those  derived  directly 
from  the  places  of  the  earth ;  and  in  the  case  of  orbits  of  small 
eccentricity  this  condition  will  always  be  fulfilled,  unle^  the  intervals 
between  the  observations  and  the  distance  of  the  planet  from  the  sun 
are  both  very  great.  But  if  the  eccentricity  is  large,  the  difference  , 
may  be  such  that  no  root  will  correspond  to  the  orbit  of  the  earth. 

84.  We  may  find  an  expi-easion  for  the  limiting  values  of  m^  and 
f,  within  which  equation  (43)  has  four  real  roots,  and  beyond  which 
there  are  only  two,  one  positive  and  one  negative.  This  change  in 
the  number  of  real  roots  will  take  place  when  tliere  are  two  equal 
roots,  and,  consequently,  if  we  proceed  nnder  the  supposition  that 
equation  (43)  has  two  equal  roots,  and  find  the  values  of  m^  and  ^ 
which  will  accord  with  this  supposition,  we  may  determine  the  limits 
required. 

Differentiating  equation  (43)  with  respect  to  s',  we  get 

cos  (j^  —  :)  =  4m,  sin¥  cos  s' ; 

and,  in  the  case  of  equal  roots,  the  value  of  z'  as  derived  from  this 
must  alpo  satisfy  the  original  equation 

sines'  — 0  =  "»o  sin  V. 

To  find  the  values  of  m^  and  ^  which  will  fiilfil  this  condition,  if  we 
eliminate  m,  between  these  equations,  we  have 

sin  2^  cos  (_/  —  C)  =  4  cos  s'  sin  (s'  —  Z), 

from  which  we  easily  find 

sin  t2s'  —  O^i  sin  C.  (45) 

This  gives  the  value  of  C  in  terms  of  :;'  for  which  equation  (43)  has' 
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equal  roots,  and  at  which  it  ceases  to  have  four  real  roote.  To  find 
the  corrcspouding  expression  for  m^  we  have 

^sin(a'  — C)^  cob(/  — 0 
"  ~~      sin  V  4  sin 't^  cos  s"' 

in  which  we  must  use  the  value  of  ^  given  by  the  preceding  equation. 
Now,  since  sin  (23'  —  ^)  must  be  within  the  limits  —  1  and  +  1,  the 
limiting  values  of  sin  C  will  be  + 1  and  —  f,  or  ^  must  be  within  the 
limits  +  36°  62'.2  and  —  36°  52'.2,  or  143°  7'.8  and  216°  52'.2.  If 
^  is  not  contained  within  these  limits,  the  equation  cannot  have  equal 
roots,  whatever  may  be  the  value  of  m,,,  and  hence  there  can  only  be 
two  real  roots,  of  which  one  will  be  positive  and  one  negative.  If 
for  a  given  value  of  f  we  compnte  z'  fixna  equation  (45),  and  call 
this  %',  or 

sm  t2V  —  0  =  1  sin  C, 

we  may  find  the  limits  of  the  values  of  m^,  within  which  equation 
(43)  has  four  real  roote.  The  equation  for  z,'  will  be  satistied  by 
the  values 

2s;  —  ^,  180°  —  (2^;  —  0 ; 

and  hence  there  will  be  two  values  of  m,,,  which  we  will  denote  by 
7>\  and  j%,  for  which,  with  a  given  value  of  ^,  equation  (43)  will 
have  equal  roots.     Thus  we  shall  have 

_sip(^;_;) 


and,  putting  in  this  equation  180°  — .(2a„'  —  ^)  instead  of  2s^'  —  ^,  or 
90°  —  (V  —  C)  ill  place  of  Vf 

It  follows,  therefore,  that  for  any  given  value  of  ^,  if  m^  is  Jiot 
within  the  limits  assigned  by  the  vahiea  of  w^  and  m^,  equation  (43) 
will  only  have  two  real  roots,  one  positive  and  one  negative,  of 
which  the  latter  is  excluded  by  the  nature  of  the  problem,  and  the 
former  may  belong  to  the  orbit  of  the  earth.  But  if  P  and  Q  diifer 
so  much  from  their  values  in  the  case  of  the  orbit  of  the  earth  that 
s'  is  not  very  nearly  equal  to  180°  —  4''j  ^-he  positive  root,  when  ^ 
excels  the  limits  +  36°  52'.2  and  —  36°  52'.2,  may  actually  .satisfy 
the  conditions  of  the  problem,  and  belong  to  the  orbit  of  the  body 
observed. 
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When  C  is  within  the  limits  143°  7'.8  and  216°  62'.2,  there  will 
be  four  real  root-s,  one  poaitive  and  three  n^ative,  if  m^  is  ■within  the 
limits  m^  and  vi^ ;  but,  if  m,,  surpasses  these  limitSj  there  will  be  only 
two  real  roots. 

Table  XII.  contains  for  values  of  C  from  —  36°  82'.2  to  +  36°  52'.2 
the  values  of  m^  and  m^,  and  also  the  values  of  the  four  real  raota 
corresponding  respectively  to  m^  and  m^. 

In  every  case  in  which  equation  (43)  has  three  positive  roots  and 
one  negative  root,  the  value  of  m^  must  be  within  the  limits  indicated 
by  mi,  and  m^,  and  the  values  of  z'  will  be  within  the  limits  indicated 
by  the  quantities  corresponding  to  m^  and  m^  for  each  root,  which 
we  designate  respectively  by  e/,  a,',  z/,  and  z/.  The  table  will  show, 
from  tlie  given  values  of  m^  and  180°  —  nj.',  whether  the  problem 
admits  of  two  distinct  solutions,  since,  excluding  the  value  of  s', 
which  is  nearly  equal  to  180°  —  ^''i  ^"d  corresponds  to  the  orbit  of 
the  earth,  and  also  that  which  exceeds  18,0°,  it  will  appear  at  once 
whether  one  or  both  of  the  remaining  two  values  of  z'  will  satisfy 
the  condition  that  z'  shall  be  less  than  180°  —  ij^'.  The  table  will 
also  indicate  an  approximate  value  of  s',  by  means  of  which  the 
equation  (43)  may  be  solved  by  a  few  trials, 

For  the  root  of  the  equation  (43)  which  corresponds  to  the  orbit 
of  the  earth,  we  have  p'  =  0,  and  hence  from  (36)  we  derive 

Substituting  tliis  value  for  !i^  in  the  general  equation  (32),  we  liave 
"'"'"''  =  '•  f  3? -?.)■ 

and,  since  p'  must  be  positive,  the  algebraic  sign  of  the  numerical 
value  of  If,  will  indicate  whether  r'  is  greater  or  less  than  B'.  It  is 
easily  seen,  from  the  formulae  for  ^,  b,  d,  &c.,  that  in  tlie  actual 
application  of  these  formulje,  the  intervals  between  the  observations 
not  being  very  large,  /(,  will  be  positive  when  (9'— /3„and  sin(0' — K) 
have  contrary  signs,  and  negative  when  ^'  —  ^„  has  the  same  sign  as 
sin  (©'  —  7^),  Hence,  when  G'  —  -K"  is  less  than  180°,  r'  must  be 
less  tlian  R'  if  /9'  -^  ^^  is  positive,  but  greater  than  R'  if  ^'  —  ^^  is 
negative.  When  0'  —  K  exceeds  180°,  r'  will  be  greater  than  R' 
if  /9'  — ■  /3|,  is  positive,  and  less  than  R'  if  ^'  —  ^„  is  negative;  We 
may,  therefore,  by  means  of  a  celestial  globe,  determine  by  inspection 
whether  the  distance  of  a  comet  from  the  sun  is  gi'eater  or  less  than. 
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that  of  the  earth  from  the  sun.  Thiis,  if  we  pass  a  great  circle 
through  the  two  extreme  observed  places  of  the  comet,  r'  must  be 
greater  than  R'  when  the  place  of  the  comet  for  the  middle  observa- 
tion is  on  the  same  side  of  this  great  circle  as  the  point  of  the 
ecliptic  which  corresponds  to  the  place  of  the  sun.  But  when  the 
middle  place  and  the  point  of  the  ecliptic  corresponding  to  the  place 
of  the  snn  are  on  opposite  sides  of  the  great  circle  passing  through 
the  first  and  third  places  of  the  comet,  r'  must  be  less  than  R'. 

86.  From  the  values  of  p'  and  r'  derived  from  the  assumed  valnes 
P^—  and  Q ^^ ru",  we  may  evidently  derive  more  approximate 
values  of  these  quantities,  and  thus,  by  a  repetition  of  the  calcula- 
tion, make  a  still  cither  approximation  to  the  true  value  of  />'.  To 
derive  other  expressions  for  P  and  Q  which  are  exact,  provided  that 
r'  and  p'  are  accurately  known,  let  us  denote  by  s"  the  ratio  of  tlie 
sector  of  the  orbit  included  by  r  and  r'  to  the  triangle  included  by 
the  same  radii-vectores  and  the  chord  joining  the  first  and  second 
places;  by  s'  the  same  ratio  with  respect  to  r  and  r",  and  by  s  this 
ratio  with  respect  to  r'  and  r".  These  ratios  s,  s',  s"  must  neces- 
sarily be  greater  than  1,  since  every  part  of  the  orbit  is  concave 
toward  the  sun.  According  to  the  equation  (30),,  we  liave  for  the 
areas  of  the  sectors,  neglecting  the  mass  of  the  body, 

{t"  ,/5,  J  r'  y'p,  It  y'p, 

and  tlicrcfore  we  obtain 

6"  [«•■:  =!"/?,  »'[r."]=.'i/ft  ![rV']  =  rv/j;.     (46) 

Then,  since 

we  shall  have 


and,  consequently. 

Substituting  for  s,  s',  and  s"  tlieir  valnes  from  (46),  we  have 


[r/J  .  [rr"]  .  [.V]     'rf'' 
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The  angular  distance  between  the  perihelion  and  node  being  denoted 
by  to,  the  polar  equation  of  the  conic  section  gives 

^  =  l  +  ecaB(u  —  a,), 

^  =  l  +  ecos(w'-«-),  (50) 

l,  =  l+ecoE(u" -..■). 

If  we  multiply  the  fii-st  of  these  equations  by  sin  [u"—  u'),  the  second 
by  —  sin  (w"  —  it),  and  the  third  by  sin  {u'  —  u),  add  the  products 
and  reduce,  we  get 

£  sill  («"  -  «■)  -f  sin  C«"  -  «)  +  ^  •»  («'  ~  «)  =  sin  (»"  - »') 

and,  since 

sin  (u"  -  «')  =  2  sin  i  C«"  -  «')  cos  A  («"  -  iO, 

sin  (u"—  m)  —  sin  (•(('—  m)  =  2  sin  i  (-m"—  m')  cos  i  («"  +  w'—  2w), 

the  second  member  reduces,  to 

4  sin  i  iu"  -  u'-)  sin  ^  (ii"  -  u)  sin  ^  (m'  -  u). 

Therefore,  we  shall  have 


p-^ 


4ttV  sin  ^  (m"  —  u')  sin  ^  («."  —  m)  sin  ^  («'  —  u) 
■V  sin  (w"—  «')  —  rr"  sin  (tt"—  is)  +  r/  sin  («'—  u) 


If  we  multiply  both  numerator  and  denominator  of  this  expression 

Iri'r"  cos  I  Cm"  —  it')  cos  |  (it"  —  m)  cos  -J-  (is'  —  m), 
it  becomes,  introducing  [jt'J,  [?■)■"],  and  [)■')■"], 
CrV"]  .  [ir"]  ■  [r^] 


V       ^,^/']  ^  |;„';|  _  [jy']  ■  2,V/'  eosK""-- w')  cos  I  {vr-u)  cos  ^  («'-«)' 
Substituting  this  value  of  p  in  equation  (49),  it  reduces  to 

Q  =  —n--  —ft ^-r-r, T\ ry—n % ,  ,  ,  ■ >.        (51) 

'^      ss"    W  cos  ^  (m"  —  m')  cos  i  (w"  —  m)  cos  I  (m'  —  m)        ^    ^ 

86.  If  we  compare  the  equations  (47)  witli  the  formula  (28)3,  we 

derive 

-  =  l-r-^^+i-     Z..       ■^■■-  (52) 
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Consequently,  in  the  first  approximation,  we  may  take 


If  the  intervals  of  the  times  are  not  very  unequal,  this  assumption 
will  differ  from  the  truth  only  in  terms  of  the  third  order  with  respect 
to  the  time,  and  in  terms  of  the  fourth  order  if  the  intervals  are 
equal,  as  has  already  been  shown.  Hence,  we  adopt  for  the  first 
approximation, 

the  values  of  r  and  t"  being  computed  from  the  uncorrected  times 
of  observation,  which  may  be  denoted  by  i„,  (,',  and  ^".  "With  the 
values  of  P  and  Q  thus  found,  we  compute  r',  and  from  this  p',  p^ 
and  p",  by  means  of  the  formnlse  already  derived. 

The  helioeentrie  places  for  the  first  and  third  observations  may 
now  be  found  from  tlie  formulie  (Vl}^  and  (72)g,  and  then  the  angle 
u"  —  u  between  the  radii-vectores  r  and  r"  may  be  obtained  in 
various  ways,  precisely  as  the  distance  between  two  points  on  the 
celestial  sphere  is  obtained  from  the  spherical  co-ordinates  of  these 
points.     "When  u"  —  u  has  been  found,  we  have 

sin  (ii"--  m')  ^  -J  sin  (tt"  —  u), 

n"T"  „  ^-^^^ 

from  which  u"  —  u'  and  n'  —  u  may  be  computed.  From  these 
results  the  ratios  s  and  s"  may  be  computed,  and  then  new  and  more 
approximate  values  of  P  and  Q.  The  value  of  u"  —  u,  found  by 
taking  the  sum  of  u"  —  w'  and  u'  —  m  as  derived  from  (53),  should 
agree  with  that  used  in  the  second  members  of  these  equations, 
within  the  limits  of  the  errors  which  may  be  attributed  to  the 
l(^arithmio  tables. 

The  most  advantageous  method  of  obtaining  the  angles  between 
the  radii-vectores  is  to  find  the  position  of  the  plane  of  the  orbit 
directly  from  I,  V,  b,  and  b",  aud  then  compute  u,  u',  and  u"  directly 
from  SI  and  i,  accoi-ding  to  the  first  of  equations  (82)i.  It  will  be 
expedient  also  to  compute  r',  I'  and  b'  from  p',  V,  and  ^',  and  the 
agreement  of  the  value  of  r',  thus  found,  with  that  already  obtained 
from  equation  (37),  will  check  the  accuracy  of  pai't  of  the  numerical 
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calculation.     Further,  since  the  tiiree  places  of  the  body  must  be  in 
a  plane  passing  through  the  centre  of  the  sun,  whether  P  and  Q  are 
exact  or  only  approximate,  we  must  also  have 
tanJ'  =  tan(Sm(r—  Q,), 

and  the  value  of  b'  derived  from  this  erjuation  mu'^t  agree  witli  that 
computed  directly  from  />',  or  at  least  the  diiference  should  not  exceed 
what  may  be  due  to  the  unavoidable  errors  of  logaritliniie  calcula- 
tion. 

AVe  may  now  compute  n  and  n"  directly  from  the  equations 

''  -  ^'  sin  («"~  uY  ""  ~  rr"  sin  {u"-  u)  '      ,     ^^^-^ 

but  when  the  values  of  u,  u',  and  u"  are  those  which  result  from  the 
assumed  values  of  P  and  Q,  tbe  resulting  values  of  n  and  n"  will 
only  satisfy  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun.  If  substitiited  in  the  equations  (29),  they  will 
only  reproduce  the  assumed  values  of  P  and  Q,  from  which  they 
liave  been  derived,  and  hence  they  cannot  be  used  to  correct  them. 
If,  therefore,  the  numerical  calculation  be  correct,  the  values  of  n 
and  n"  obtained  from  (54)  must  agi-ee  with  those  da'ived  from  equa- 
tions (31),  within  the  limits  of  accuracy  admitted  by  the  logarithmic 
tables. 

The  differences  v,"~u'  and  u'  —  u  will  usually  be  small,  and 
hence  a  small  error  in  either  of  these  quantities  may  considerably 
affect  the  resulting  values  of  n  and  ji".  In  order  to  determine 
whether  the  error  of  calculation  is  within  the  limits  to  be  expected 
from  the  logarithmic  tables  used,  if  we  take  the  logarithms  of  both 
members  of  the  equations  (54)  and  differentiate,  supposing  only  n, 
ii",  and  V,'  to  vary,  we  get 

(2}og,9l     ;:;;  — eOt(w" u")  dil' , 

d  logs  n"  =  +  cot  (u'  —  w)  du'. 

Multiplying  these  by  0.434294,  the  modulus  of  the  common  system 
of  logarithms,  and  expressing  du'  in  seconds  of  arc,  we  find,  in  units 
of  the  seventh  decimal  place  of  common  logarithms, 

dXogn  =  —  21.055  cot  (V  —  wO^^tt', 
rflogji"^  +  21.055  cot(w'  — «)  du'. 

If  we  sohstituto  in  these  the  diffei-ences  between  logTi  and  logm"  as 
found  from  the  equations  (54),  and  the  values  already  obtained  by 
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means  of  (31),  the  two  resulting  values  of  du'  should  agree,  and  the 
magnitude  of  du'  itself  will  show  whether  the  error  of  calculation 
exceeds  the  unavoidable  en-ore  due  to  the  limited  extent  of  the 
logarithmic  tables.  When  the  agreement  of  the  two  results  for  n 
and  n"  is  in  accordance  with  these  conditions,  and  no  eiTOr  has  been 
made  in  computing  n  and  n"  from  P  and  Q  by  means  of  the  equa- 
tions (31),  tlie  -accuracy  of  the  entire  calculation,  both  of  the  quan- 
tities which  depend  on  the  assumed  values  of  P  and  Q,  and  of  those 
which  are  obtained  independently  from  the  data  furnished  by  observa- 
tion, is  completely  proved. 

87.  Since  the  values  of  n  and  n"  derived  from  equations  (54) 
cannot  be  used  to  correct  the  assumed  values  of  P  and  Q,  from 
which  r,  r',  u,  u',  &c,  have  been  computed,  it  is  evidently  necessary 
to  compute  the  values  for  a  second  approximation  by  means  of  the 
series  given  by  the  equations  (26)3,  or  by  means  of  the  ratios  s  and 
s".  The  expressions  for  n  and  n"  arranged  in  a  series  with  respect 
to  the  time  involve  the  differential  coefficients  of  r'  with  respect  to  t, 
and,  since  these  are  necessarily  unknown,  and  cannot  be  conveniently 
determined,  it  is  plain  that  if  the  ratios  8  and  s"  can  be  readily  found 
from  J",  r',  r",  %,  %' ,  u",  and  r,  z',  t",  so  as  to  involve  the  relation 
between  the  times  of  observation  and  the  places  in  the  orbit,  they 
may  be  used  to  obtain  new  values  of  P  and  Q  by  means  of  equations 
(48)  and  (51),  to  be  used  in  a  second  approximation. 

Let  us  now  resume  the  equation 

or 

aiid  also  for  the  third  place 
Subti'acting,  we  get 


=  E—6 


^  =  E"~E~2e  sin  i  (E"  —  E)  cos  i  (£"  -\-  E).  {f)5) 

This  equation  contains  throe  unknown  quantities,  a,  e,  and  the  dif- 
ference W  —  E.  We  can,  however,  by  means  of  expressions  in- 
volving r,  )■",  w,  and  u",  eliminate  a,  and  c.  Thus,  since  p=^a(l  — e^), 
we  have 

■z'Vp  =  «VF^'  (-E"  —  B  —  2e  sin  i  (E"  —  E)  cos  h  (E"  +  E)).  (56) 
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From  the  equations 

Vrmn  >  ■=  x/ajl  +  e)  sin  IE,  -  "(/^  sin  -^  =  l/a(l+e)  sin  J -E", 

Vr  cos  ^v  =  y'aCl— e)  cos  ^E,  V^"  cosy  =  l/»(l— e)  cos  ^£", 

since  v"—v^ u"  —  is,  wo  easily  derive 

V^'  sin  A  (m"  —  m)  =  ayT=T'  sin  ^  (£"  —  £),  (57) 

and  also 

a  cos  J  iE"  -E-)-ae  cos  1  (S"  +  -E)  -  vV  cos  I  (m"  -  «), 


Substitnting  this  value  of  e  cos  ^(.B"  +  D)  in  eqiiation  (5()),  we  get 

rVp  ==  «Vn^^  (-E"  —  £— ein  (E"  —  E)) 

+  2ai/T^^'  sin  i  {E"  —  E)  cos  i  («"  —  «}  V^n^, 

and  substituting,  in  the  last  term  of  this,  for  aVl  —  e^,  its  value  from 
(57),  the  result  is 

/l4  ^  aVr=^'  {E"  -  £  -  sin  {E"  —  E))  +  r/'  sin  (m"  -  «).    (59) 

From  (57)  we  obtain 

i7         sin'^S"  — £)      ' 

1 


\  av'  r/'  COS  I  (ti"—  ") '  P  sin=  A  (£"  —  E) 
Therefore,  the  equation  (59)  becomes 


sin^  4  (£"  —E)  \2  [/'rP'  cos  J  («"  —  m)  / 


K'].(60) 


Let  k'  be  the  chord  of  the  orbit  between  the  first  and  third  places, 
and  we  shall  have 

x"  =  (r  +  r'J  —  4rr"  cos'  I  («"  —  w). 
Now,  since  the  cliord  x'  can  never  exceed  r  +  r",  we  may  put 

«'  =  (r  +  i-")sin/,  (61) 

and  from  this,  in  combination  with  the  preceding  equation,  we  derive 

2)/rr^  cos  \  (u"  —  u)  =  (r  +  /')  cos  /.  (62) 
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Substituting  this   value,   and   l^rr"]  ^^ -, "Kji,   in   equation   (60),   it 
reduces  to 

&i-a' ^{E!' —  E)  (r+  r'Jaa&'f    5^  ^  s' ~  ^     ' 

The  elements  a  and  e  are  thus  eliminated,  but  the  resulting  equation 
involves  still  the  unknown  quantities  E" — Bands'.  It  is  neces- 
sary, therefore,  to  derive  an  additional  equation  involving  the  same 
unknown  quantities  in  order  that  E"^-E  maybe  eliminated,  and 
that  thus  the  ratio's',  which  is  the  quantity  sought,  may  be  found. 
From  the  equations 

we  get 

r"  +  r  =  2-1  —  lae  eos  J  (E"  +  E)  cos  4  (E"  —  E). 

Substituting  in  this  flie  value  of  ecos^(^"-H  E)  from  (58),  we  have 

r"  +  r  =  2a  siu=  i  (£"  —  -E)  +  2V"^'  cos  { (u"  ~  w)  cos  -•  (E"  —  E), 

and  substituting  for  sin  J(-R" —  E)  its  value  from  (57),  there  results 

r"-\~r= 

P 
But,  since 

2r/'siu'U""-^0_ 


p  2j))t"  cos'  J  {u"  —  m)       s"  \  2l/jy  cos  ^  (w" — u)  /  ' 

we  have 

r  +  r"=~-.     ,J^, ^  +  (r-|-r")cos/(l-2siu\i(^"~-E)), 

/a     (r-i-r")*cos'/   >    y     I       ■>        '   •-  i '•  '" 

from  which  we  derive 

sin^  J  (£"  -  _E)  =  i  .  ^— 4'^j TT  -  '-^''  (64) 

■^       s^     (f  +  /')  cos'  /         COS  r 

which  is  the  additional  equation  required,  involving  B" — A' and  a' 
as  unknown  quantities. 
Let  us  now  put 

3  F,". 


E"—E—sm(E"  —  E)' 
(r  +  r")'cos'f 


•'         cos/ 

Q^  =^  sin' I  (_E"~E), 


((i5) 
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and  the  equiitiona  ((i3)  and  (64)  become 

"Wiien  the  value  of  J/'  is  known,  the  firet  of  these  equations  will 
enable  us  to  determine  s',  and  hence  the  value  of  a;',  or  sin^j(E" — E), 
from  the  last  equation. 

The  calculation  of  ;■'  may  be  facilitated  by  the  introduction  of  an 
additional  auxiliaiy  quantity.     Thus,  let 

tfinz'  =  yjy,  (67) 

and  from  (62)  we  find 

cos  /  =  cos  i  {u"  —  m)  „■  =  2  cos  I  iu"  —  u)  cos^'  i^"-/, 

or 

cos  r'  =  sin  2/  cos  A  (u"  —  u)/  (68) 

We  have,  also, 

x"  =  (r  +  r")"  —  4rr"  cos^ :}  (u"  —  ^i), 
which  gives 

j('!  :==  (r  _  r'y  -f-  irr"  sin'  -J  (u"-—  u).  ' 


Multiplying  this  equation  bycoa^^(' 
by  siD^^(M"  —  I',),  and  adding,  we  get 

«)  and  the 

preceding 

^'=(_r  +  r"T.inmu"~ 

u-)  +  (r- 

-r")'co!'J(., 

>"-«). 

From  (67)  we  get 

and,  therefore. 

aiii- 

r" 

■cos  2/. 

zz=  — 

so  that  equation  (69)  may  be  written 

""                -If         ■    21  r 

■'-' 

«)  + 

cos'2/cosn 

(-,,"      „i 

Q,^^'y-^^nr~sm  .{u 

\U          U). 

We  may,  therefore,  put 

sin  /  sin  G'  =  cos  i  (it"  —  u)  cos  2;;', 
cos  /  =  cos  3  (m"  —  u)  sin  2;;', 
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from  which  y'  may  be  derived  by  means  of  its  tangent,  so  that  sin  j-' 
shall  be  positive.  The  auxiliary  angle  (?'  will  be  of  subsequent  use 
in  determining  the  elements  of  the  orbit  from  the  final  hypothesis  for 
P  and  q. 

88.  We  shall  now  consider  the  auxiliary  quantity  y'  introduced 
into  the  first  of  ci^uations  (66).     J^'or  brevity,  let  us  put 

and  we  shall  have 


'^        2?-sinV 
Tliis  gives,  by  dilFerentiation, 

d-i/       „  ,4  sin'  a  da 

or 

^. 
d</  ' 

The  last  of  equations  (66)  gives  a^'^sin^^^',  and  hence 

-r^  =  2  Gosec  a. 

Therefore  we  have 

d^  _  6y'  cos  g  —  S^'  _  3(1  -~2x')y'—4y"_ 
da/"'  sin'ff  ~  2a/ (1—*') 

It  is  evident  that  we  may  expand  y'  into  a  series  arranged  in  refer- 
ence to  the  ascending  powers  of  x',  so  that  we  shall  have 

y'  z^  a  +  ri^'  +  yx"'  +  Bjf'  +  sx'^  +  Cx'''  H-  &C. 

Differentiating,  we  get 

^  =  ^  +  2j-a/  +  &3x''  +  4Ea,-"  +  5;af'  +  &c., 


2/5/  +  (4)-  —  2(5)  a/'  +  (65  —  4rJ  :b"  +  (8^  —  63)  ^'  +  (IOC  ~  80  a/=+  &e. 
=  (3a  — 4b')  +  (3,9  — 6o  — 8a^)3/+(3;'— 6jS  — 4,?  — 8ar)«" 
+  (3fl  —  6r  —  8,3^  —  8ofl)  a;''  +  (3e  —  6fl  —  4)^  —  8i?(!  —  8^0  ^* 
+  (3?  —  6=  —  8^5  —  8i9s  —  8»C)  yi*  +  &c. 

Since  the  coefficients  of  like  powers  of  x'  must  be  equal,  we  have 

3a  —  4a'  =  0,  ■  3^  —  6a  —  80^  =  1§, 

Zy  —  6,;  —  4^9^  —  Saj-  =  2  (2)-  —  ;3),  &c. ; 
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and  hence  we  derive 


Tterefope  we  have 


+  5^liM¥l4^^"  +  &'=-  (71) 

If  we  multiply  through  by  y,  and  put 

+  4  'fliSfsis-*'"  +  &c.,  (72) 

we  obtain 

'j's'-S +•'  =  ?■     '  (73) 

Combining  this  witli  tlie  second  of  equations  (66),  the  result  is 


If  we  put 

„' 

m' 

we  shall  have 

^-i 

:+/+?■ 

*7 

h'-' 

But  from  the  first  of  equations  (66)  w 

3  got 

and  therefore  we 

have 

l'  =  - 

,'•(»'- 

/•C^- 

'I); 

(75) 

As  soon  as  yj'  is  known,  this  epilation  will  give  the  corresponding 
value  of  s'. 

Since  f  is  a  quantity  of  the  fourth  order  in  reference  to  the  difFer- 
ence  J  {E"  —  E),  we  may  evidently,  for  a  first  approximation  to  the 
value  of  fj',  take 


n  =F 


+/ 


and  with  this  find  s'  from  (75),  and  the  corresponding  value  of  x' 
from  the  last  of  equations  (66).  With  this  value  of  te'  we  find  the 
corresponding  value  of  6',  and  recompute  -/j',  s',  and  x' ;  and,  if  the 
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value  of  I'  derived  from  tlie  last  value  of  x'  differs  from  that  already 
used,  the  operation  must  be  repeated. 

It  will  be  observed  that  the  series  (72)  for  f  converges  with  gi-eafc 
rapidity,  and  that  for  ^'  — £;=94°  the  term  contaiBing  x'^  amounts 
to  only  one  unit  of  the  seventh  decimal  place  in  the  value  of  ?'.    Table 
XIV.  gives  the  values  of  f '  corresponding  to  values  of  x'  from  0,0 
to  0.3,  or  from  £"  — _E  =  0  to  m'  —  E=\ZT  50'.6.     Should  a 
case  occur  in  which  E"  —  E  exceeds  this  limit,  the  expression 
sin- ^  (£"-■£) 
y       E"—E~maiE"—E) 
may  then  be  computed  accurately  by  means  of  tlic  logarithmic  tables 
ordinarily  in  use.     An  approximate  value  of  x'  may  be  easily  found 
with  which  y'  may  be  computed  from  this  equation,  and  then  ?'  from 
(73).     AVith  tile  value  of  ?'  thus  found,  ^'  may  be  computed  from 
(74),  and  thus  a  more  approximate  value  of  x'  is  immediately 
obtained. 

The  equation  (76)  is  of  the  third  degree,  and  has,  therefore,  three 
roots.  Since  s'  is  always  positive,  and  cannot  be  less  than  1,  it 
follows  from  this  equation  that  vj'  is  always  a  positive  quantity.  The 
equation  may  be  written  thus : 

and  there  being  only  one  variation  of  sign,  there  can  be  only  one 
positive  root,  which  is  the  one  to  be  adopted,  the  negative  roofs  being 
excluded  by  the  nature  of  the  problem.  Table  XIII.  gives  the 
values  of  logs'^  corresponding  to  values  of  :;'  from  ^j'^O  t-o  yj'=0.^. 
When  i^'  exceeds  the  value  0.6,  the  value  of  s'  must  be  found  directly 
from  tlie  equation  (75). 

89.  We  are  now  enabled  to  determine  whether  the  orbit  is  au 
ellipse,  parabola,  or  hyperbola.  In  the  ellipse  ^  =  sm^i{E"  ■ — E) 
is  positive.  In  the  parabola  the  eccentric  anomaly  is  zero,  and  hence 
a:  ^^  0.  In  the  hyperbola  the  angle  which  we  call  the  eccentric 
anomaly,  in  the  case  of  elliptic  motion,  becomes  imaginary,  and 
bence,  since  sin  J  {E"  —  E)  will  be  imaginary,  x'  must  be  negative. 
It  follows,  therefore,  that  if  the  value  of  x'  derived  from  the  equa- 
tion 

is  positive,  the  orbit  is  an  ellipse;  if  equal  to  zero,  the  orbit  is  a 
parabola ;  and  if  negative,  it  is  a  hyperbola. 
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For  the  case  of  pavabolic  motion  we  have  x'  =  0,  and  the  second 
of  equations  (66)  gives 

If  we  eliminate  s'  by  means  of  both  eqnationsj  since,  in  this  easOj 
y'  =  I,  we  get 

»'■»  =/'  +  !/•■ 

Substituting  in  tliis  tlie  values  of  m  andTgiven  by  (65),  we  obtain 

?^  =  3siiiii-'co«/  +  4.in'J/, 

whicli  gives 

^  =  6  sin  ^Z  cos'  i/  +  2  sin'  i/, 


(r  +  'O* 
This  may  evidently  he  written 


(sin  jr"  +  00=  i/y  +  (sin  t'  -  o«»  J/)'- 


j— Py,  =  (1  +  sin  r')'  H=  (1  -  sin  /% 

the  upper  sign  being  used  when  ;-'  is  less  than  90°,  and  the  lower 
sign  when  it  exceeds  90°.  Multiplying  tlirough  by  (r  +  r")^,  and 
replacing  {r  -\-  r")  ainT*  by  K,  we  obtain 

6/ =  (r  + /' +  ;.)S  zp  (,- +  r"  -  *=)t, 

which  is  identical  with  the  equation  (Sfi)^  for  the  special  case  of 
paraholio  motion. 

Since  x'  is  negative  in  the  case  of  hyperbolic  motion,  the  value  of 
I' determined  by  the  series  (72)  will  be  different  irom  that  in  the 
case  of  elliptic  motion.  Table  XJV.  gives  the  value  of  ?'  corre- 
sponding to  both  forma;  but  when  x'  exceeds  the  limits  of  this  table, 
it  will  be  necessary,  in  the  case  of  the  hyperbola  also,  to  compute  the 
value  of  $'  directly,  using  additional  terms  of  the  aeries,  or  we  may 
modify  the  expression  for  y'  in  terms  of  E"  and  £  so  as  to  be 
applicable. 

If  we  compare  equations  {44),  and  (56)i,  we  get 

tan  AE  =  l/-^  tan  iF; 


stsd  by  Google 


DETERMINATION    OF   AN    ORBIT. 

and  lience,  from  (58),, 

We  Jiave,  also,  by  comparing  {65)i  with  (41)i,  since  a  is  negative  in 
the  hyperbola, 

COS  -i.  =  — „-— -I 
which  gives 

Now,  since  

cos E  +  V'—l  sin E=  e-^''^', 

in  which  c  is  the  base  of  Naperian  logarithms,  we  have 

E  V^l  =  loge  (cos  E  +  V^^  sin  E), 

wliich  reduces  to 

E^V^^lfig^T. 

By  means  of  these  relations  between  E  and  <t,  the  expression  for  y' 
may  be  transformed  so  as  not  to  involve  imaginary  quantities.  Thus 
we  have 

E"  —  £=  (logy  —  log,<r)  1/=!  =  y-ZTl  log^^, 

sin {E"  —  E)  =  sin E" cos E  —  cos £" sin E ^  ■    ~,"  V"^^. 

From  the  value  of  cos  E  ^ve  easily  derive 


tV—I,  C08^£=' 


■+1 


and  hence 


T^V^I- 


Therefore  the  expression  for  y'  becomes 


{•«.")•  log.  ^ 4  •«"  («"■-  «•) 
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Sinoe  the  auxiliary  quantity  <r  in  the  hyperbola  is  always  pftsitlvCj 
let  us  now  put 

and  we  have 

!/  =  - 


from  which  y'  may  he  derived  when  A  is  l:nown. 
We  have,  farther, 

sia- J  (_£"  -  iS)  =  HI  -  »os  1  ( JS"  -  £))  =  5  ( 1  - --^  j 

and  therefore 


iVn 


(78) 


(79) 


These  expressions  for  y'  and  x'  enable  us  to  find  f '  when  k'  exceeds 
the  limits  of  the  table.  Thus,  we  obtain  an  approximate  value  of  x' 
by  putting 

from  which  we  first  find  s'  and  then  x'  from  the  second  of  equations 
(66).     Then  we  compute  A  from  the  formula  (79),  wliich  gives 

A  =  l~2ii^  +  2\/a.^'  —  V,  (SO) 

y'  from  (77),  and  6'  from  (73).  A  repetition  of  the  calculation,  using 
the  value  of  f  thus  found,  will  give  a  still  closer  approximation  to 
the  correct  values  of  x'  and  s' ;  and  this  process  should  be  continued 
until  ?'  remains  w 


90,  The  formulfe  for  the  calculation  of  ■^'  will  evidently  give  the 
value  of  s  if  we  use  r,  /,  r",  u',  and  u",  the  necessary  changes  in  the 
notation  being  indicated  at  once;  and  in  the  same  manner  using  r", 
r,  r',  u,  and  n',  we  obtain  s".  From  the  values  of  a  and  s"  thus 
found,  more  accurate  values  of  P  and  Q  may  be  computed  by  means 
of  the  equations  (48)  and  (51).  We  may  remark,  however,  that  if 
tlie  times  of  the  observations  have  not  been  already  corrected  for  the 
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time  of  aberration,  aa  in  the  case  of  the  determination  of  an  unknown 
orbit,  this  con-ection  may  now  be  applied  aa  determined  by  means  of 
the  values  of  p,  p',  and  p"  already  obtained.  Thus,  if  t,„  %',  and  t,," 
are  tlie  uncorrected  times  of  observation,  the  corrected  vtilufes  will  be 

f  ^  t„  —  Cp  sec  /3, 

If  =t^  —  Cp'  sec  fi',  (81) 

in  which  log  C— 7.760523,  expressed  in  parts  of  a  day;  and  from 
these  values  of  t,  t',  i"  we  recompute  r,  t-',  and  t",  which  values  will 
require  no  further  correction,  since  p,  p',  and  p" ,  derived  from  tlie 
first  approximation,  are  sufficient  for  this  purpose.  AVith  the  new 
values  of  P  and  Q  we  recompute  r,  r',  r",  and  m,  it',  u"  as  before, 
and  thence  again  _P  and  Q,  and  if  the  last  values  diflfer  from  the  pre- 
ceding, we  proceed  in  the  same  manner  to  a  third  approximation, 
which  will  usually  be  sufficient  unless  the  interval  of  time  between 
the  extreme  observations  is  considerable.  If  it  be  found  necessary 
to  proceed  further  with  the  approximations  to  P  and  Q  after  the 
calculation  of  these  quantities  in  the  third  approximation  has  been 
effeeted,  instead  of  employing  tliese  directly  for  the  next  trial,  we 
may  derive  more  accurate  values  from  those  already  obtained.  Thus, 
let  X  and  y  be  the  true  values  of  P  and  Q  respectively,  with  which, 
if  the  calculation  be  repeated,  we  should  derive  the  same  values  again. 
Let  aa:  and  ai/  be  the  differences  between  any  assumed  values  of  x 
and  y  and  the  true  values,  or 

Tiion,  if  we  denote  by  x/,  y^'  the  values  which  result  by  direct  cal- 
culatioji  from  the  assumed  values  x^  and  y^,  we  shall  have 

Expanding  this  function,  we  get 

and  if  i^x  and  ay  are  very  small,  we  may  neglect  terms  of  the  second 
order.  Further,  since  the  employment  of  x  and  y  will  reproduce  the 
same  values,  we  have 

and  hence,  since  aa:  =  aip  — x  and  h-y^y^  —  y, 
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In  a  similar  manner,  we  obtain 

ft'  —  Pi,  =  ^'  C*o  ~^')  +  S'  (ft  —  J')- 
Let  us  now  denote  the  values  resulting  from  the  first  assumption  for 
i*  and  Q  by  i*j  and   Q^,  those  resulting  from  P„  §,  by  Pj,  §3,  and 
from  Pj,  §2  by  Pj,  §3;  and,  further,  let 


P,- 

■P  =  «, 

P,-P,  =  i.', 

p. 

-P,  =  «". 

«,- 

■e=6, 

e.-e.=i.'. 

e. 

-e.=»". 

Then 

,  by  means  of  the  equations  for  x^ 

'-».and 

2/n'  — ;/o,  we 

.hall 

Imve 

0  = 

=  A(P' 

-«)  +  -BC«- 

-S),           6  = 

=  ^'(P- 

^)  +  -B'(«- 

-s), 

0'  = 

=  J1(P,- 

-«)  +  -BCe, 

-J).      i'  = 

=  A'(P,- 

i)  +  J!'«2,- 

-!/J. 

a"  = 

=  ^W- 

-it)+-B(«,- 

-J),           S"  = 

=  ^'(P,- 

■■ij  +  i'Cft- 

-SJ- 

If  wo  eliminate  A,  B,  A',  and  B'  from  these  equations,  the  results 
are 

_  p(g'6"  —  a"h')  +  P,  («"5  —  ab")  +  P,  (a5'  —  alb) 

^  ~        (»'6"  —  a"b')  +  {a"b  —  ab")  +  {ab'  —  a'b)     '' 

_  ^(.a'b"-a"b')+Q,ia''b-ab")+Q^{ab'-a'b) 

^  ~       {a'b"  —  a"b')  +  (a,"b  —  ab")  +  {ab'  —  a'b)      ' 


from  which  we  get 


y  =  Va- 


/'  +  a')  (a'b"  -  a"b')  +  a"  (a"b  -  ab") 
lb"—o!'b')  -{■  ial'b  —  ah")  +  {ab'—a'by 
{b"  +  b")  {ct'b"  —  a"b')  +  b"  {a"b  —  ab") 
~  {a'b"—  a"b')  4-  (a"6  —  06")  -)-  {ab'—  a'b)' 


In  the  numerical  application  of  these  formulse  it  will  be  more  con- 
venient to  use,  instead  of  the  numbers  P,  P„  P^,  Q,  Q„  &c.,  the  loga- 
rithms of  these  quantities,  so  that  a= log  P^ —  log  P,b  =  log  $,—  log  Q, 
and  similarly  for  a',  i',  a",  h", — which  may  also  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  employed, — and  we 
shall  thus  obtain  the  values  of  loga:  and  logy.  With  these  values 
of  log  X  and  log  y  for  log  P  and  log  Q  respectively,  we  proceed  with 
the  final  calculation  of  r,  r',  r",  and  u,  u',  u". 

When  the  eccentricity  is  small  and  the  intervals  of  time  between 
the  observations  are  not  very  great,  it  will  not  be  necessary  to  employ 
the  eqimtions  (82) ;  but  if  the  eccentricity  is  considerable,  and  if,  in 
addition  to  this,  the  intervals  are  large,  they  will  be  required.  It 
may  also  occur  that  the  values  of  P  and  Q  derived  from  the  last 
hypothesis  as  corrected  by  means  of  these  formulte,  will  differ  so 
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much  from  the  values  found  for  x  and  y,  ou  account  of  the  neglected 
terms  of  the  second  order,  that  it  will  be  necessaiy  to  recompute  these 
qiiantities,  using  these  last  values  of  P  and  §  in  connection  with  the 
three  preceding  ones  in  the  numerical  solution  of  the  equations  (82). 

91.  It  remains  now  to  complete  the  determination  of  the  elements 
of  the  orbit  from  these  final  values  of  P  and  §.  As  soon  as  Q,,i, 
and  u,  u',  u"  have  been  found,  tlie  remauiing  elements  may  be  de- 
rived by  means  of  )■,  r',  and  u' —  u,  and  also  fi'om  r',  r",  and  u"~  u' ; 
or,  which  is  better,  we  will  obtain  them  from  the  extreme  places,  and, 
if  the  approximation  to  P  and  Q  is  complete,  the  results  thus  found 
will  agree  with  those  resulting  from  the  combination  of  the  middle 
place  with  either  extreme. 

We  must,  therefore,  determine  s'  and  x'  from  *-,  r",  and  it,"  —  u, 
by  means  of  the  formula  already  derived,  and  then,  from  the  second 
of  equations  (46),  wc  have 

^^|.V/-»nfr."-.)j-^  C83) 

from  which  to  obtain  p.    If  wc  compute  s  and  s"  also,  we  shall  have 
I  srV  su\(u" —  u')Y      I  ^'■n'siniu'  —  u)y 

p={ )=( J, ). 

and  the  mean  of  the  two  values  of  p  obtained  from  this  expression 
should  agree  with  that  found  from  (83),  thus  checking  the  calcula- 
tion and  sho^ving  the  degree  of  accuracy  to  which  the  approximation 
to  P  and  Q  lias  been  carried. 
The  last  of  equations  (65)  gives 

sinK-E"--E)-t/:/,  (84) 

from  which  E"—E  may  be  computed.  Then,  from  equation  (57), 
since  e  =  sin  f,  we  have 

for  the  calculation  of  a  cos  ip.     But  p  =  a{X  —  e^)^  a  cos^  f,  whence 

cosf,  =  -P—,  (86) 

^       «cos¥' 

which  may  be  used  to  determine  f  when  e  is  very  nearly  equal  to 
unity;  and  then  e  may  be  found  from 

e  =  1  —  2  sin=  (45°  —  -^p). 
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The  equations  (50)  give 

6  cos  («    —  oi)^±-^  t, 

and  from  these,  by  addition  and  subtraction,  we  derive 

■2,  cos  K«"  -  »)  ■»!  (J  («"  +  «)-")  =-^  +  ^  -  % 

2.  .in  J (." -  »)  sin (1  (rf'  +«)--)  =^  - -P, 

by  means  of  which  e  and  to  may  be  found. 

„  ,      t  —  t".  .    „  ,       2l/^' 

cos  2-/  =  — —-Tj,  sm  2/  ^  — j — ^1 

we  have 


-2, 


and  from  equations  (70), 


sin  2x'  = 


)s/ 


coa^iu" — u) 
Therefore  the  formula;  (87)  reduce  to 

"-^  tan  G', 


from  which  also  e  and  tu  may  be  derived.     Then 


and  t!ic  agreement  of  cos  f  as  derived  from  this  value  of  f  with  that 
given  by  (86)  will  serve  as  a  further  proof  of  the  calculation.  The 
longitude  of  the  perihelion  will  be  given  by 


or,  when  i  exceeds  90°,  and  the  distinction  of  retrograde  motion  ii 
adopted,  by  n-  =  SJ  —  to. 
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To  find  a,  wc  have 

p    __  ("  cos  ^y 

~cosV~        P       ' 

or  it  may  be  eomputeii  directly  from  the  equation 


which  results  from  the  snbstitutioii,  in  the  last  term  of  the  preceding 
equation,  of  the  expressions  for  a  cos  f  and  p  given  by  (83)  and  (85). 
Then  for  the  mean  daily  motion  we  have 


We  have  now  only  to  find  the  mean  anomaly  corresponding  to  any 
epoch,  and  the  elements  are  completely  determined.  For  the  true 
anomalies  we  have 

and  if  wo  compute  r,  r',  r"  from  these  by  means  of  the  polar  equa- 
tion of  the  conic  section,  the  results  should  agree  with  the  values  of 
the  same  quantities  previously  obtained.  According  to  the  equation 
(45)i,  we  have 

taa  ^E  =^  tan  (45°  —  ^i")  tan  ^v, 

tan  ^£'  =  tan  (45°  —  y)  tan  {v',  (90) 

tan  ^E"  =  tan  (45°  —  -J^o)  tan  -Ji/', 

fi-om  which  to  find  JS,  E',  and  E".  The  difference  E"  —  E  should 
agree  with  that  derived  from  equation  (84)  within  the  limits  of 
accuracy  afforded  by  the  logarithmic  tables.  Then,  to  find  the  mean 
anomalies,  we  have 

M  =E  —  emiE, 

M'  =E'  —  e  sin  E',  (91) 

M"  =  E"—ef,mE"; 

and,  if  ifj  denotes  the  mean  anomaly  corresjjonding  to  any  epoch  T, 
we  have,  also, 

M^  =  M  —ii(.t  —T) 

=  M'  —  ix{l!  —  T) 

=  M"—!x{i"—T), 

in  the  application  of  which  the  values  of  t,  t',  and  ("  must  be  those 
which  have  been  corrected  for  the  time  of  aberration.     The  agree- 
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ment  of  the  three  values  of  M^  will  be  a  final  test  of  the  aecuracy  of 
the  entire  calculation,  K  the  final  values  of  P  and  Q  are  exact, 
this  proof  will  be  complete  witbin  the  limits  of  accuracy  admitted 
by  the  logarithmic  tables. 

When  the  eccentricity  is  such  tliat  the  equations  (91)  cannot  be 
solved  with  the  requisite  degree  of  accuracy,  we  must  proceed  accord- 
ing to  the  methods  already  given  for  finding  the  time  fi*om  the  peri- 
helion in  the  case  of  orbits  differing  but  little  from  the  parabola. 
For  this  purpose,  Tables  IX.  and  X.  will  be  employed.  As  soon  as 
V,  v',  and  v"  have  been  determined,  we  may  find  the  auxiliary  angle 
V  for  each  observation  by  means  of  Table  IX.;  and,  with  Fas  the 
argument,  the  quantities  M,  M' ,  M"  (which  are  not  the  mean  anoma- 
lies) must  be  obtained  from  Table  VI.  Then,  the  perihelion  distance 
having  been  computed  from 

P 


J-i— ^--Viqr^-f — g-\y^^~*^       c7^i^e'    ^    ' 

in  which  log  (7^  =  9.96012771  for  the  determination  of  the  time  of 
perihelion  passage.  The  times  (,  (',  t"  must  bo  those  ivhich  have 
been  corrected  for  the  time  of  aberration,  and  the  agreement  of  tlie 
three  values  of  J"  is  a  final  proof  of  the  numerical  calculation. 

If  Table  X.  is  used,  as  soon  as  the  true  anomalies  have  been  found, 
the  corresponding  values  of  log  B  and  log  C  must  be  derived  from 
the  table.     Then  v;  is  computed  from 

^      ,  tan>^/  l  +  9e 

tau>  =  -^V5(r+-,y 

and  similarly  for  w'  and  w"  ;  and,  witli  these  as  arguments,  we  derive 
M,  M',  M"  from  Table  VI.     Finally,  we  liave 


C,v'J,(l  +  9e)  C.v'ACI  +  'Je)  Cyjja  +  St)' 

(93) 
for  the  time  of  perihelion  passage,  the  value  of  C^  being  the  same  aa 
in  (92). 

When  the  orbit  is  a  parabola,  e  ^=  1  and  j)  ^^  1q,  and  the  elements 
0  and  i!>  can  be  derived  li'om  r,  r",  u,  and  u"  by  means  of  the  equa- 
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tions  (76),  (83),  and  (88),  or  by  means  of  the  formnlje  already  given 
for  the  special  case  of  parabolic  motion. 

92.  Since  certain  quantities  which  are  real  in  the  ellipse  and  para- 
bola become  imaginary  in  the  case  of  the  hyperbola,  the  formuhe 
already  given  for  detennining  the  elements  from  r,  r",  u,  and  u" 
require  some  modification  when  applied  to  a  hyperbolic  orbit. 

When  s'.and  x'  have  been  found,  p,  e,  and  w  may  be  derived  irom 
equations  (83)  and  (87)  or  (88)  precisely  as  in  the  ease  of  an  elliptic 
orbit.     Since  x'^sin^\(E"  ^  E),  we  easily  find 

sin i  {E"  ~E)=2  l/a/  —  x'", 

and  equation  (85)  becomes 

«,,,,^^iLH^:-^<^.  (94) 

But  in  the  hyperbola  x'  is  negative,  and  hence  Vx'  —  x'^  will  be 
imaginary ;  and,  further,  comparing  the  values  of  p  in  the  ellipse 
and  hyperbola,  we  have  eos^p  ^  —  tan'i^i  oi' 

cos  If  =  V —  1  tan  i/. 

Therefore  tlie  equation  for  a  cos  (p  becomes 

"~u)VW  .... 


2Vx' 


if  a  is  considered  as  being  positive,  from  which  a  tan  i^  luiiy  he 
obtained.     Then,  since p^a  tan^-i^)  ^^'^  have 

tan  -i  =  —^~,  (96) 

for  the  determination  of  Tp,  and  the  value  of  e  computed  from 

e  =  sec  +  ^  Vi  +  tan"+ 

Bhould  agree  with  that  derived  from  equation  (88).  When  e  differs 
but  little  from  unity,  it  is  conveniently  and  accurately  cojuputed 
from 

6  =  1  +  2sinU4.sec4. 

The  value  of  a  may  be  found  from 
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IGs'^rr"  cos'^  (m"  —  u)  (a'^  —  a/)' 


which  is  derived  directly  from  (89),  observing  that  the  elliptic  semi- 
transverse  axis  becomes  negative  in  the  case  of  the  hyperbola. 

As  soon  as  w  has  been  found,  we  derive  from  u,  u',  and  u"  the 
corresponding  values  of  v,  v',  and  v",  and  then  compute  the  values 
of  F,  3f",  and  F"  by  means  of  the  formula  (57)i ;  after  which,  by 
means  of  the  eq^uation  (69}[,  the  corresponding  valu&f  of  iV,  N',  and 
N"  will  be  obtained.  Finally,  the  time  of  perihelion  pa.=sage  will 
be  given  by 

^gh  ijc  igh 

wherein  log^i  --  7.87336576. 

The  cases  of  hyperbolic  orbit?  are  rare,  and  in  most  of  those  which 
do  occur  the  eccentricity  will  not  differ  much  from  that  of  the  para- 
bola, so  that  the  most  accurate  determination  of  T  will  be  effected  by 
means  of  Tables  IX.  and  X.  as  already  illusti'ated. 

93.  Example. — To  illustrate  the  application  of  the  principal  for- 
mula which  have  been  derived  in  this  chapter,  let  us  take  the  follow- 
ing observations  of  Ev/rynome  ®  : 

Atm  Arbor  M.  T.                              (&o  @iS 

1863  Sept.  14  15"  SB"  37'.2  1'    0"  44'.91  +  2°  53'  30",8, 

21     9   46    18 .0  0  57      3 .57  9    13    5  .5, 

28    8  49    29 .2  0  52    18 .90  -|-  8   22    8  .7. 

The  apparent  obliquity  of  the  ecliptic  for  th^e  dates  was,  respect- 
ively, 23°  27'  20".75,  23°  27'  20".71,  and  23°  27'  20".65;  and,  by 
means  of  these,  converting  the  observed  right  ascensions  and  declina- 
tions into  apparent  longitudes  and  latitudes,  we  get — 

Ann  Arbor  M.  T.                           Longitude.  Latitude. 

1863  Sept.  14  15*  53"  37'.2  17°  47'  37".60  -j-  3°    8'  43M9, 

21     9   46    18 .0  16   41  36  .20  2    52  27  .46, 

28    8  49    29.2  15    16  56.35  +2   32  42.98. 

For  the  same  dates  we  obtain  from  the  Ainerioan  Nautical  AlmaiuiG 
the  following  places  of  the  sun : 
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Latitude. 

172°    l'42".l. 

—  0.07 

178    37  17  .2 

+  0.77 

185    26  54  .8 

+  0.67 

NUMERICAL   EXAMPLE. 


0,0022140, 
0.0013857, 
0.0005174. 

Since  the  elements  are  supposed  to  be  wholly  unknown,  the  places 
of  the  planet  must  be  twrrccted  for  the  aberration  of  the  fixed  stars 
as  given  by  equations  (1).  Thus  we  find  for  the  corrections  to  be 
applied  to  the  longitudes,  respectively, 

— 18".48,  — 19".49,  —1Q".f, 

and  for  the  latitudes, 

+  0".47,  +0    Sll  +11    14 

When  these  corrections  are  applied,  we  obtiin  the  true  pliu:'.  cf  tlit, 
planet  for  the  instants  when  the  light  wt&  emitted,  but  is  seen  ttoni 
the  places  of  the  earth  at  the  instant'*  of  obser^  ation 

Next,  each  place  of  the  siin  must  be  reduced  from  the  centre  of 
tlie  earth  to  the  point  in  which  a  line  dr'vwn  fiom  the  plinet  thiough 
the  place  of  the  observer  cuts  the  plane  of  the  ecliptic  For  tins 
purpose  we  have,  for  Ann  Aiboi, 

/  =  42'5'.4,      ■    -     log/>„  =  9.99935; 

and  the  mean  time  of  observation  being  converted  into  sidereal  time 
gives,  for  the  three  observations, 

o„  ^  3*  29"  1',  e;  ^  21"  48"'  17',  <'  =  21*  18"  65', 

which  are  the  right  ascensions  of  the  geocentric  zenith,  of  which  <p' 
is  in  each  case  the  declination.  From  these  we  derive  the  longitude 
and  latitude  of  the  zenith  for  each  observation,  namely, 

k^      60°33'.9,  l^  =   -347^    0'.4,  Z„"  =    342°  59'.2, 

5„  =  +  22    25  .0,  V  ^  +  50    -15^8-,  &„"  =  +  53    41 .6. 

Then,  by  means  of  equations  (4),  we  obtain 

A  0„  =  — 18".92,  A  O'  =  —  36".94,  A  ©"  =  —  25".76, 

i  log  i?„  =  —  0.0001084,  A  log  ie;  =  —  0.0002201, 

A  log  li^'  =  ~  0.0002796. 

For  the  reduction  of  time,  we  have  the  values  +  O^-IS,  +  0'.28,  and 
+  0'.34,  which  are  so  small  that  they  may  be  neglected. 
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Finally,  the  longitudes  of  both  the  sun  and  planet  are  reduced  to 
tlie  mean  equinox  of  1863.0  by  applying  the  corrections 

—  60",95,  ■    —  51".62,  —  52".14; 

and  the  latitudes  of  the  planet  are  reduced  to  the  ecliptic  of  the  same 
date  by  applying  the  corrections  — 0".15,  —  0".14,  and  —  0".14, 
respectively. 

Collecting  together  and  applying  the  several  corrections  thus  ob- 
tained for  the  places  of  the  sun  and  of  the  planet,  redueuig  the  un- 
corrected times  of  observation  to  the  meridian  of  Washington,  and 
expr^sing  them  in  days  from  the  beginning  of  the  year,  we  have  the 
following  data : — 

t,  =257.68079,  X  =17°  46' 28'M7,  ^  -=  +  8°    8' 43".rjl, 

t,'  =  264.42570,         /  =  16  40  25  .19,         ,?  -=      2  52  27  .62, 

V'  =  271.38625,  i"  =  15    15  44  .03,  j*"  ^  +  2    32  42  .98, 

O   =172"    0'32".23,  log  J?  =0.0021056, 

O'  =178    35  48  .74,  logE'  =0.0011656, 

©"=185   25  36.90,  log  if' =  0.0002378. 

The  nnmerical  values  of  the  several  corrections  to  be  applied  to 
the  data  furnished  by  observation  and  by  the  solar  tables  should  be 
checlied  by  duplicate  calculation,  since  an  error  in  any  of  these  re- 
ductions will  not  be  indicated  until  after  the  entire  calcuialion  of  t!ie 
elements  has  been  effected. 

Ey  means  of  the  equations 

IfR"iimiO"^Q')  ,„,_  i?gsiu(0'-O) 


N= 


BIi"sm(,G"-Qy 

iff 


we  obtain 

log  i^  =  9.7087449,  log  iV":=^  9.6950091, 

4'-=161°42'13".16, 

log  (B'  sin  V)  =  9.4980010,  log  {B!  cos  V)  =  9.9786355„. 

The  quadrant  in  which  ■^'  must  bo  taken  is  determined  by  the  con- 
ditions that  li^' must  be  less  than  180°,  and  that  cosil/' and  cos  (^'—  O') 
must  have  the  same  sign.     Then  from 
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2  cos /5  cos  ^' 
2  cos /S  Cos/?' 


tanloo!(i  (i"  +  i)  -  iT)  =  '" '^^i,  cosocS  (i"-fl; 


tan  1%  =  sin  (;.'  —  K)  tan  /, 


i(;y-;?„) 


5: 


°        cos /?o  tan/' 
_  JgsinCQ  —  A")  _  ir  sm(0'— JQ 


^_  ■RVinCO''— -g)  sec?  ,  _.BJ^"ain(0"— 0) 

'*^'     "        «„  '  ■'^sm(X"-i.y  "~      «„smy"-'l)     ' 

we  compute  JiT,  J,  /3p,  C6(„  b,  c,  d,f,  sind  /t.  The  angle  jjnuat  be  less 
than  90°,  and  the  value  of  /S,,  uuist  be  determined  with  the  greatest 
possible  accuracy,  since  on  this  the  accuracy  of  the  resulting  elements 
principally  depends.     Thus  we  obt-ain 


E. 

=  4»  47'  29".48, 

log  taa  J— 

:  9.3884640, 

K-- 

=  2°  52'  59"|if, 

log«o  = 

=  6.80135S3„, 

logSr 

=  2.5456342  , 

logc  = 

=  2.2328550  , 

\o^d-- 

=  1.2437914,          log/c 

=  1.3587437.,, 

log /t^  3.9247691. 

The  fomralffi 

Jf, 

sm(l"^l')         Ji" 

■sin(A"-0") 
d 

jH," 

sill  (r- J) 
"  «;t.  cj"      ;.l 

-/^ 

iinC-l-O) 
ft 

'  a 

;ive 

log  JW,  ^  9.8946712,  log  Jf/'  = 

log  M^  =  1.9404111,  log  M^'  =  0.7306625„. 

The  quantities  thus  fer  obtained  remain  unchanged  in 

essive  approximations  to  the  values  of  P  and  Q. 
For  the  first  hypothesis,  from 

■z  ^h (V  —  fn'),  r"  =  fc (^'  —  O, 

P  =  -,  0  =  Tr", 


Jl±Pd 
"  1  +  P' 


4  =  - 


>?„  sin  f  =  Ji"  sin  V, 
ija  cos  C  =  i„  —  ii"  COS  4'', 
4 
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logr  =9.0782249, 
logP=  9.9863326, 
log  c„  =  2.2298567„, 
log;„  =0.0716091, 
?  =  8°24'49".74, 


'  -=  9.0645575, 
log  Q  =  8.1427824," 
ogi„  =0.0704470, 


1^=1.2449136. 


The  quadrant  in  which  ^  must  be  situated  is  detei-miued  by  the  con- 
dition that  ^n  shall  have  the  same  sign  as  ^. 

The  value  of  z'  must  now  be  found  by  trial  from  the  equation 

sines'— 0=mn  sin V. 


Table  XII.  shows  that  of  the  four  roots  of  this  equation  one  e 
180°,  and  is  therefore  excluded  by  the  condition  that  sins'  must  be 
positive,  and  that  two  of  these  roots  give  z'  greater  than  180°  —  '*{/, 
and  are  exeiuded  by  the  condition  that  2'  must  be  less  than  180°^  i/''- 
The  remaining  root  is  that  which  belongs  to  the  orbit  of  the  planet, 
and  it  is  shown  to  be  approximately  10°  40' ;  but  the  correct  value 
is  found  from  the  last  equation  by  a  few  trials  to  bo 

The  root  which  con-csponds  to  the  orbit  of  the  earth  is  18"  20'  41", 
and  differs  very  little  from  180°  —  ■^'. 
Next,  from 


■R'sinV 
"     sin  2'    ' 


1  + 


3\ 


N\ 


1  +  P\ 

we  derive 

log/ =  0,3025672, 
logii  =  9.7061229, 
log,)  =  0.0254823, 


log/ =0.0123991, 
log  Ji"  =9.6924535, 
log /j"  =  0.0028859. 


The  values  of  the  curtate  distances  having  thus  been  found,  the 
heliocentric  places  for  the  three  observations  arc  now  computed  from 
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r  cosh  sin  (I—  ©)        =/>  siii(A  ~  ©), 

r  Mil  5  =  p  tan  j9 ; 

r*  cos  ¥  cos  (I'  —  ©0     =  p'  cos  (-1'  —  ©')  —  E', 

,■■  cos  6' sin  (?-©')      -/sin  (;/-©'), 

/  sin  y  ^^  io'  tan ;?  ; 

/'  cos  b"  cos  (f '  —  0")  =  /'  cos  (A"  —  ©  ")  —  -fi", 

r"  cos  b"  sin  (f '  -  ©")  =  p"  sin  (A"  -  ©"), 

r"sin&"  =p"tan;?', 

which  give 

I  =  5°  14' 39".53,  log  tan  6  =8.4615572,  logr  =0.3040994, 
I'  =  7  45  11  .28,  log  tan  6'  =  8.4107555,  ■  log/  =0.3025673, 
l"  =  10    2134.57,        log  tan  i."  =  8.3497911,        logr"  =  0.3011010. 

The  agreement  of  the  value  of  logr'  thas  obtained  with  that  already 
found,  is  a  proof  of  part  of  the  calculation.     Then,  from 


"tiV'+l) 


tan  u  - 
we  get 


tanCf— g)  „  _  tan(^"- 


=  207°  2'  38".16,  ^  =  4:"  27'  23".84, 

u  =  158°  8'  25".78,  V  =  160°  39'  18".13,  u"  =  Wd"  16'  4".42. 

The  ec[uatioD 

tan6'-— tanisin(Z' —  Q) 

gives  log  tan  5'  =  8.4107514,  which  differa  0.0000041  from  the  value 
already  found  directly  from  p'.  This  difference,  however,  amounts 
to  only  0".05  in  the  value  of  the  heliocentric  latitude,  and  is  due  to 
errors  of  calculation.     If  we  compute  n  and  n"  from  the  equations 

_/r"  .in (.."-.')  ,_    n-'.ia (..'-..) 

"-rr"sia (,."-.)'  "  "  n-" sin (.."-«)' 

the  results  should  agree  with  the  values  of  these  quantities  previously 
computed  directly  from  P  and  Q.  Using  the  values  of  j(,  u',  and 
u"  just  found,  we  obtain 

log  n  =  9.7061158,  log  n"  =  9.6924683, 


stsd  by  Google 


270  THEORETICAIj    ASTRONOJir. 

which  differ  in  the  last  decimal  piaces  from  the  values  used  in  finding 
p  and  p".     According  to  the  equations 

d  log  n  =  —  21.055  cot  (it"—  u')  du', 
d  \ogn"=  +  21.055  cot(«'  — w)  dii!, 

the  differences  of  logn  and  logii"  being  expressed  in  units  of  the 
seventh  decimal  place,  the  correction  to  u'  necessary  to  malie  the  two 
values  of  logn  s^ree  is  — 0",15;  but  for  the  f^reement  of  the  two 
values  of  logn",  u'  must  be  diminished  by  0".26,  so  that  it  appears 
that  this  proof  is  not  complete,  although  near  enough  for  the  first 
approximation.  It  should  be  observed,  however,  that  a  great  circle 
passing  through  the  extreme  observed  places  of  the  planet  passes 
very  nearly  through  the  third  place  of  the  sun,  and  hence  the  values 
of  p  and  p"  as  determined  by  means  of  the  last  two  of  equations  (18) 
are  somewhat  uncertain.  In  this  case  it  would  be  advisable  to  com- 
pute p  and  |0",  as  soon  a?  ,«'  has  been  found,  by  means  of  the  equa- 
tions (22)  and  (23).     Thus,  from  these  equations  we  obtain 

log  p  =  0.0254918,  log/'  =  0.0028874, 

and  hence 

I  ^  5°  14' 40".05,  log  tan  6  =8.4615619,  log  r  =0.3041042. 
^"=10   21  34,ltf,        log  tan i"  =  8.3497919,         logr"=  0.3011017, 

fi  =  207°  2'  32".97,  i  =  4=  27'  25".13, 

«  =  158°  8'  31".47,  u'  =  160°  39'  23".31,  u"  =  163°  16'  9".22. 

The  value  of  log  tan  6'  derived  from  I'  and  these  values  of  Si  and  i, 
is  8.4107555,  agreeing  exactly  with  that  derived  from  p'  directly. 
The  values  of  n  and  n"  given  by  these  last  results  for  it,  u'  and  u", 
are 

log  n  ^  9.7061144,  log  n"  =  9.6924640 ; 

and  thisproof  will  be  complete  if  we  apply  tlie  correction  (7m'=^^0".I8 
to  tlie  value  of  it',  so  that  we  have 

u"  —  u'  =  2°  36'  46".09,  u'  —  u  =  2°  30'  51".66. 

The  results  which  have  thus  been  obtained  enable  us  to  proceed  to 

a  second  approximation  to  the  correct  values  of  P  and  Q,  and  we 

may  also  correct  the  times  of  obsen'ation  for  the  time  of  aberration 

by  means  of  the  formulte 

(  =  (^  —  Qo  sec  j9,  f  ^  („'  —  Cp'  sec  0',  £"  =  f„"  ~  Cp"  see  j?', 

wherein  log  C^^  7.760523,  expressed  in  parts  of  a  day.   Thus  we  get 

i  =  257.67467,  C  =  264.41976,  f  =  271.38044, 
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auc]  henee 

log  T  =^  9.07823-51,  log  r'  zz.  9.3724848,  log  r' 

Then,  to  find  the  ratios  denoted  by  s  and  s",  we  have 

tau/=.>J-^, 


8inr«mG-co.J 

(."—•)  CO.  2^, 

(«"-«■)  .11,2^1 

tan/'  =  ■\j-, 

mnr"cosG"^8miiu'~u), 

Bm.r"siaO"  =  <3osi 

(»'-«)  cos  2/', 

cos/'                  =C09^ 

(•'-«)  Bin  2/'; 

r* 

■'       cosr 

^        (r'+r"  feasor 

^" 

/-t^. 

(r  +  r'/cosV" 

ich  we  obtain 

;  =  44°  57'    6"  .00, 

y'  =  44°56'67' 

.60, 

r=   1    18  35  .90, 

y'=   1    15  40 

69, 

ogm  =  6.3'(82114, 

log  »."  =  6.3163648, 

Iogi  =  6.1163135, 

log/' =  6.0834230. 

From  the.?e,  by  means  of  tlie  equations 


using  Tables  XIII.  and  XIV.,  wo  compute  s  and  s".  First,  in  tlie 
ease  of  s,  we  asaiime 

1-^^^  =  0.0002675, 

and,  with  this  as  the  argument.  Table  XIII.  gives  log  s^  =  0.0002581. 
Hence  we  obtaia  x'  =  0.000092,  and,  with  this  as  the  argument, 
Table  XIV.  gives  f  =  O.OOOOOOOl ;  and,  therefore,  it  appears  that  a 
repetition  of  the  calculation  is  unnecessary.     Thus  we  obtain 


logs  =0.0001290, 


logs"=  0,0001200. 


When  the  intervals  ai^c  small,  it  is  not  necessary  to  use  the  formulie 


stsd  by  Google 


THROEETICAL    AfiTROKOMY. 


in  the  complete  form  here  given,  since  these  ratios  may  then  be  found 
by  a  simpler  process,  as  wili  appear  in  the  sequel.     Then,  from 


"      Sit"    i-r"  cos  -J  {u"  —  u')  cos  i  {u"  —  ii)  cos  ^  (m'  —  uf 
we  find 

log  P  =  9.9863451,  log  Q  =  8.1431341, 

with  which  the  second  approximation  may  be  completed.  We  now 
compute  0(1,  k^,  l^,  %' ,  &c.  precisely  as  in  the  first  approximation ;  but 
we  shall  prefer,  for  the  reason  already  stated,  the  values  of  (i  aiid  f>" 
computed  by  means  of  the  equations  (22)  and  (23)  instead  of  those 
obtained  from  the  last  two  of  the  formula  (18).  The  rcsulta  thua 
derived  are  as  follows: — 

log  e,  ^  2.2298499„,  log  \  =  0.0714280, 

log  ;„  =  0.0719540,  log%  =0.3332233, 

?  =  8°  24'  12".48,  log  m.„=  1.2447277, 

s'  =  9°  ff  30".84, 

logr':^  0.3032587,  log/  =0.0137621, 

log  n  =  9.7061153,  log  n"=--  9.6924604, 

\ogp  =  0.0269143,  log,>"=  0.0041748, 

i  =   5°  15'  57".26,        log  tan  b  =  8.4622524,         log  r  =  0.3048368, 

I' =   7   iQ    2.76,        logtanS' =8.4114276,        log r' =0.3032587, 

r=10    22     0.91,        log  tan  6"  =  8.3504332,        log  r"=  0.3017481, 

fi  =207°  0'  r.72,  i  =  4''  28'  35".20, 

u  =  158°  12'  19".54,         u'  =  160°  42'  45".82,         u"  =  163°  19'  7".t4. 

The  agreement  of  the  two  values  of  logr'  is  complete,  and  the  value 
of  log  tau  b'  computed  from 


is  log  tan  6' =  8.4114279,  agreeing  with  the  result  derived  directly 
from  p'.     The  values  of  n  and  n"  obtained  from  the  equations  (54) 

log  n  =  0.7061156,  log  n"  =  9.6924003, 

which  agree  with  the  values  already  used  in  computing  p  and  p",  and 
the  proof  of  the  calculation  is  complete.     We  have,  therefore. 


J'2r'.32,    »■-»  = 

=  2°  30' 

26" 

.28,    «"-..= 

values  of  «"-«' 

iiii<J  » 

'_ 

It,  we  obtain 

5  >  =  0.0001284, 

I 

:og« 

"  =  0.0001193, 
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and,  recomputing  P  and  Q,  we  get 

log  P  =  9.9863452,  log  Q  =  8.1431359, 

which  differ  so  little  from  the  preceduig  values  of  these  quantities 
that  another  approximation  is  unnecessary.    We  may,  therefore,  from 
the  results  already  derived,  complete  the  determination  of  the  elements 
of  the  orbit. 
The  equations 

17' 

tan^  ^-y-- 

sin  r"  cos  Q'  =  sin  ^  (u"  —  u), 
sin  /  sin  (?'  ^:  cos  5  (u"  —  u)  cos  2x', 
CO. /  =  CO,  J  («"-«)»«  2/, 

"       (T  +  r"ycm-r"  '        oosr" 

give 

/  =  44°63'63".26,         ;•' =  2°  33' S2".97,         log  tan  ff  =  8.9011435, 
logm'  =  6.9332999,  log/  =  6.T001345. 

From  these,  by  means  of  the  formnlte 


'"1+7+5"  '-T'-'- 

and  Tables  XIII.  and  SIV.,  wc  obtain 

log  s''  =  0.0009908,  log  x'  =  6.5494116. 

Then  from 

we  get 

logp^  0.3691818. 

The  values  of  logj)  given  by 

^t^'f"  sin  {xf  -  u')  y _  /  ,'W  sin  (V-^)  V 

are  0.3691824  and  0.3691814,  the  mean  of  which  agrees  with  the 
result  obtained  from  u"  — u,  and  the  diifei'cnces  between  the  separate 
results  are  so  small  that  the  approximation  to  P  and  Q  is  sufficient. 
The  equations 


y'rr". 


aco-.-       ■■-'(""- 

-«) 

"""^      .inJCi"'- 

-H) 

cosy=  --^ — , 
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give 

I  (£"  ~E)^1°  4'  42".903,  log  (a  cos  v)  =  0.3770315, 

log  cos  ^  =  9.9921603. 
Next,  from 

e  sin  («.  -  1  (u"  +  «))  = f— .  tan  G', 

cos/ 1/ it' 

e  cos  (w  —  ^  (w"  4-  w))  ^ rT~r7  ~  ^^^  h  (■«"  —  ")> 

cos;-  Vrr 

wc  obtain 

w  =  190"  15'  39".57,  log  e  =  log  sin  ^  =  9.2751434, 

9^10    5139.62,  7r  =  <u+  SJ  =1=37°  15'40".29. 

This  value  of  f  gives  logcosi!'^9.9921501,  agreeing  with  tlie  result 
already  found. 

To  find  a  and  /a,  we  have 


the  value  of  k  expressed  in  seconds  of  arc  being  log  h  ^^  3.5500066, 
from  which  the  results  are 

log  a  =  0.3848816,  log  /<  ^  2.9726842. 

The  true  anomalies  are  given  by 

according  to  which  we  have 

V  =  327°  56'  39".97,  v'  -=  330°  27'  6".25,  v"  =  333°  3'  27".57. 

If  we  compute  r,  r',  and  r"  from  these  values  by  means  of  the  polar 
equation  of  the  ellipse,  we  get 

log  r  ^  0.3048367,  log/  =  0.3032586,  log  /'  ^  0.3017481, 

and  the  agreement  of  these  results  with  those  derived  directly  from 
p,  p',  and  p"  is  a  further  proof  of  the  calculation. 
The  equations 

t&M^E  ^  tan  (45°  — -J^)  tan  I'll, 

tan  IE'  =  tan  (45°  —  ^<p)  tan  ^if, 

tan|E"=^  tan  (45°  —  i^f)  tan  Ju" 
give 

£^333°  17'  28".18,       £'  =  335°  24'  38".00,       £"  =  337°  36'  19".r8. 
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The  value  of  |  {E"  ~  E)  thus  obtained  differs  only  0".003  from  that 
computed  directly  from  x'. 

Finally,  for  the  mean  anomalies  we  have 

M=  E  —  es\uE,  M'  =  E'  —  6  dn  E',  M"  =  E'  —  e  sin  E', 

from  which  we  get 

M^  338°  8'  36".71,       M'  =  339°  64'  10".61,       M"  =  341°  43'  6".97 ; 

and  if  M^  denotes  the  mean  anomaly  for  the  date  T^ISQZ  Sept,  21.5 
Washington  mean  time,  from  the  formuhe 

]^:=M    —,j.{t—T) 

•=M"  —  p.  (C  —  T), 

we  obtain  the  three  values  339°  65'  25".9V,  339°  55'  25".96,  and 
339"  55'  25".9li,  the  mean  of  which  gives 

jy;  =  339°  65'25".96. 

The  agreement  of  the  three  results  for  Jf^  is  a  final  proof  of  the 
aecuracy  of  the  entire  calculation  of  the  elements. 

Collecting  together  the  separate  results  obtained,  we  have  the  fol- 
lomng  elements : 

Epocli  ^=  1863  Sept.  21.5  Washington  mean  time. 
iI/=339°55'25".96 
K^   37    15  40..29")    ^,.    .        ,,, 

i=     4   28  35  .20  J      E.i'^inox  1863.0. 

9=    10    61  39  .62 
log  a  ^  0.3848816 
log/i  =  2.9726842 

I,  =  939".04022. 

If  wo  compute  the  geocentric  right  ascension  and  declination  of 
the  planet  directly  from  these  elements  for  the  dates  of  the  observa- 
tions, as  corrected  for  tlie  time  of  aberration,  and  then  reduce  the 
observations  to  the  centre  of  the  earth  by  applymg  the  corrections 
for  parallax,  the  comparison  of  the  results  thus  obtained  will  show 
how  closely  the  elements  represent  the  places  on  which  they  are 
based.  Thus,  we  compute  first  the  auxiliary  constants  for  the  equator, 
using  the  mean  obliquity  of  the  ecliptic, 

e  =  23°  27'  24".96, 
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and  the  following  expressions  for  the  hdiocentric  co-ordinates  of  the 
planet  are  obtained : 

x  =  r  [9.9997272]  sin  (296''  55'  46".05  +  u), 
y^r [9.9744699] sin (206  12  42  .79  +  u), 
z  =  r  [9.5249539]  sia  (212   39  14  .62  +  «). 

The  numbers  enclosed  in  the  brackets  are  the  logarithms  of  sin  a, 
sin  b,  and  sin  c,  respectively ;  and  these  equations  give  the  eo-ordinat«3 
referred  to  the  mean  equinox  and  equator  of  1863.0. 

The  places  of  the  sun  for  the  corrected  times  of  observation,  and 
referred  to  the  mean  equinox  of  1863.0,  are 


True  Longitude. 

Latitude, 

Logs. 

172=    0'  29".5 

-  0".07 

0.0022146, 

178    36    4  .5 

+  0  .77 

0.0013864, 

18o    26  42  .0 

+  0  .67 

0.0005182. 

If  we  compute  from  these  values,  by  means  of  the  equations  (104)j, 
the  co-ordinates  of  the  sun,  and  combine  them  with  the  corresponding 
heliocentric  co-ordinates  of  the  planet,  we  obtain  the  following  geo- 
centric places  of  the  planet : 

a  =  15°  10' 29".06,  S  = -I- 9°  63' 16".72,  log  J  =0.02726, 

a'  =  14   15     0  .22,  ^  =      9    12  51  .29,  log  A'  =  0.01410, 

a."  =  13     3  49  .47,  d"=  +  8    21  54  .46,  log  J"  =  0.00433. 

To  reduce  these  places  to  the  apparent  equinox  of  the  date  of  obser- 
vation, the  corrections 

+  48".14,  -i-  48".54,  +  48".91, 

must  be  applied  to  the  right  ascensions,  respectively,  and 

-H  18".55,  +  18".92,  +  19".31, 

to  the  declinations.     Thus  we  obtain ; 

■Washington  M.  T.                          Comp.  a.  Comp.  S. 

1863  Sept.  14.67467  1"    0™  45M5  +  9°  53'  35".3, 

21.41976  0  57     3 .25  9    13  10  .2, 

28.38044  0  52    18.  56  -f  8    22  13  .8. 

The  corrections  to  be  applied  to  the  respective  observations,  in  order 
to  reduce  them  to  the  centre  of  the  earth,  are  +  0'.24,  —  O'.Sl,  —  ^.34 
in  right  ascension,  and  +  4".5,  +  4".8,  +  5".l  in  declination,  so 
that  we  have,  for  the  same  datesj 
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Oteerred  ».  Observed  ti. 

1*   0»  45M5  +  9°  53'  35".3, 

0  57     3 ,26  d    13  10  .3, 

0    52    18.56  +8    22  13  .8. 

The  comparison  of  these  with  the  computed  values  shows  that  the 
extreme  places  are  exactly  represented,  while  the  difference  in  the 
middle  place  amounts  to  only  O'.Ol  in  right  ascension,  and  to  0",1 
in  declination.  It  appears,  therefore,  that  the  observations  are  com- 
pletely satisfied  by  the  elements  obtained,  and  that  the  preliminary 
corrections  for  aberration  and  parallax,  as  determined  by  the  eqiiar- 
tions  (1)  and  (4),  have  been  correctly  computed. 

It  cannot  be  expected  that  a  system  of  elements  derived  from  ob- 
servations including  an  interval  of  only  fourteen  days,  will  be  so 
exact  as  the  results  which  are  obtained  from  a  series  of  observations 
or  from  those  including  a  much  longer  interval  of  time;  and  although 
the  elements  which  have  been  derived  completely  represent  the  data, 
yet,  on  account  of  the  smallness  of  /9'  — A,  this  difference  being  only 
31".893,  the  slight  errors  of  observation  have  considerable  influence 
in  the  final  results. 

When  approximate  elements  are  already  known,  so  that  the  cor- 
rection for  parallax  may  be  applied  directly  to  the  observations,  in 
order  to  take  into  account  the  latitude  of  the  sun,  the  observed  places 
of  the  body  must  be  reduced,  by  means  of  equation  (6),  to  the  point 
in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth  to  the 
plane  of  the  ecliptic  cuts  that  plane.  The  times  of  observation  must 
also  be  corrected  for  the  time  of  aberration,  and  tlie  corresponding 
places  of  both  the  planet  and  the  sun  must  be  reduced  to  the  ecliptic 
and  mean  etjuinox  of  a  fixed  epoch;  and  further,  the  reduction  to 
the  fixed  ecliptic  should  precede  the  application  of  equation  (6). 

If  the  intervals  between  the  times  of  observation  are  considerable, 
it  may  become  necessary  to  make  three  or  more  approximations  to  the 
values  of  P  and  Q,  and  in  this  case  the  equations  (82)  may  be  applied. 
But  when  approximate  elements  are  already  known,  it  will  be  advan- 
tageous to  compute  the  first  assumed  valnes  of  F  and  Q  directly 
from  these  elements  by  means  of  the  equations  (44)  or  by  means  of 
(48)  and  (51) ;  and  the  ratios  s  and  s"  may  be  found  directly  from  the 
equations  (46).  In  the  case  of  very  eccentric  orbits  this  is  indispen- 
sable, if  it  be  desired  to  avoid  prolixity  in  the  numerical  calculation, 
since  otherwise  the  successive  approximations  to  P  and  Q  will  slowly 
approach  the  limits  required. 
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The  various  modifications  of  the  formulie  for  certain  special  cases, 
as  well  as  the  formula  which  must  be  used  in  the  case  of  parabolic 
and  hyperbolic  orbits,  and  of  those  differing  but  little  from  the 
parabola,  have  been  given  in  a  form  such  that  they  require  no  fur- 
ther illustration. 

94.  In  the  determination  of  an  unknown  orbit,  if  tlie  intervals  are 
considerably  unequal,  it  will  be  advantageous  to  connect  the  first 
assumed  value  of  P  before  completing  the  first  approximation  in  the 
manner  already  illustrated.     The  assumption  of 

e="" 

is  correct  to  terms  of  the  fourth  order  with  respect  to  the  time,  and 
for  the  same  degree  of  approximation  to  P  we  must,  according  to 
equation  {28)^,  use  the  expression 


which  becomes  equal  to  —  only  when  the  intervals  are  equal, 
first  assumed  values 


furnish,  with  very  little  labor,  an  approximate  value  of  )■';  and  then, 
with  the  values  of  P  and  Q,  derived  from 

P^^(i  +  i^^)'  «  =  "".  .(9») 

the  entire  calculation  should  be  completed  precisely  as  in  the  example 
given.     Thus,  in  this  example,  the  first  assumed  values  give 

log  ?■'  =  0.80257, 

and,  recomputing  P  by  means  of  the  first  of  these  equations,  we  get 

log P^  9.9863404,  log  Q  ^  8.1427822, 

with  which,  if  the  first  approximation  to  the  elements  bo  completed, 
the  results  will  differ  but  little  from  those  obtained,  without  this  cor- 
rection, from  the  second  hypothesis.  If  the  times  had  been  already 
corrected  for  the  time  of  aberration,  the  agreement  would  be  still 
closer. 

The  comparison  of  equations  (46)  with  {25)3  gives,  to  terms  of  the 
fourth  order. 
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and,  if  the  intervals  are  equal,  tliis  value  of  s'  is  correct  to  terms  of 
the  fifth  order.     Since 

]og,«  =  log,(l  +  Cs^l))  =  s-l-Ks~l)'  +  &<=-, 

we  have,  neglecting  terms  of  the  fourth  order, 


in  which  log  jAo=  8.8596330.  We  have,  also,  to  the  same  degree  of 
approximation, 

log.'=.^.-^,  log3"  =  ^.^i.  (100) 

For  the  values 

log  r  =  9.0782331,  log  z'  =  9.3724848,  log  t"  =  9.0645692, 

log/ =  0.3032587, 
these  formulse  give 

logs  =  0.0001277,  logs'  =  0.0004953,  log /'=  0.0001199, 

which  differ  but  little  from  the  correct  values  0.0001284,  0.0004954, 
and  0.0001193  previously  obtained. 
Since 

seeV=:l  +  68iu=y  +  &c., 

the  second  of  equations  (65)  gives 

""'^(r  +  ZT  +  O 
Substituting  this  value  in  the  first  of  equations  (66),  we  get 

If  we  neglect  terms  of  the  fourth  order  with  respect  to  the  time,  it 
will  be  sufiieient  in  this  equation  to  put  y'  =  |,  according  to  (71),  and 
hence  we  have 

and,  since  a' —  1  is  of  the  second  order  with  respect  to  r',  we  have, 
to  terms  of  the  fourth  order, 

,'>(s'-l) -logos'. 
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Therefore, 


(101) 


which,  when  the  intervals  are  small,  may  be  used  to  find  s'  from  r 
and  r".     In  the  same  manner,  we  obtain 

los,  =  it.-^-^,  Iog«"  =  K5^|^.-         (102) 

For  logarithmic  etdeulation,  when  addition  and  subtraction  loga- 
rithms arc  not  used,  it  is  more  convenient  to  introduce  the  auxiliary 
angles  ^,  y^,  and  yj' ,  by  means  of  which  these  formulae  become 

log.  =  l''.^^,     log'=l'.— "— .    log»"=l'.^^',  (103) 

in  which  log|^„^  9.762V230.     For  the  first   approximation  these 

equations  will  be  sufficient,  even  when  the  intervals  are  coneiderable, 

to  determine  the  values  of  s  and  s"  required  in  cosreeting  P  and  §, 

The  values  of  z,  r',  r",  and  r'*  above  given,  in  connection  with 

log  T  ^  0.3048368,  log  r"  =  0.3017481, 


These  results  for  log  e  and  log  s"  are  correct,  and  that  for  log  s'  differs 
only  3  in  the  seventh  decimal  place  from  the  correct  value. 
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CHAPTEIi  V. 


DITERMINATIOS   OF    THE    OHBIT    O 

95.  Tub  formulse  given  in  the  preceding  chapter  are  not  sufficient 
to  determine  the  elements  of  the  orbit  of  a  heaveuly  body  wiien  its 
apparent  path  is  in  the  plane  of  the  ecliptic.  In  this  ease,  however, 
the  position  of  the  plane  of  the  orbit  being  known,  only  four  ele- 
mente  remain  to  be  determined,  and  four  observed  longitudes  will 
furnish  the  necessary  equations.  There  is  no  instance  of  an  orbit 
whose  inclination  is  zero ;  but,  althongh  no  such  case  may  occur,  it  may 
happen  that  the  inclination  is  very  small,  aud  that  the  elements 
derived  from  three  observations  will  on  this  account  be  uncertain, 
and  especially  so,  if  the  observations  are  not  very  exact.  The  diffi- 
culty thus  encountered  may  be  remedied  by  using  for  the  data  in  the 
determination  of  the  elements  one  or  more  additional  observations, 
and  neglecting  those  latitudes  which  are  regarded  as  most  uncertain. 
The  formulse,  however,  are  most  convenient,  and  lead  most  expe- 
ditiously to  a  lojowledge  of  the  elements  of  an  orbit  wholly  unknown, 
when  they  are  made  to  depend  on  four  observations,  the  second  and 
third  of  which  must  be  complete ;  but,  of  the  extreme  obsei'vations 
only  the  longitudes  are  absolutely  required. 

The  preliminary  reductions  to  be  applied  to  the  data  are  derived 
precisely  as  explained  in  the  preceding  chapter,  preparatoiy  to  a  de- 
termination of  the  elements  of  the  orbit  from  three  observations. 

Let  t,  t',  t",  i'"  be  the  times  of  observation,  t,  r',  r",  r'"  the  radii- 
vectores  of  the  body,  u,  u',  u",  v!"  the  corresponding  arguments  of 
the  latitude,  S,,  J?',  R",  R'"  the  distances  of  the  earth  from  the  sun, 
and  O,  G',  O",  0"'the  longitudes  of  the  sun  corresponding  to 
these  times.     Let  us  also  put 

[rV"]=//"  Bin  («"■-«'), 
[/'/"]  =  rV"  sin  («'"  —  tt"), 
and 

„.__:'■'•■■":         ."._['■''"]  m 
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Then,  according  to  the  ef[uationa  (5)^,  we  shall  have 

m:  —  y  4-  5i'V'  =  0, 
ny  —ij  -\-n"f  =0, 
„V  — a/'  +  K"V"  =  0,  ^■^^ 

Let  (i,  >i',  X",  X'"  be  the  observed  longitudes,  ;9,  (9',  j9",  ^"'  the  ob- 
served latitudes  corresponding  to  the  times  (,  (',  t",  t'",  respectively, 
and  A,  A',  A",  A'"  the  distauccs  of  the  body  from  the  earth.  Further, 
let 

A'"  <,o^r  ■=?'", 

and  for  the  last  place  we  have 

x"'^li"'  Gos^'"  —  ill'"  cos  O'". 
f  =  p"'AnX"'-R"'miO"'- 

Introducing  these  values  o(x"'  and  y'",  and  the  corresponding  values 
of  X,  x',  x",  y,  y',  y"  into  the  equations  (2),  they  become 

ii  —  n{p<ii}sX~R  cos  O)  —  {p'  cos i! ~ S  cos  ©') 

+  n"  (/>"  cos  >."  —  B"  cos  O"), 
0  =  Ji  (^  sin :i  —  _H  sm  O)  —  (/>'  sin /  —  li'  sin  ©')  ' 

+  «,"(p"sInr-i£"sinO'0, 
0  =  ft'  ip'  cos  >.'~S  cos  ©')  ~  Cp"  cos )."  —  R"  cos  ©")  (3) 

+  «.'"(/"  cos  r'-i;'"  COS©'"), 
0  =  n'  (p'  sin  X'  —  Rf  sin  ©')  -  (p"  sin  /'  -  R!'  sin  Q") 

+  ji'"  (/)'"  sin  A'"  —  ii"'  sm  ©"'). 

If  we  multiply  the  fiijst  of  these  equations  by  sin  ?.,  and  the  second 
by  —  cos  X,  and  add  the  producte,  we  get 

O^nR sin  i^  —  Q)  —  (/  sin (/ ~  X)  +  R'  sin  (X  —  ©')) 

+  n"  [p"  sin  CA"  —  A)  +  -B"  sin  (A  -  ©"}) ;  (4) 

and  in  a  similar  manner,  from  the  third  and  fourth  equations,  we 
find 

0  =  ji'  (/>'  sin  (A"'  —  k')  —  R'  sbi  ().'"  —  © '))  (5) 

—  Co"  sin  {X"—  X")  —  K'  sin  (X'"—  Q"))—n"'R"'  sin  (I'"—  ©'"). 

Whenever  the  values  of  n,  n',  w",  and  n'"  are  known,  or  may  be 
determined  in  ftinctions  of  the  time  so  as  to  satisfy  the  conditions  of 
motion  in  a  conic  section,  these  equations  become  distinct  or  inde- 
uendent  of  each  other ;  and,  since  only  two  unknown  quantities  p' 
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and  fi"  are  involved  in  tliem,  tliey  will  enable  lis  to  determine  these 
curtate  distances. 
Let  119  now  put 

cos  ^  sin  (A'  —  A)    =A,  cos  jS"  sin  (A"  —  A)  =  B, 

cos  ;5"  sin  (A'"-  A")  =  C  cos  ^'  sin  (X"  —  A')  ^  D,        '•*'-' 

and  the  preceding  equations  give 

Ap'  see  /J"  —  Bn"p"  sec ;?"  =  JiJi!  sin  (A  —  ©  )  —  M'  sin  (A  —  ©') 

+  w"i?"sin(A-0"), 

i>ttV'  seci?—  C;o"  sec  /?'=  w'J?  sin  (A'"—  Q ')  —  -R"  sin  (A'"—  Q")        (7) 

+  w'"ii"'  sin  C^'"  —  0'")- 

If  we  assume  for  n  and  n"  their  values  in  the  case  of  the  orbit  of 
the  earth,  which  is  equivalent  to  neglecting  terms  of  the  second  order 
in  the  equations  (26)3,  the  second  member  of  the  first  of  these  cq^ua- 
tions  reduces  rigorously  to  zero ;  and  in  the  same  manner  it  can  be 
shown  that  when  similar  terms  of  the  second  order  jn  the  corre- 
sponding expressions  for  n'  and  n"  are  neglected,  the  second  member 
of  the  last  equation  reduces  to  zero.  Hence  the  second  member  of 
each  of  these  equations  will  generally  differ  from  zero  by  a  quantity 
which  is  of  at  least  the  second  order  with  respect  to  the  intervals  of 
time  between  the  observations.  The  coefficients  of  p'  and  p"  are  of 
the  first  order,  and  it  is  easily  seen  that  if  we  eliminate  p"  from 
these  equations,  the  resulting  equation  for  p'  is  such  that  an  error  of 
the  second  order  in  the  values  of  n  and  n"  may  produce  an  error  of 
the  order  zero  in  the  result  for  p',  so  that  it  will  not  be  even  au 
approximation  to  the  correct  value;  and  the  same  is  true  in  the  ease 
of  p".  It  is  necessary,  therefore,  to  retain  terms  of  the  second  order 
in  the  first  assumed  values  for  n,  n',  n",  and  71'";  and,  since  the 
terms  of  the  se«x>nd  order  involve  r'  and  r",  we  thus  introduce  two 
additional  unknown  quantities.  Hence  two  additional  equations  in- 
volving r',  r",  p',  p"  and  quantities  derived  from  observation,  must 
be  obtained,  so  that  by  elimination  tlie  values  of  the  quantities  sought 
may  be  found. 

Prom  equation  (34)^  wo  have 


fi'  sec  [i'  ^-  E'  cos  4'  ±  V  r'^  —  B''  sin^  4',  (8) 

which  is  one  of  the  equations  required ;  and  similarly  we  find,  for 
the  otlier  equation, 

p"  sec  0"  =  R"  cos  4"  ±  l/r"^— -R"'sin=^".  (9) 
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Introdiieing  these  values  into  the  equations  (7),  and  putting 


x'  =±:  Vr'-'  —  fi'=  sin"  +', 
at"  =  ±  V'^'^— /r=sin'^", 
we  get 

A'jf—  Bn"x"  =  jtfi  sin  (J  —  G)  —  -H'  sin  C^  —  OO 

+  n"B"  sin  (i  —  O")  —  AR'  cos  +'  -f  n"BR"  cos  +", 
Dn'x'  —  Gk"  =  n'S!  sin  (A'"  —  ©')  —  ii"  sin  Q!"  —  ©") 

+  w"'fl"'  sin  (;.'"  —  O'")  —  7>!DR'  C08  ^  +  CB"  cos  ^". 

Let  us  now  put 

5         t;  -C         TV 


_  cos  j5"  sin  (A"  —  A)  , cos  i?"  sin  (A'"^  A') 

"^  eosr^'sinCA'  — A)'  "~  MS?'""sm(I"'— A")' 


■/e'sin(A  — 0')_^ 

A'"  sin  (A'"— Q")  _ 

0 

R"  sin  (A  -  O")  __ 


i;'eosV  + 
if"  cos  V 

/t'ii"  cos  4-"  + 

,„,.           ,       jg'  sin  (A'"  —  OO 
h'Ji  cos -i  ■ p ~ 

^}  =  d',  Ji'"  sin  (?.'"- 


x'  =  k'n"x"  +  nd'  —  a'  -{-  w'V, 
x"  =  h"n'x'  +  w"'d"  —  a"  +  n'c". 


(12) 


These  eqnations  will  serve  to  determine  x'  and  x",  and  hence  r'  and 
r",  as  soon  as  the  values  of  n,  n',  n",  and  n'"  are  Isnown. 

96.  In  order  to  include  terms  of  the  second  order  in  the  values  of 
n  and  n",  we  have,  from  the  equations  {26)^, 


and,  putting 

P'-=^,  Q'  =  (_n  +  n"-l}T", 

these  give 
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-Let  us  now  put 


^'-V:|l~i— jf-).  (14) 


and,  making  the  necessary  changes  in  tile  notation  in  equations  (2())j, 
wc  obtain 

,-».         'Il     ,    ,'"'W  +  ')        ,r'"(T'-+ ,■",-,■)     dr"       \ 


From  these  wc  get,  including  terms  of  the  second  order, 


and  hence,  if  wc  put 

■P"  =  ^.  Q"-(V  +  Ji"'-1))^^  (17) 

we  shall  have,  since  v^'  =  t  -{-  r'", 

When  the  intervals  arc  equal,  wc  have 

and  these  expressions  may  be  used,  in  the  case  of  an  unknown  orbit, 
for  the  first  approximation  to  the  values  of  these  quantities. 
The  equations  (13)  and  (17)  give 

"        1+P-V  +  ¥"}• 
and,  introducing  tliesc  vaiues,  tiic  equations  (12)  become 
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"  =  j-^rr-  ( 1  +  7^ )  <■'''""  +  -PW + •■)  -  « 

'!'  =  1  TfV  (  '  +  |i'  )  '■'"  +  ^"''"  +  '"'>- 

Let  us  now  put 

P'd'+<f  _    ,  hi       _   , 

1  +  -f"    ^  "" '  1  +  P'  ~^  ' 

P"d"  +  e"  _    „  ^t"       _ 

1  +  P"   " '''"  1  +"P""  ^•'   ' 


'"=(i  +  |;)(/'v+c;')-^'. 


(21) 


(22) 


(23) 


We  have,  further,  from  equations  (10), 

r"  =  (a;"  +  R"'  einV)^, 

If  we  substitute  these  values  of  r'^  and  t"^  in  equations  (22),  the  two 
resulting  equations  will  contain  only  two  unknown  quantities  x'  and 
x",  when  P',  P",  Q',  and  §"  are  known,  and  henee  they  will  be 
sufficient  to  solve  the  problem.  But  if  we  effect  the  elimination  of 
either  of  the  unknown  quantities  directly,  the  resulting  equation 
becomes  of  a  high  order.  It  is  necessary,  therefore,  in  the  numerical 
application,  to  solve  tlie  equations  (22)  by  successive  trials,  which 
may  be  readily  effected. 

If  a'  represents  the  angle  at  the  planet  between  the  sun  and  the 
earth  at  the  time  of  the  second  observation,  and  z"  the  same  angle  at 
the  time  of  tlie  third  observation,  we  shall  have 


/  = 


Substituting  these  values  of  r'  and  r"  in  equations  (10),  we  get 
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(26) 


by  means  of  which  we  may  find  z'  and  s"  as  soon  as  x'  and  a:"  shall 
have  been  determined;  and  then  r'  and  r"  are  obtained  from  (24)  or 
(25).  The  last  equations  show  that  when  a;'  is  negative,  %'  must  be 
greater  than  90°,  and  hence  that  in  this  case  r'  is  less  than  W. 

In  the  numerical  application  of  eqiiationa  (22),  for  a  first  approxi- 
mation to  the  values  of  x'  and  x",  since  §'  and  §"  are  quantities  of 
the  second  order  witli  respect  to  t  or  t'" ,  we  may  generally  put 

§'  =  0,  (2"  =  0; 


or,  by  elimination, 


>/^=/«"+«.;p« 


j'= 


1  -/'/" " 


With  the  approximate  values  of  x'  and  x"  derived  from  these  equa- 
tions, we  compute  first  r'  and  r"  from  the  equations  (26)  and  (24), 
and  then  new  values  of  x'  and  x"  &om  (22),  the  operation  being 
repeated  until  the  true  values  are  obtained.  To  feeilitate  these  ap- 
proximations, the  equations  (22)  give 

Jt'  +  a 


Tjet  an  approximate  value  of  x'  be  designated  by  x^,  and  let  the 
vahie  of  x"  derived  from  this  by  means  of  the  first  of  equations  (27) 
be  designated  by  x^".  With  the  value  of  x^^"  for  x"  we  derive  a 
new  value  of  x'  from  the  second  of  these  equations,  which  we  denote 
by  x^.  Then,  recomputing  x"  and  x',  we  obtain  a  third  approximate 
value  of  the  latter  quantity,  which  may  be  designated  by  x^ ;  and, 
if  we  put 
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we  shall  have,  according  to  the  equation  (G?)^,  the  necessary  changes 
being  made  in  the  notation, 

"o  — ^  ''o  %  —  "o 

The  value  of  x'  thus  obtained  will  give,  by  means  of  the  firat  of 
equations  (27),  a  new  value  of  x",  and  the  substitution  of  this  in  the 
last  of  these  equations  will  show  whether  the  correct  result  has  been 
found.  If  a  repetition  of  the  calculation  be  found  necessary,  the 
three  values  of  x'  which  approximate  nearest  to  the  true  value  will, 
by  means  of  (_28),  give  the  correct  result.  In  the  same  manner,  if 
we  assume  for  x"  the  value  derived  by  putting  Q'  =  0  and  Q"  =  0, 
and  compute  x',  three  successive  approximate  results  for  x"  will 
enable  uh  to  interpolate  the  correct  value. 

When  the  elements  of  the  orbit  are  already  approximately  known, 
the  firnt  assumed  value  of  x'  should  be  derived  from 


instead  of  by  putting  §'  and  Q"  equal  to  zero. 

97,  It  should  be  observed  that  when  ^'  ^  A  or  A'"  =  ?/',  the  equa- 
tions (22)  are  inapplicable,  but  that  the  original  equations  (7)  give, 
in  this  case,  either  p"  or  p'  directly  in  terms  of  n  and  n"  or  of  n' 
and  n'"  and  the  data  furnished  by  observation.  If  we  divide  the 
first  of  equations  (22)  by  h',  we  have 


"+i 


The  equations  (21)  give 


i  from  (11)  we  get 


1 

,;    P'j?  +  h 

+P" 

h'         l  +  P'  ' 

JfoosV 

+ 

ff8i„(J-0') 

*' 

B 

.ie"cos4" 

+ 

ff'siii(l-0") 

B 

d'  _R&m{X  —  G) 


Then,  if  we  put 
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its  value  may  be  foumi  from  the  results  for  r;  ^"^  n  derived  by 
means  oi  these  equations,  aud  we  shall  have 

When  A'  =  X,  we  !iave  h'  =  »,  and  this  formula  beoomes 

0'=(i  +  :^)(»"+Ci')-f!(i  +  i"), 

the  value  of  j-,  being  given  by  the  first  of  eqimtions  (29)  This 
equation  and  the  second  of  equations  (22)  are  sufficient  to  dctormuie 
x'  and  x"  iu  the  special  case  under  consideration. 

The  second  of  equations  (22)  may  bo  treated  in  precisely  the  same 
manner,  so  that  when  }.'"  =  X",  it  becomes 


=(i +|^)(»/+ c,")-^!(i +p"), 


and  this  must  be  solved  in  connection  with  the  first  of  these  equations 
in  order  to  find  x'  and  x". 

98.  As  soon  as  the  numerical  values  of  x'  and  x"  have  been 
derived,  those  of  )■'  and  r"  may  be  found  by  me:ins  of  the  equations 
(26)  and  (24).     Then,  according  to  (41)^,  we  have 


sins' 
_-R"sin(^''+4'0, 


The  helioeentric  places  arc  then  found  from  p'  and  p"  by  moans  of 
the  equations  (IVj^,  and  the  vahies  of  )■'  and  )■"  thus  obtained  should 
i^ree  with  those  already  derived.  From  these  places  we  compute 
the  position  of  the  plane  of  the  orbit,  and  thence  the  arguments  of 
the  latitude  for  the  times  t'  and  t". 

The  values  of  t',  r",  u',  u",  n,  n",  n',  and  n'"  enable  us  to  deter- 
mine T,  r'",  u,  and  u'".     Thus,  we  have 

[/r"]=rV's!n(V'-M'), 
and,  from  the  equations  (1)  and  (3)„ 
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[n-"]     =  ~  [r'r"], 

Therefore, 

s-  sin  (v!  —  «.)       =;  —  r"  sin  {u"  —  u'), 

r  sin  (t("  —  ii)      =  -  !■'  sin  (■*'"  —  w'), 

/"  sin  (ii'"^  k")  ^  —^  /  sin  (tt"  —  it'), 

/"  sin  («'"  —  m')  =:::  -^  r"  sin  (tt"  —  it'). 

From  the  first  and  second  of  these  equations,  by  addition  and  sub- 
traction, we  get 

T  dn  ((u'  -  m)  +  4  (V'  -  i/))  =  ''+/''"  sin  \  {^'  ~  n"), 

r  cos  {(.('  -  iO  +  ^  «  -  ^*'))  --        J^      cos  h  W  -  «'), 

irom  which  we  may  find  r,  u'  —  u,  and  u^^u'  —  {u'  —  u). 

Ill  a  similar  manner,  from  the  third  and  fourth  of  equations  (32), 
we  obtain 

^"Bm((u"'~u")  +  -i(u"-n-))^ 

"'1    V  ^^^'^ 

/"  cos ((«'" -  u")  +  i  iu"  -  u'))  =  '-^rr-  cos^  (u"  -  u'X 

from  which  to  find  r'"  and  u'". 

When  the  approximate  values  of  )■,  r',  r",  r'",  and  u,  u',  u",  %'" 
have  been  found,  by  means  of  the  preceding  equations,  from  the 
assumed  values  of  P',  P",  §',  and  §",  the  second  approximation  to 
the  elements  may  be  commenced.  But,  in  the  case  of  an  unknown 
orbit,  it  will  be  expedient  to  derive,  first,  approximate  values  of  r' 
and  r",  using 

and  then  recompute  P'  and  F"  by  means  of  the  equations  (14)  and 
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(18),  before  finding  «'  aud  m".     The  terms  of  tlie  second  order  will 
thus  be  completely  takeu  into  account  in  the  first  approximation, 

99,  If  the  times  of  observation  have  not  been  corrected  for  the 
time  of  aberration,  as  in  ihe  case  of  an  orbit  wholly  unknown,  this 
correction  may  be  applied  before  the  second  approximation  to  the 
elements  is  effected,  or  at  least  before  the  final  approximation  is  com- 
menced. For  this  purpose,  the  distances  of  the  body  from  the  earth 
for  the  four  observations  must  be  determined;  and,  euice  the  curtate 
distances  p'  and  p"  are  already  given,  there  remain  only  p  and  p'"  to 
be  found.  If  we  eliminate  p'  from  the  first  two  of  equations  (3),  the 
result  is 


»"m(r-J)  (    ^ 

,  nB  sin  (A'  — 0)  — g  sin  {^'—Q')  j-n"^'  sin  (/  — 0") 
+  «Bin(J'-i)  ■ 


and,  by  eliminating  p"  from  the  last  two  of  these  equations,  we  also 
obtain 


,   n'sinfj." — A') 


C36) 


n'  R  Bin  (r  —  O')  —  K'  sin  (A"  —  0  ")  -f  n'"  IJ"  sin  (A"  ~  0  "') 
)i"'8in(A"'  —  X")  ' 

by  means  of  which  p  and  p'"  may  be  foimd.  The  combination  of 
the  first  and  second  of  equations  (3)  gives 

/-  ^  ^  cos  (}'  —  :i)  —  ---  cos  (A"  —  A)  (37) 

nR  cos  (I  -  0)  —  JT  cos  (A  —  0')  +  n" R"  cos  {>.  ~  Q") 

and  from  the  third  and  fourth  we  get 

p'"  =  f!L  cos  (/"  —  X")  —  -^  cos  (A'"  —  A')  (38) 

n'  R  COS  (X'"—  0')  -R"  cos  (A"'-  0")  +  n"'R"  cos  (A'"-  Q '") 

Furtlier,  instead  of  these,  any  of  the  various  formula;  which  have 
been  given  for  finding  the  ratio  of  two  curtate  distances,  may  be 
employed;  but,  if  the  latitudes  ^,  ^',  &c.  are  very  small,  the  values 
of  p  and  p'"  which  depend  on  the  differences  of  the  observed  longi- 
tudes of  the  body  must  be  preferred. 
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The  values  of  p^  and  p'"  may  also  be  derived  by  computing  the 
heliocentric  places  of  the  body  for  the  times  t  and  t'"  by  means  of 
the  equations  (82)i,  and  then  finding  the  geocentric  places,  or  those 
which  belong  to  the  points  to  which  the  observations  liave  been 
reduced,  by  means  of  (90),,  wi'iting  p  in  place  of  A  cos  ^.  This 
process  affords  a  verification  of  the  numerical  calculation,  namely, 
the  values  of  X  and  X'"  thus  found  should  agi'ee  with  those  furnished 
by  observation,  and  the  agreement  of  the  computed  latitudes  j9  and 
fi'"  with  those  observed,  in  case  the  latter  are  given,  will  show  how 
nearly  the  position  of  the  plane  of  the  orbit  as  derived  from  the 
second  and  third  observations  represents  the  extreme  latitudes.  If 
it  were  not  desirable  to  compute  I  and  X'"  in  order  to  check  the 
calculation,  even  when  /5  and  j?"'  are  given  by  observation,  we  might 
derive  p  and  p'"  from  the  equations 

P    =  ?■  sin  M  sin  %  cot  ft 

p'"  =  r"'  sin  v!"  sin  i  cot  jS"',  '-'    ^ 

when  the  latitudes  are  not  very  small, 

In  the  final  approximation  to  the  elements,  and  especially  when 
the  position  of  the  plane  of  the  orbit  cannot  be  obtained  with  the 
required  precision  from  the  second  and  third  observations,  it  will  be 
advantageous,  provided  that  the  data  furnish  the  extreme  latitudes 
^  and  ^"',  to  compute  p  and  p'"  as  soon  as  p'  and  p"  have  been 
found,  and  then  find  /,  V",  b,  and  b'"  directly  from  these  by  means 
of  the  formulfB  {71)s.  The  values  of  SJ  and  i  may  thus  be  obtained 
from  the  extreme  places,  or,  the  heliocentric  places  for  the  times  i' 
and  _^"' being  also  computed  directly  from  p'  and  p",  from  those 
which  are  best  suited  to  this  purpose.  But,  since  the  data  wiU  be 
more  than  sufiScient  for  the  solution  of  the  problem,  when  the  extreme 
latitudes  are  used,  if  we  compute  the  heliocentric  latitudes  b'  and  6"'' 
from  the  equations 

tan  6'  =  tan;  sill  (f  —  JJ), 
tan  h"  =  tan  i  sin  (I"  —  SJ), 

they  will  not  agree  exactly  with  the  results  obtained  directly  from  p' 
and  p",  unless  the  four  observations  are  completely  satisfied  by  the 
elements  obtained.  The  values  of  r'  and  }■",  however,  computed 
directly  from  p'  and  />"  by  means  of  (71)3,  must  agree  with  those 
derived  from  x'  and  x". 

The  corrections  to  be  applied  to  the  times  of  observation  on  account 
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of  aberration  may  now  be  found.     Thus,  if  t^,  i^',  t„",  and  t^'"  j 
the  uncorrected  times  of  observation,  the  corrected  values  will  be 


( 

=». 

-  Cp  BCOA 

i: 

=  K 

-O'. 

■»oll. 

r 

-  6>" 

seof'. 

('" 

=  '." 

'-Of 

'sec  (5" 

wherein  log  0=  7.760523,  and  from  these  we  derive  the  corrected 
values  of  z,  z',  r",  t'",  and  z^'. 

100.  To  fmd  the  values  of  P',  P",  Q',  and  Q",  which  will  be 
exact  when  )-,  r',  r",  r'",  and  u,  «',  u",  u'"  arc  accurately  known,  we 
have,  according  to  the  equations  (47)^  and  (51)4,  since  Q' ^^^\Qi 


^      ^  ss"  ■  n-"  cos i  (u"  —  «'}  cos i  (u"  —  u)  cos  i  {u'  —  u)' 

In  a  similar  manner,  if  we  designate  by  s'"  the  ratio  of  the  sector 
formed  by  the  radii-vectores  r"  and  r'"  to  the  triangle  formed  by 
the  same  radii-vector es  and  the  chord  Joining  their  extremities,  we 
find 

^  -  '  .."■  ■  ¥¥"  cos  J  («■"  -  «")  00.  J  («"•  -  «•)  CO!  J  (.»  -  «•) 

The  formulae  for  finding  the  value  of  s'"  are  obtained  from  those  for 
s  by  writing  yj" ,  J""',  G'",  &(s.  in  place  of  y,  y,  <?,  &e.,  and  using 
r",  r'",  V,'"  —  u"  instead  of  r',  r",  and  %"  —  v/,  respectively. 
■  By  means  of  the  i-esults  obtained  from  the  first  approximation  to 
the  values  of  P',  P",  Q',  and  Q",  we  may,  from  equations  (41)  and 
(42),  derive  new  and  more  nearly  accurate  values  of  these  quantities, 
and,  by  repeating  the  calculation,  the  approximations  to  the  exact 
values  may  be  carried  to  any  extent  which  may  be  desirable.  When 
three  approximate  values  of  P*  and  Q',  and  of  P"  and  §",  have 
been  derived,  the  next  approximation  will  be  facilitated  by  the  use 
of  the  formulie  (82)^,  as  already  explained. 

When  the  values  of  P',  P",  §',  and  (^"  have  been  derived  witli 
sufficient  accuracy,  we  proceed  from  these  to  find  the  elements  of  the 
orbit.  After  SJ,  %  »',  ''',  t",  r'",  u,  u',  u",  and  w'"  have  been  found, 
the  remaining  elements  may  be  derived  from  any  two  radii-vectores 
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and  the  corresponding  arguments  of  the  latitude.  It  will  be  most 
accurate,  however,  to  derive  the  elements  from  r,  r'",  u,  and  u'". 
If  the  values  of  P',  P",  Q',  and  Q"  have  been  obtained  with'great 
accuracy,  the  results  derived  fixim  any  two  places  will  agree  with 
those  obtained  from  the  extreme  places. 
In  the  first  place,  froni 

sinj-o  cos  e,  =  sin  i  {u'"  —  m),  (43) 

Bin  n  sin  G,  =  cos  ^  («"'  -  m)  cos  2^,, 
cos  ro  =  COS  J  («"'  —  «)  sin  2x^, 
we  find  Y^  and  G^.     Then  we  have 

^.      (r  +  r"'/cosV;  -^^       COS)-;  ^     ' 


irom  which,  by  means  of  Tables  XIII.  and  XIV.,  to  lind  s^  and  a;^. 
We  have,  further, 

3,  =  ('-"'"'''°/°"'~'>)'. 

and  the  agreement  of  the  value  of  p  thus  found  with  the  separate 
results  for  the  same  quantity  obtained  from  the  combination  of  any 
two  of  the  four  places,  will  show  the  extent  to  which  the  approxima- 
tion to  P',  P",  Q',  and  Q"  has  been  carried.  The  elements  are  now 
to  be  computed  from  the  extreme  places  precisely  as  explained  in  the 
preceding  chapter,  using  r'"  in  the  place  of  r"  in  the  formula  there 
given  and  introducing  the  necessary  modifications  in  the  notation, 
wliich  have  been  already  suggested  and  which  will  be  indicated  at 
once. 

101.  Example, — For  the  purpose  of  illustrating  the  application 
of  the  formuiffl  for  the  calculation  of  an  orbit  from  four  observations, 
let  us  take  the  following  normal  places  of  Ewrynome  @  derived  by 
comparing  a  series  of  observations  with  an  ephemeris  computed  from 
approximate  elements. 


Gmmwich  M.  T. 

a 

/> 

1863  Sept.  20.0 

14" 

SO'  35".6 

+    9- 

23'  49".7, 

Dec.     9.0 

9 

64  17  .0 

2 

63  41  .8, 

1864  Feb.     2.0 

28 

41  34  .1 

9 

6    2.8, 

April  30.0 

74 

29  58  .9 

+  19 

35  41  .5. 
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These  normals  give  the  geocentric  places  of  the  jjWiet  referred  to  tlie 
mein  eqoinox  and  equator  of  1864.0,  and  free  from  aberration.  For 
the  mem  obliquity  of  the  ecliptic  of  1864.0,  the  American  Nautical 
Almanac  ^i\e-^ 

^  =  23°  27'  24".49, 

and,  by  means  of  tliia,  converting  the  observed  right  ascensions  and 
declinations,  as  given  by  tlie  normal  places,  into  longitudes  and  lati- 
tudes, we  get 


Greenwich  M.  T. 

2 

/5 

1863  Sept. 

20.0 

16° 

■59' 

9" 

'.42 

+  2" 

56' 

44" 

■.58, 

Dec. 

9.0 

10 

14 

17 

.57 

—  1 

15 

48 

.82, 

1864  re,b. 

2.0 

29 

53 

21 

.99 

2 

29 

57 

.38, 

April  30.0 

75 

23 

46 

.90 

-3 

4 

44 

.49. 

These  places  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0, 
and,  for  the  same  dates,  the  geocentric  latitudes  of  the  sun  referred 
also  to  the  ecliptic  of  1864.0  are 

+  0".60,  -l-0".53,  +  0".36,  +  0".19. 

For  the  reduction  of  the  geocentric  latitudes  of  the  planet  to  thd 
point  in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plane,  the  equation  (6)^  gives  the 
con-ections  ~0".57,  —  0".38,  —  0".18,  and  —  0".07  to  be  applied  to 
these  latitudes  respectively,  the  logarithms  of  the  approximate  dis- 
tances of  the  planet  from  the  earth  being 

0,02618,  0.13355,  0.29033,  0.44990. 

Thus  we  obtain 

t    =      0.0,  ^    =  16°  59'    9".42,  j3    =+2"  56'  44".01, 

f  =   80.0,  A'  =10   14  17  .57,  jT  =--1    15  49  .20, 

t"  ==  135,0,  r  =  29    53  21  .99,  /?'  =  —  2    29  57  .56, 

C"=  223.0,  -l"'  =  75    23  46.90,  ;?"  =  — 3      4  44.56; 

and,  for  the  same  times,  the  true  places  of  the  sun  referred  to  the 
mean  equinox  of  1864.0  are 

O     =177°    0'58".6,  logfi    =0.0015899. 

O'  =256   58  35.9,  logi?  ^9,9932638, 

0"  =312   67  49  ,8,  logii"  ^9.9937748, 

©'"=   40    21  26.8,  log  ii"'  =  0.0036149, 
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From  the  equations 

tarijS' 

tan  i5" 


tan  vl  :^  ■■■ 
tan  «/'=:  — 


iG"-©")' 


we  obtain 

4'  -=  113"  15'  20".10, 
^"  ^   76    56  17  .75, 


logCJr  cosV)  =9-5896777^ 
logCiJ^siE*')  =9.9564624, 
log  (i2"  cos  +")  =  9.3478848, 
log(iJ"sin+")  =  9 


The  quadrant  in  wliieh  ij.'  must  be  t-alien,  is  indicated  by  the  condi- 
tion that  cos^-'  and  cos(A' —  ©')  must  have  the  same  sign.  The 
same  condition  exists  in  the  ease  of  i|'".     Then,  the  formulae 


C=caal^'  ain  (/'" —  ^"), 


B  ^=  eos^" sin  (/'  —  J), 
-D^cosj^sinCr'— ;')- 


'  ^iS'cosV  + 
■  '  =  S"  coi-i"- — 


c"  =  h"Bf  cos  "V' 
_i?sin(A  — 0) 


If  sin  (A  —  0') 
.A 
a"'-0") 


+' 

+ 

JJ" 

0 

-O") 

JJ' 

-o') 

0 

give  the  follomng  results: — 

A  =  9.0699254^ 
5  =  9.8484939, 
k'  =  0.2785685„, 
a'  ^  0.8834880,^ 
logs' =0.9012910„, 
"  =  0.4650841, 


logC  =  9 

og  D  =  9.9577271, 

[og  k"  =  0.1048468, 

a"  =  9.9752915^ 

o"  =  9.7267348„, 

c!"  =  9.9096469. 


"We  are  now  prepared  to  malse  the  first  hypothesis  in  regard  to  the 
values  of  P',  §',  P",  and  Q".  If  the  elements  were  entirely  un- 
known, it  would  be  necessary,  in  the  first  instance,  to  assume  for  these 
fiuantities  the  values  given  by  the  expressions 
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then  approximate  values  of  r'  and  r"  are  readily  obtained  by  means 
of  the  equations  (27),  (26),  and  (24)  or  (25).  The  first  assumed 
value  of  x'  to  be  used  in  the  second  member  of  the  first  of  equations 
(27),  is  obtained  from  the  expression  which  results  from  (22)  by 
putting  Q'  =  0  and  Q"  ^^  0,  namely, 

1  -//" 
after  which  the  values  of  a;'  and  x"  will  be  obtained  by  trial  from 
(27).  It  should  be  remarked,  further,  that  in  the  fii-st  determination 
of  an  orbit  entirely  unknown,  the  intervals  of  time  between  the  ob- 
servations will  generally  be  small,  and  hence  the  value  of  x'  derived 
from  the  assumption  of  Q'  ^=0  and  Q"  =  0  will  be  sufficiently  ap- 
proximate to  facilitate  the  solution  of  equations  (27). 

As  soon  as  the  approximate  values  of  )■'  and  r"  have  thus  been 
found,  those  of  P'  and  P"  must  be  recomputed  from  the  expressions 

With  the  results  thus  derived  for  P'  and  P",  and  with  the  values  of 
Q'  and  Q"  already  obtained,  the  first  approximation  to  the  elements 
must  be  completed. 

When  the  elements  are  already  approximately  known,  the  first 
assumed  values  of  P',  P",  Q',  and  Q"  should  be  computed  by  means 
of  these  elements.     Thus,  from 

^/r"sin(^;"— t/)  „  ^    rr' &m{i/ ~  v) 

jt"  sin  (■«"  —  «) '  »y'  sin  {v"  —  v) ' 

,_/V"BinC^/"— i/Q  ,„_  /r"suiC»/'  — ->/) 
r'r'" sin (i/"  —  v')'  ~~ rV"  sin {i/"  —  tf)' 

we  find  11,  n',  n",  and  n'".     The  approximate  elements  of  Eui-ynaine 


,    =322"  55'    9".3, 

logr 

=  0^08327, 

J  =  363    19  26  .3, 

log/ 

=  0.294225, 

«"  =   U   45    8  .5, 

log/' 

=  0.296088, 

r=   47    23  32  .8, 

logr"' 

'  =  0.317278, 
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and  hence  we  obtain 

log» 
iogii' 

=  9.658052, 
=  9.825408, 

log»"  - 
log»'"  = 

=  9.806836, 
=  9.633171. 

Then,  from 

P' 

=  ^. 

I? 

=  (,,  +  »' 

■'-l)r». 

P" 

=  ^, 

e" 

=  (»'+»' 

"- 1)  >■■", 

we  get 

logP' 
logP" 

=  9.846216, 
■=9.807763, 

log?' 
log«" 

=  9.840771, 
=  9.882480. 

The  valii 

equationj 

Neit, 

les  of  the* 
i  (41)  an, 
from 

log  < 
log  <' 

^e  quantities 
1  (42). 

F'd'  +  <! 
-  1  +  P'^' 
,      P"d"+  d 

may 

also  be  ooi 

/'  = 

/"  = 

log/  . 
log/". 

niputed  by  i 

K 
1+P'' 

A" 

we  iind 

-    1  +  P" 

=  0..541344„, 
=  9.81)7665., 

1  +P"' 

=  0.047658., 
=  9.889385. 

Then  we 

1  have 

J!"  =  - 

»■  +  . 

:('         c; 

(l  + 

?       '\ 

«?'  + 
(1^ 

w^ 

t.n.'=- 

sm.V' 

tan  /'  ;^ " 

7!"  sin  4" 

gsmV  ...    ^ 

,"   ^".™/ 

from  whicli  to  find  )■'  and  r".     In  the  first  place,  from 

si  =  l//'— if"siW, 
we  obtain  the  approximate  valne 

loga^  =  0.242737. 
Then  the  tirst  of  the  preceding  equations  gives 
log  a/' =  0.237687. 
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rrom  this  we  get 

a"  =  29°  3'  11".7,  logr"  =  0.296092; 

and  tlien  the  equation  for  x'  gives 

log  a/  =  0.242768. 
Hence  we  liave 

2'  =  2T°  20'  59".6,  log/ =  0.294249; 

and,  repeating  the  operation,  using  these  results  for  x'  and  r',  we  get 

log  x"  =^  0.237678,  log  a/  =  0.242757. 

The  correct  value  of  log,i!'  may  now  be  found  by  Means  of  equation 
(28),     Thus,  in  units  of  the  sixth  decimal  place,  we  have 

«„  =  242768  —  242737  =  +  31,  a,'  =  242757  —  242768  =  — 11, 

and  for  the  cori'ection  to  be  applied  to  the  last  value  of  log  a.',  in 
units  of  the  sixth  decimal  place, 

Therefore,  the  oorrected  value  is 

log./ =  0.242760, 
and  from  this  we  derive 

log/' =  0.237681. 

These  results  satisfy  the  equations  for  x'  and  x";  and  give 

/  =  27°  21'    1".2,  log/  =  0.294242, 

a"  =  29     3  12  .9,  log  /'  =  0.296087. 

To  find  the  curtate  distances  for  the  ^*9t  and  second  observations, 
the  formulse  are 


/  ■«■".<';+ «cos,n 

^„      B",m(^'  +  i") 

which  give 

logp'  =  0.133474, 

log  f"  =  0.289918. 

Then,  by  means  of  the  eqiiationa 
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/cos 6'  cos(?—  G')     =/i'cos(A'—  ©')  — J?, 
v'  COS  V  sin  (i'  —  ©')     =:  ^'  sin  (A'  —  ©'), 
/sinf  =^;ij' tan/i', 

r"  cos  6"  cos  (r'  —  O")  =  p"  cos  (A"  —  0")  —  S!', 
t"  cos  b"  ain  (r  -  O")  =  p"  sin  (A"  -  0"), 
)■"  sin  h"  =  p''  tan  (5", 

we  find  the  following  heliocentric  plac«s; 

/'  =37°  35'  26".4,  log  tan  6'  =  8.182861„,  log/  =l).2942i3, 

/"  =  58    68  15.3,  log  tan  6"  =  8.634209^  log  r"  =  0.296087. 

The  agreement  of  these  values  of  log  r'  and  log  r"  with  those  obtained 
directly  from  x'  and  x"  is  a  partial  proof  of  the  numerical  calcula- 
tion. 

Prom  the  equations 

taa-i  sin  (Hf  +  0  —  Sl)^^  (tan  h"  +  tan  6')  sec  |(f '  —  P), 
tan  i  cos  (^  (^'  -|-  O  ^  S3  )  =  3  (tai  ^"  —  ^"1  ^')  cosec  ^  (f  —  /')> 


tan.'      '"('-SJ')^ 

ta„,."~'-<'"T«2l 

we  obtain 

SJ  =  206"  42'  24".0, 

j    =     4°  36'  47".2, 

«'  =  190    66     6  .6 

i("  =  212    20  53  .5. 

Then,  from 

•■-r^(i  +  .|). 

n    ^,."P', 

--1^0  +  ?). 

n"'^n'P", 

we  get 

log  w"==  9.806832, 

logH,    =9.653048, 

logji'  =9.825408, 

log  w"'  =  9.633171, 

and  the  equations 

r  .in  ((«■-«)+ J  («"-»■))  = 
rcos((«'-«)  +  !(»"-«'))  = 
,"'  am  ((.."'  -  «")  +  J  (."  -  «•))  = 
/"  COB  ((."'  -  .")  +  1  (»"  -«■))  =  ~#^  cos  1  (•"  -  «'). 
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log  r 
log/ 


=  0.308379, 
=  0.31727.'), 


Next,  by  means  of  the  forimila) 

tan  (/  —  Si)     =  cos i  tan m, 
tan  (J"  -^  £i  )  =  cos  i  tan  u'", 

pcos(X  —  O  ) 

pmi.(X  —  G  ) 

/J  tan/? 


=  160°  '60'  67".6, 
=  244  gy  32  .5. 


tan  I    =:  tan  i  sin  (I  —  JJ), 
',  tan  b'"  ^:  tan  i  sin  (/"'  —  JJ  ), 

r  cos  6  cos  (^  —  O)  +  iJ, 
rco9&sin(/ —  0), 


/' 


,."'sin(r'. 
p'"  tan  ^" 


-0"')  =  /"c 


s  6'"  cos  (r  —  O '")  +  A"", 
s6"'sin(r-0"'), 


;  =  7°  W  51".8, 
6  =  +  1  32  14  .4, 
,t  =  16  59  9  .0, 
;?  =  +  2  56  40  .1, 
•gp^  0.025707, 


=  91°  37'  40".0, 
=  —  4  10  47  .4, 
=  75  23  46  .9, 
=  —  3  4  43  .4, 
=  0.449258. 


The  value  of  X'"  thus  obtained  ^rees  exactly  with  that  given  by 
observation,  but  X  differs  0".4  from  the  observed  value.  This  differ- 
ence does  not  exceed  what  may  be  attributed  to  the  unavoidable 
errors  of  calculation  with  logarithms  of  six  decimal  places.  The 
differences  between  the  computed  and  the  observed  values  of  ^  and 
^"  show  that  the  position  of  the  plane  of  the  orbit,  as  determined 
by  means  of  the  second  and  third  places,  will  not  completely  satisfy 
the  extreme  places. 

The  four  curtate  distances  which  are  thus  obtained  enable  us,  in 
the  ease  of  an  orbit  entirely  unknown,  to  complete  the  correction  for 
aberration  according  to  the  equations  (40). 

The  calculation  of  the  quantities  which  are  independent  of  P', 
P",  Q',  and  Q",  and  which  are  therefore  the  same  in  the  successive 
hypotheses,  should  be  performed  as  accurately  as  possible.  The 
value  of  ^yi  required  in  iinding  x"  from  x',  may  be  computed 
directly  from 
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and  a  similar  method  may  be  adopted  in  the  case  of  S7-  Further, 
in  the  computation  of  x'  and  z",  it  may  in  some  cases  be  advisable 
to  employ  one  or  both  of  the  equations  (22)  for  the  final  trial.  Thus, 
in  the  present  case,  x"  is  found  from  the  first  of  equations  (27)  by 
means  of  the  difference  of  two  larger  numbers,  and  an  error  in  the 
last  decimal  place  of  the  logarithm  of  either  of  these  numbers  affects 
in  a  greater  degree  the  result  obtained.  But  as  soon  as  r"  is  known 
so  nearly  that  the  logarithm  of  the  factor  1  +  -^  remains  utichanged, 
the  second  of  equations  (22)  gives  the  value  of  cc"  by  means  of  the 
sum  of  two  smaller  numbers.  In  general,  when  two  or  more  for- 
mulae for  finding  the  same  quantity  are  given,  of  those  which  are 
otherwise  equally  accui-ate  and  convenient  for  logarithmic  calculation, 
that  in  which  the  number  sought  is  obtained  from  the  sum  of  smaller 
numbers  should  be  preferred  instead  of  that  in  which  it  is  obtained 
by  taking  the  difference  of  lai^er  numbers. 

The  values  of  r,  r',  r",  r'",  and  w,  w',  u" ,  u'",  which  result  from 
the  first  hypothesis,  suffice  to  correct  the  assumed  values  of  P',  P", 
Q',  and  Q".     Thus,  from 


■:=^k(f'—t' 

), 

T"=i(i'-1), 

r'"  =  i(r-l"), 

Unx  =  \!^, 

»«»/■  =  \/j. 

t«n/"  =  -y('-,r. 

sin  rcosG  =  sin  -. 

!(«;;- 

-«'),              »inr"c« 

s  e"  =  sin  i  («'-«), 

sinrsin(?  =  cos, 

-«')cos27,     sin  r"  sir 

.e"  =  co8K»'-«)cos2/', 

cos ;-           =  cos 

k«"- 

-«')sin2z,     cos/' 

=  cosj  («'-«)  sin  2/', 

sill /"cos  ff"  =  sill  (•'■"- 

»"), 

si 

n /"  sin  (?'"  =  COS  J  («'"-■ 

„")co,2r 

C( 

»/" 

=  cosJ(«"'- 

»").in2/"; 

T'cos'z 
'/'cosV' 

,       ^»cos'/' 
"         ,'c™V" 

„      r"»cosV"' 
r"'cosV"' 

j^BWJr^ 

.„      sin'  Jr" 

,„      m'i/" 
'          cos/"' 

'-§+/+ 

? 

'         ■+/'+?" 

1         .+/"+{"" 

'  =  ^-3. 

"■'  =  ?''-•'■"' 

^"= =:;-/". 

in  connection  with  Tables  XIIL  and  XIV.  we  iind  s,  s",  and  s'". 

The  resulte  are 
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log  r  =  9.9769441, 

log  t"=  0.1386714, 

log  t"'=  0.1800641, 

Z  =  4a'    3'39".l, 

/'^  W  32'    1' 

■4, 

/"=  45=  41'  55" 

r  =  10   42  56.9, 

r"=15    13  46 

.0, 

/"=  16   22  48 

logm  =  8.188217, 

log  m"=  8.516727, 

log  Mi"'=  8.590596, 

logj=  7.948097, 

log/'^  8.260013, 

logj"'=  8.325365, 

logs  =0.0086248, 

log  s"=  0.0174621, 

log  s"'=  0.0204063. 

Then,  by  means  of  th 

formulEC 

--7.4. 

rr" 

/2 

Q^=h-7Tr-jr— 

1  ^..f      ,.'\  „.,.  1  <„" 



—  I  /■,.'      „\' 

«"=J^- 


fV"  COS  ^  (il'"  —  m")  cos  J  ('!('"  —  m')  cos  ;j  (m"  —  u')' 


logP'  =9.8462100, 
logP"  =  9.8077615, 

■with  which  the  next  approximation 
We  now  i-ecompute  e^,  o^",f',f' 
illustrated ;  and  the  results  are 


log  (^  =  9.8407536, 
log  §"  =  9.8824728, 

may  be  completed. 

'j  x',  x",  &c.  precisely  as  already 


logc„'  =  0.6413486„, 

logc/'  =9.8076649„, 

log/'  =  0.0476614,^, 

log/"  =9.8893851, 

log  .«/  =  0.2427628, 

logi"  =0.2376752, 

/=27°21'2".71, 

s"  =  29°3'14". 

log/  =  0.2942369, 

log/'  =0.2960826, 

log/  =  0.1334636, 

log/'  =0.2899124, 

log  n=  9.6630445, 

Iog»"  =9.8068346, 

log  «' =9.8254092, 

log  «'"  =  9.6331707. 

Then  we  obtain 

I'  =  37°  35'  27".88,        log  ten  6' 

=  8,1828572„,        log/ = 

r'— 68    58  16  .48,        logtanfi" 

=  8,e342073„,        log/'  = 

These  results  for  logr'  and  log)'"  a 
from  s'  and  z",  thus  checking  the 
the  heliocentric  places. 
Next,  we  derive 

Q,  =^  206"  42'  25".S9, 
u'  =  190    55     6  .27, 


^ee  with  those  obtained  directly 
caleulatioa  of  -J/'  and  4""  I'^d  of 


=     4"  36'  47".20, 
=  212    20  52  .96, 
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and  from  v,"—u',  r',  »■",  n,  n",  n',  and  n'",  we  obtain 

logr    =0.3083734,  «    =  160°  30' 55".45, 

logr"'=  0.3172674,  m"'  =  244    59  31  .98. 

For  the  purpose  of  proving  the  accuracy  of  the  mimerieal  results, 
we  compute  also,  as  in  the  first  approximation, 

1=        7°  16'  51".54,  l"'=      91°  37'  41".20, 

6  =  +    1    32  14  .07,  b"'=—   4   10  47  .36, 

X=:      16    59     9.38,  X"'=      75    23  46.99, 

^  =  +    2   56  39  .54,  /?"=—    3     4  43  .33, 

logp  =0.0256960,  log />'"  =  0.4492539. 

The  values  of  X  and  X'"  thus  fouad  differ,  respectively,  only  0".04 
and  0".09  from  tliose  given  by  the  normal  places,  and  hence  the 
accuracy  of  the  entire  calculation,  both  of  the  quantities  which  are 
independent  of  P',  P",  Q',  and  Q",  and  of  those  which  depend  on 
the  successive  hypotheses,  is  completely  proved.  This  condition, 
however,  must  always  be  satisfied  whatever  may  be  the  assumed 
values  of  P',  P",  Q',  and  Q". 
From  )-,  r',  it,  u',  &c.,  we  derive 

log  s  =  0.0085254,        log  s"  =  0.0174637,        log  a"'  =  0.0204076, 

and  hence  the  corrected  values  of  P',  P",  Q',  and  Q"  become 

logP'  ^9.8462110,  log  Of  =9.8407524, 

log  P"  =  9.8077622,  log  ^'  =  9.8824726. 

These  values  differ  so  little  from  those  for  the  second  approximation, 
the  intervals  of  time  between  the  observations  being  very  large,  that 
a  fnrtlier  repetition  of  the  calculation  is  unnecessary,  since  the  results 
which  would  thus  be  obtained  can  differ  but  slightly  from  those 
which  have  been  derived.  We  shall,  therefore,  complete  the  deter- 
mination of  the  elements  of  the  orbit,  using  the  extreme  places. 
Thus,  from 

T„  =  k(f"  —  (),  tan;;:^,  =  -yj  -^, 

sin  r,  COS  G,  =  sin  -J  («'"  —  it), 

sin  yo  sin  (?„  =^  cos  ^  («'"  —  u)  cos  2x0, 

cos  y^  :=  cos  ^  (,«'"  — ■  u)  bin  2x„, 

r,,'  .  sin'  !;-„ 

(r  -|-  /")'  cos'  }■„  ^''        cos  Yb 
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■g  r„  =  0.5838863,  log  tan  G,  =  8.0521953„, 

r„  =  42°  W  30".17,  log  m,=  9.7179026, 

gg'=0.2dnTSl,  log.\  = 


gives     ■ 

logp  ^  0.3712401 ; 

and  if  we  compute  the  same  quantity  by  means  of 

_  /  ^r" sin («"- u')  Y_  I  sWsm(«'-M)  \^_  /  a"V': 


the  separate  results  are,  respectively,  0.3712397,  0.3712418,  and 
0,3712414;  The  differences  between  these  results  are  very  small,  and 
arise  both  from  the  unavoidable  errors  of  caloulatioii  and  from  the 
deviation  of  the  adopted  values  of  F',  P",  Q',  and  §"  from  the 
limit  of  accuracy  attainable  with  logarithms  of  seven  decimal  places. 
A  variation  of  only  0".2  in  the  values  of  w'—m  and  w'"  —  w"  will 
produce  an  entire  accordance  of  the  particular  results. 
From  the  equations 


Bill 

i(£"'-_E)  =  v',r., 

a  cos  ^5  - 

sinid."'-,.)        - 
AnilE"'~E) 

r'", 

we  obtain 

cosp^ 

The  forniulfB 

=  17°  35' 
log 

42".12,            log(«eosy) 
;coa^:=:9.991551S. 

=  0.379688; 

„  oil,  (,,, 

4(''"'+' 

r^-\                    P              tm- 

1   Go, 

e  siinu,  — 

COS  n  Vr-<'" 

i  (,."'+. 

(■))                ^ 

secii 

eeost"-  — 

cos  j-o  i/)y" 

[m    —  u), 

give 

<«  =  197°  3f 
p==ll°  15' 

1'  8".48, 
62".22, 

log  e  =:  log  sir 

9.2907881, 
20'  34".37. 

Thb  result  for  y>  gives  log  cos  ^  =  9.9915521,  which  differs  only  3 
iiT  the  last  decimal  place  from  the  value  found  from  j)  and  a  cos  <f. 
Then,  from 
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the  value  of  ^  being  expressedinsecondsof  arc,  or  log i^^  3.5500066, 
wc  get 

log  a  =  0.3881359,  log/*  =  2.9678027. 

For  the  eccentric  anomalies  we  have 

taii^£  =tan^(M  —  iu)tan(45° — ^^9;), 
t&nlE'  =^tan^(u'  — ui)  taii(45°  — ^p), 
tan  ^E"  =  tan  ^  (w"  —  m)  taji  (45°  —  ^f ), 
tan  ^E'"  ^^  tau  ^  (m"' —  hi)  tan  (45°  —  ^y ), 

from  which  tlie  results  are 

E  ^  329°  11'  46".01,  E"  ^  12°    5'  83".63, 

£'==354   29  11  .84,  £"'  =  39   34  34  .65. 

The  value  of  I  {E'"  —  E)  thus  derived  differs  only  0".O3  from  that 
obtained  directly  from  x^. 

T"or  the  mean  anomalies,  we  have 


M=E-6^inE, 

if"  =E"~esnxE", 

M'  =  E'  —  6  sin  E', 

M'"  =  E'"  —  e  sin  £'", 

which  give 

M  =  334°  55'  39".32, 

M"  =    9°  44'  52".82, 

M-  =^  855    33  42  .97, 

jH""'  =  32    26  44  .74. 

Finally,  if  M^,  denotes  the  mean  anomaly  for  the  epoch  T^  1864 
Jan.  1.0  mean  time  at  Greenwich,  from 

M,  =  if—  n  (t—T)     =  M'  —  n  (C  —  T) 
=  M"  —  iJ.  it"  —  T)^  M'"  —  u.  (C"  —  T), 

we  obtain  the  four  values 

jy„^l°29'39".40 


tlie  agreement  of  which  completely  proves  the  entire  calculation  of 
the  elements  from  the  data.  Collecting  together  the  several  results, 
we  have  the  following  elements ; 
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Epocli  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=^     1°  29'  39".42 

7c=   44    20  34  .37) 
ft  =  206    42  25  .89  V 

i^     4    36  47  .20  J 

9-=   11    15  52  .22 


Ecliptic  and  Mean 
Equinox  1864.0. 


Iog/<  =  2.9678027 
n  =  928".54447. 

102.  The  elements  ttus  derived  completely  represent  the  four  ob- 
served longitudes  and  the  latitudes  for  the  second  and  third  places, 
which  are  the  actual  data  of  the  problem ;  but  for  the  extreme  lati- 
tudes the  residuals  are,  computation  minus  observation, 

i^  ^  —  4".47,  A^"  =  +  1".23. 

These  remaining  errors  arise  chiefly  from  the  circumstance  that  the 
position  of  the  plane  of  the  orbit  cannot  be  determined  from  the 
second  and  third  places  with  the  same  degree  of  precision  as  from 
the  extreme  places.  It  would  be  advisable,  therefore,  in  tlie  final 
approximation,  as  soon  as  />',  p",  n,  vJ' ,  n',  and  n'"  are  obtained,  to 
compute  from  these  and  the  data  furnished  directly  by  observation 
the  curtate  distances  for  the  extreme  places.  The  corresponding 
heliocentric  places  may  then  be  found,  and  hence  the  position  of  the 
plane  of  the  orbit  as  determined  by  the  first  and  fourth  observations. 
Thus,  by  means  of  the  equations  (37)  and  (38),  we  obtain 

log  p  =  0.0256953,  log  p"'  ^  0.4492542. 

With  tliese  values  of  p  and  p"',  the  following  heliocentric  places  are 
obtained : 

I  ^  7°16'51".54,  logtanfi  :=8.4289064,  logr  ==0.3083732, 
l'"  =  91    37  40  .96,         log  tan  b'"  =  8.8638549„,       log  /"  =  0.3172678. 


tan  i  sin  Q  (If"  ~{-l)—  Q,),^l  (tan  b'"  +  tan  b)  sec  I  (J'"  —  0, 
tan  i  cos  (-^  (I'"  -j-  0  —  SJ  )  =^  i  i^^"  ^"'  ~~  t^"  ^)  cosec  ^  (f"  —  P), 

we  get 

£J  =  206°  42'  45".23,  i  =  4=  36'  49".76. 

For  the  arguments  of  the  latitude  the  results  are 

u  =  160°  W   35",99,  u'"  =  244°  59'  12".53. 
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Tho  cc| nations 

tan  b'  ^  tan  i  sin  (J  ^  Q,), 
tan  b"  '.^  tan i  sin  (/"  —  Q,'), 
give 

log  tan  h'  =  8.1827129„,  log  tan  6"  :=  8.6342104„, 

and  tlie  comparison  of  these  results  with  those  derived  directly  from 
fj'  and  (i"  exhibits  a  difference  of  +  1".04  in  b',  and  of  —  0",06  in 
h".  Hence,  the  position  of  the  plane  of  the  orbit  as  determined  from 
the  exti'eme  places  very  nearly  satisfies  the  intermediate  latitudes. 

If  we  compute  the  remaining  elements  by  means  of  these  values 
of  r, )'"',  and  it,  u'",  the  separate  results  are : 

log  tan  (?„  =  8.0522282„,  logi»o  =  9.7179026, 

log  s/  ^  0.2917731,  log  x^  ^  8.9608397, 
logp  ^  0.3712405,                  i  (E"  —  E)  =  17°  35'  42".12, 

log  (b  cos  ¥')  =  0.3796884,  log  cos  ^  =  9.9915521, 

<«  =  197"  37'  47".72,  log  e  -^  9.2907906, 

(I-  =   11    15  52  .46,  Jog  cos  v  =  9'.9915520, 

log  a  =  0.3881365,  log  /x  =  2.9678019, 

E  =  329"  11'  47".24,  E'"  =  39"  34'  85".70, 

jlf^334   55  40  .46,  Jf"'  =  32    26  45  .49, 

jlf„  =     1    29  40  .36,  3f„  =    1    29  40  .37. 

Hence,  the  elements  are  as  follows ; 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=     r  29'  40".36 

"""Jl    ^**^^'!fl    Ecliptic  and  Mean 
SJ^206   42  45.23^     Equinox  1864.0. 
i=     4   36  49  .76J         ^ 
P=    11    15-52  .46 
log  a  ^0.3881365 
/*  =  928".5427. 

It  appears,  therefore,  that  the  principal  effect  of  neglecting  the 
extreme  latitudes  in  the  determination  of  an  orbit  from  four  obser- 
vations is  on  the  inclination  of  the  orbit  and  on  the  longitude  of  the 
ascending  node,  the  other  elements  being  very  slightly  changed.  The 
elements  thus  derived  represent  the  extreme  places  exactly,  and  if 
we  compute  the  second  and  third  places  directly  from  these  elements, 
we  obtain 

M'  =  355°  33'  43".88,  M"  ^   9°  44'  53".73, 

E'  =  354    29  12  .93,  E"  =  12      5  34  .81, 

v'    -:r353    16  59  .07,  i/'   =14   42  45  .96, 
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v!  =  190°  54'  46".79, 
I'  =  37  35  27  .75, 
b'  =  —  0  52  21  .25, 
a'=  10  14  17  .35, 
^'  =  —  1  15  47  .07, 
gp'  =  0.1334634, 


log/' 


^  212=  20'  33".68, 
58    58  16  .50, 

=  —  2  27  59  .06, 
29    53  21  .99, 

=  —     2    29  57  .62, 

^0.2899122. 


Honoe,  the  residuals  for  the  second  and  tliii-d  places  of  the  planet 


Comp.  - 

-Oils. 

0".2'2, 

a,S'  =  +  1".53, 

0  .00, 

a,5"  =  —  0  .06 

and  the  elements  veiy  nearly  represent  the  four  normal  phices.  Since 
the  interval  between  the  extreme  places  is  223  days,  these  elements 
must  represent,  within  the  limits  of  the  errors  of  observation,  the 
entire  series  of  observations  on  which  the  normals  are  based.  It 
may  be  observed,  also,  that  the  successive  approxiraations,  in  the 
ease  of  intervals  which  are  very  lai^e,  do  not  converge  with  the 
same  degree  of  rapidity  as  when  the  intervals  are  small,  and  that  in 
such  cases  the  iiomerical  calculation  is  very  much  abbreviated  by  the 
determination,  in  tlie  first  instance,  of  the  assumed  values  of  P',  P", 
Q',  and  Q"  by  means  of  approximate  elements  already  known.  For 
the  first  determination  of  an  unknown  orbit,  the  intervals  will  gene- 
rally be  so  small  that  the  first  assumed  values  of  these  quantities,  as 
determined  by  the  equations 


«-- 


will  not  differ  much  from  the  correct  values,  and  two  or  three 
hypotheses,  or  even  less,  will  be  suiUcient.  But  when  the  intervals 
are  large,  and  especially  if  the  eccentricity  is  also  considerable,  several 
hypotheses  may  be  required,  the  last  of  which  will  be  facilitated  by 
using  the  equations  (82)4. 

The  application  of  the  formulie  for  the  determination  of  an  orbit 
from  four  observations,  is  not  confined  to  orbits  whose  inclination  to 
the  ecliptic  is  very  small,  corresponding  to  the  cases  in  which  the 
method  of  finding  the  element?  by  means  of  three  observations  fails, 
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or  at  least  becomes  very  uncertain.  On  the  contrary,  these  formulsB 
apply  equally  well  in  the  case  of  orbits  of  any  inclination  whatever, 
and  since  the  labor  of  computing  an  orbit  from  fonr  observations 
does  not  much  exceed  that  i-equired  when  only  three  observed  places 
are  used,  while  the  results  must  evidently  be  more  approximate,  it 
wQl  be  expedient,  in  very  many  cases,  to  use  the  formulEC  given  in 
this  chapter  both  for  the  first  approximation  to  an  unlcnown  orbit 
and  for  the  subsequent  determination  from  more  complete  data. 
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CHAPTER  VI. 


PORMTTl.^  FOS  T 


103.  In  tlie  case  of  the  discovery  of  a  planet,  it  is  often  conve- 
iiieut,  before  sufficient  data  have  been  obtained  for  the  determination 
of  elliptic  elements,  to  compute  a  ayatem  of  circular  elements,  an 
ephemeria  computed  from  these  being  sufficient  to  follow  the  planet 
for  a  brief  period,  and  to  identify  the  comparison  stars  iiaed  in  dif- 
ferential observations.  For  this  purpose,  only  two  observed  places 
are  required,  there  being  but  four  elements  to  be  determined,  namely, 
SI,  i,  a,  and,  for  any  instant,  the  longitude  in  the  orbit.  As  soon  as 
a  has  been  found,  the  geocentric  distances  of  the  planet  for  the 
instants  of  observation  may  be  obtained  by  means  of  the  formulfe 


=  iJcos+  -{-Vd'^R'sm'A., 


d"  =  K'  cos  V  +  v'a?  ~  It!'-' 


(1) 


the  values  of  4'  ^"^^^  4'"  ^'"g  computed  from  the  equations  (42),  and 
(43)3.  For  convenient  logarithmic  calculation,  we  may  first  find  s 
and  z"  from 

i^sin^'                  -     .,      R"sin4"  ,^, 

SU13  — ,  sms'= ,  (2J 

since  the  formulaa  will  generally  be  required  for  cases  sucii  tliat  tlicso 
angles  may  be  obtained  with  sufficient  accuracy  by  means  of  their 
sines.     Then  we  have 

j.-d.(.  +  4)„  ,-^^'""°.'-''+^")„o.,r,     (3) 

from  which  to  find  p  and  p".     These  having  been  found,  we  have 

tan  (;  —  O)  :^ 


,c<is{X->-Q)—J^ 

P  tan  fi 


for  the  determination  of  /  and  h,  and  similarly  for  I"  and  b".     The 


sted  by  Google 


312  THEOKETICAL    ASTEOXOilT. 

ineliiiatioii  of  tlie  orbit  aud  tlie  longitude  of  the  ascending  node  are 
then  found  by  means  of  the  forraulse  (75),,  and  the  arguments  of  tlie 
latitude  by  means  of  (77)3.  Since  it"  —  it  is  the  distance  on  the  celes- 
tial sphere  between  two  points  of  which  the  heliocentric  spherical 
eo-ordinatea  are  I,  b,  and  I",  b",  we  have,  also,  the  equations 

sin  (u"  —  w)  sin  B  ^^  cos  b"  sin  (f '  —  I), 

sinCw"  —  M)cos£^oososin6" —  sin  6  cos  &"  cos  (f —  I), 

cos  (u"  —  u)  ^  sin  b  sin  b"  -)-  cos  b  cos  b"  cos  (?' —  I), 

for  the  determinition  of  m" — u,  the  angle  opposite  the  side  90°  —  b" 
of  the  =ipherical  tiiangle  being  denoted  bj  B  The  solution  of  these 
equations  is  tacihtated  by  the  introdncticn  of  auxiliary  angles,  as 
already  illustrated  for  similai  uisea 

In  a  cireul-vr  orbit,  the  eecentncity  bem^  equal  to  zero,  u"- — u 
expresses  the  mean  motion  of  the  planet  dui  ing  the  interval  ("-—  t, 
aYid  ne  must  1K0  hi\c 

i-i-'-jrl'  ~'0.  (5) 

the  value  of  k  being  expressed  in  seconds  of  arc,  or  log  k  =  3.55000G6. 
Tiiese  formulte  will  be  applied  only  when  the  interval  t" — (  is 
small,  and  for  the  case  of  the  asteroid  planets  we  may  first  assume 

a  =  2.7, 

which  is  about  the  average  mean  distance  of  the  group.  With  this 
we  compute  p  and  p"  by  means  of  the  equations  (2)  and  (3),  and  the 
corresponding  heliocentric  places  by  means  of  (4).  If  the  inclination 
is  small,  m"  —  u  will  differ  very  little  from  I"  —  I.  Therefore,  in  the 
first  approximation,  when  the  heliocentric  longitudes  have  been  found, 
the  corresponding  value  of  (" — (  may  be  obtained  from  equation  (5), 
writing  i"—Z  in  place  of  n"  —  v..  If  this  comes  out  less  than  the 
actual  interval  between  the  times  of  observation,  we  infer  tliat  the 
assumed  value  of  a  is  too  small;  but  if  it  comes  out  greater,  the 
assumed  value  of  d  is  too  large.  The  value  to  be  used  in  a  repetition 
of  the  calculation  may  be  computed  from  the  expression 

log  a  =  f  (log  it"  -~t)  +  log  k  ^-  log  iu"  -  «)), 

the  difference  u" — u  being  expressed  in  seconds  of  are.  With  this 
we  recompute  p^  p",  I,  and  I",  and  iind  also  b,  b",  S3,  i,  u,  and  u". 
Then,  if  the  value  of  a  computed  from  the  last  result  for  u" — u 
differs  from  the  last  assumed  value,  a  further  repetition  of  the  calcu- 
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lation  becomes  necessary.  But  when  three  successive  approximate 
values  of  a  have  been  found,  the  correct  value  may  be  readily  inter- 
polated according  to  the  process  already  illustrated  for  similar  cases. 

As  soou  as  the  value  of  a  has  been  obtained  which  completely 
satisfies  equation  (5),  this  result  and  the  corresponding  values  of  SJ, 
*,  and  the  argument  of  the  latitude  for  a  fixed  epoch,  complete  the 
system  of  circular  elements  which  will  exactly  satisfy  the  two  observed 
places.  If  we  denote  by  w^  the  argument  of  the  latitude  for  the  epoch 
y,  we  shall  liave,  for  any  instant  t, 

u  =  u,  +  l.(_t-T), 

fi  being  the  mean  or  actual  daily  naotion  computed  from 


The  value  of  u  thus  found,  and  r  ^=  a,  substituted  in  the  formulfe  for 
computing  the  places  of  a  heavenly  body,  will  furnish  the  approxi- 
mate ephemeris  required. 

The  corrections  for  pamllax  and  aberration  arc  neglected  in  the 
firet  determination  of  circular  elements;  but  as  soon  as  these  approxi- 
mate elements  have  been  deii\ed,  tlie  geocentiic  distances  may  be 
computed  to  a  degree  of  accuracy  sufficient  foi  applying  these  cor- 
rections directly  to  the  observed  places,  prepiratory  to  the  determi- 
nation of  elliptic  elements.  The  aaaumption  oi  r'^^a  will  also  be 
sufficient  to  take  into  account  the  term  of  the  second  Dider  in  the  first 
assumed  value  of  P,  according  to  the  tivat  of  equ  itions  OS)^. 

104.  When  approximate  element-*  of  the  orbit  of  a  heavenly  body 
hive  been  determined,  and  it  is  desired  to  coirect  them  so  as  to  satisfy 
as  neaily  ib  posaible  a  seiies  of  observations  including  a  much  longer 
mteival  ot  time  than  in  the  ca^e  of  the  obseivations  used  in  finding 
these  appioximite  elements,  a  vaiietv  of  methods  may  be  applied. 
Por  a  ^ery  lona;  series  oi  ob=*er\  ations  the  approximate  elements 
being  such  that  the  squ\res  of  the  corrections  which  must  be  applied 
to  them  mav  be  neglected,  the  most  complete  method  is  to  form  the 
equations  foi  the  vaiiations  of  any  two  spherical  co-ordinates  which 
fix  the  platfi  of  the  body  in  teim>-  of  the  \ariations  of  the  six  ele- 
ment'i  of  tlie  orbit  and  the  diffeiences  between  the  computed  places 
for  different  dates  and  the  coiicsponding  obsuved  places  thus  furnish 
equations  of  condition  the  solntion  of  which  gives  the  corrections  to 
be  djphel  to  the   elements      But    vlien  the  observations  do  not  in- 
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elude  a  very  long  interval  of  time,  instead  of  forming  the  equationa 
for  the  variations  of  the  geocentric  places  in  terms  of  the  variations 
of  the  elements  of  the  orbit,  it  will  be  more  convenient  to  form  tlie 
equations  for  these  variations  in  terms  of  quantities,  less  in  number, 
from  which  tlie  elements  themselves  are  readily  obtained.  If  no  as- 
sumption is  made  in  regard  to  the  form  of  the  orbit,  the  quantities 
which  present  the  least  difficalties  in  the  numerical  calculation  are 
the  geocentric  distances  of  the  body  for  the  dates  of  the  extreme 
observations,  or  at  least  for  the  dates  of  those  which  are  best  adapted 
to  the  detei-mination  of  the  elements.  As  soon  as  these  distances  are 
accurately  known,  the  two  corresponding  complete  observations  are 
sufficient  to  determine  all  the  elements  of  the  orbit. 

The  approximate  elements  enable  us  to  assume,  for  the  dates  (  and 
t",  the  values  of  J  and  J";  and  the  elements  computed  from  these 
by  means  of  the  data  furnished  by  observation,  will  exactly  represent 
the  two  observed  places  employed.  Further,  the  elements  may  be 
supposed  to  be  already  known  to  such  a  degree  of  approximation  that 
the  squares  and   products  of  the   corrections  to  be  applied  to  the 


assi 

amec 

1  values 

of  J  and  J" 

may 

be  neglected,  s( 

1  that  we 

shall  have. 

for 

any 

date. 

d<L 

do- 

20a  5  Aa  :=  COS 

ds 

aj  +  cos; 

d3 

a /I", 

(6) 

a5  = 

dl 

aJ  + 

dr 

a^". 

If,  therefore,  we  compare  the  elements  computed  from  J  and  4"  with 
any  number  of  additional  or  intermediate  observed  places,  each  ob- 
served spherical  co-ordinate  will  furnish  an  equation  of  condition  for 
the  correction  of  the  assumed  disteinees.  But  in  order  that  the  equa- 
tions (6)  may  be  applied,  the  numerical  values  of  the  partial  differen- 
tial coefBcients  of  a  and  5  with  respect  to  4  and  A"  must  be  found. 
Ordinarily,  the  best  method  of  effecting  the  deterniination  of  these  la 
to  compute  three  systems  of  elements,  the  first  from  A  and  A",  the 
second  from  A ->r  D  and  A",  and  the  thii-d  from  4  and  A"  +  D",  D 
and  D"  being  small  increments  assigned  to  A  and  A"  respectively. 
If  now,  for  any  date  t',  we  compute  a'  and  5'  from  each  system  of 
elements  thus  obtained,  we  may  find  the  values  of  the  differential 
coefficient-s  sought.  Thus,  let  the  spherical  co-ordinates  for  the  time 
('  computed  from  the  first  system  be  denoted  by  a'  and  5';  those 
computed  from  the  second  system  of  elements,  by  cc'  +  «  sec  S'  and 
S'  +  d:  and  those  from  the  third  system,  by  a'+  a"  sec  S'  and  B'-\-  d". 
Then  we  shall  have 
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i>' 

i- 

.,  -i^' 
'^'^'d^ 

=w 

0 
dA" 

and  tlie  ecfimtiona  (6)  give 

In  the  same  manner,  conipnting  the  places  for  various  dates,  for 
which  observed  plaees  ai-e  given,  by  means  of  each  of  the  tliree  systems 
of  elements,  the  equations  for  the  correction  of  d  and  4",  as  deter- 
mined by  each  of  the  additional  observations  employed,  may  be 
formed. 

105.  For  the  purpose  of  illnstrating  the  application  of  this  method, 
let  ns  suppose  that  three  obsei'ved  places  are  given,  referred  to  the 
ecliptic  as  the  fundamental  plane,  and  that  the  corrections  for  parallax, 
aberration,  precession,  and  nutation  have  all  been  duly  applied.  By 
means  of  the  approxifjiate  elements  already  known,  we  compute  the 
values  of  A  and  A"  for  the  extreme  places,  and  from  these  the  helio- 
centric places  are  obtained  by  means  of  the  equations  (71)3  and  (^S)^, 
writing  Jooaji  and  A"  cos  ^"  in  place  of  f>  and  p".  The  values  of 
Si,  i,  u,  and  u"  will  be  obtained  by  means  of  the  formulse  (76)^  and 
(77)3 ;  and  from  r,  r"  and  u"  —  u  the  remaining  element's  of  the 
orbit  are  determined  as  already  illustrated.  The  first  system  of  ele- 
ments is  thus  obtained.  Then  we  assign  an  increment  to  A,  which 
we  denote  by  D,  and  with  the  geocentric  distances  d-\-  D  and  A" 
■we  compute  in  precisely  the  same  manner  a  second  system  of  ele- 
ments. Next,- we  assign  to  ii"  an  increment  i)",  and  flora  J  and 
A"  +  D"  a  third  system  of  elements  is  derivetl.  Let  the  geocentric 
longitude  and  latitude  for  the  dat«  of  the  middle  observation  com- 
puted from  the  first  system  of  elements  be  designated,  respectively, 
by  ^1'  and  /9^' ;  from  the  second  system  of  elements,  by  1^  and  ^l ; 
and  from  the  third  system,  by  ^3'  and  ^3'.     Then  from 


=  (;/  —  ;/)  cos  (?,',  d  =  ^,'  — ;?/, 

=  (.1,' — J,')  cos  &i,  d"  -=  ^; — ,5/, 


(9) 


we  compute  a,  a",  d,  and  d",  and  by  means  of  these  and  the  valuea 
of  D  and  D"  wc  (brm  the  ei-juations 
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d  d"  <"' 

for  the  determination  of  tlie  corrections  to  be  applied  to  the  first 
assumed  values  of  /i  and  J",  by  means  of  tbe  differences  between 
observation  and  computation.  Tlic  observed  longitude  and  latitude 
being  denoted  by  A'  and  p',  respectively,  we  shall  have 

cos  J?  AA'  =  (/  —  i^')  COS  ^, 

for  finding  the  values  of  the  second  membej's  of  the  equations  (10), 
and  then  by  elimination  we  obtain  the  values  of  the  corrections  aJ 
and  Ajd"  to  be  applied  to  the  assumed  values  of  the  distanees. 
Finally,  we  compute  a  fourth  system  of  elements  corresponding  to 
the  geocentric  distances  J  -\-  a4  and  J"  +  aA"  either  directly  from 
these  values,  or  by  interpolation  from  the  three  systems  of  elements 
already  obtained ;  and,  if  the  first  assumption  is  not  considerably  in 
error,  these  elements  will  exactly  represent  the  middle  place.  It 
should  be  observed,  however,  that  if  tlie  second  system  of  elements 
represents  the  middle  place  better  than  the  first  system,  ^2'  and  ^^ 
should  be  used  instead  of  X/  and  ^/  in  the  equations  (11),  and,  in 
this  case,  the  final  system  of  elements  must  be  computed  with  the 
distances  4  +  B  +  iiJ  and  J"  +  aA".  Similarly,  if  the  middle 
place  is  best  represented  by  the  thiKl  system  of  elements,  the  cor- 
rections will  be  obtained  for  the  distances  used  in  the  third  hy- 
pothesis. 

If  the  computation  of  the  middle  place  by  means  of  the  final  ele- 
ment still  exhibits  residuals,  on  account  of  the  neglected  terms  of 
the  second  order,  a  repetition  of  the  calculation  of  the  con-ections 
aJ  and  Ad" ,  using  these  residuals  for  the  values  of  the  second 
members  of  the  equations  (10),  will  furnish  the  values  of  the  dis- 
tances for  the  extreme  places  with  all  the  precision  desired.  The 
increments  D  and  D"  to  be  assigned  successively  to  the  first  assumed 
values  of  d  and  A"  may,  withont  difiieulty,  be  so  taken  tliat  the 
true  elements  shall  differ  but  little  from  one  of  tlie  three  systems 
computed ;  and  in  all  the  formulse  it  wiil  be  convenient  to  use,  in- 
stead of  the  geocentric  distances  themselves,  the  logarithms  of  these 
distances,  and  to  express  the  variations  of  these  quantities  in  units 
of  the  last  decimal  place  of  the  logarithms. 

These  formulte  will  generally  be  applied  for  the  correction  of 
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approximate  elements  by  means  of  several  observed  places,  wliieli 
may  be  either  single  observations  or  normal  places,  each  derived  from 
several  observations,  and  the  two  places  selected  lor  the  computation 
of  the  elements  from  A  and  A"  should  not  only  be  the  most  accurate 
possible,  but  they  should  also  be  such  that  the  resulting  elements  are 
not  too  much  affected  by  small  errors  in  these  geocentric  places. 
They  should  moreover  be  as  distant  from  each  other  as  possible,  the 
other  considerations  not  being  overlooked.  When  the  thi'ee  systems 
of  elements  have  been  computed,  each  of  the  remaining  observed 
places  will  furnish  two  equations  of  condition,  according  to  equations 
(10),  for  the  determination  of  the  corrections  to  be  applied  to  the 
assumed  values  of  the  geocentric  distances ;  and,  since  the  number 
of  equations  will  thus  exceed  the  number  of  unknown  quantities, 
the  entire  group  must  be  combined  according  to  the  method  of  least 
squares.  Thus,  we  multiply  each  equation  by  the  coefficient  of  aJ 
in  that  equation,  taken  with  its  proper  algebraic  sign,  and  the  sum 
of  all  the  equations  thus  formed  gives  one  of  the  final  equations 
required.  Then  we  multiply  each  equation  by  the  coeificieut  of  aJ" 
in  that  equation,  taken  also  with  its  proper  algebraic  sign,  and  the 
sum  of  all  these  gives  the  second  equation  required.  From  these 
two  final  equations,  by  elimination,  the  most  probable  values  of  aJ 
and  aJ"  ivill  be  obtained ;  and  a  system  of  elements  computed  with 
the  distances  thus  corrected  will  exactly  represent  the  two  funda- 
mental places  selected,  while  the  sum  of  the  squares  of  the  residuals 
for  the  other  places  will  be  a  minimum.  The  observations  are  thus 
supposed  to  be  equally  good;  but  if  certain  observed  places  are 
entitled  to  greater  influence  than  the  others,  the  relative  precision 
of  these  places  must  be  taken  into  account  in  the  combination  of  the 
equations  of  condition,  the  process  for  which  will  be  fully  explained 
in  the  next  chapter. 

W  hen  a  number  of  observed  places  are  to  be  used  for  the  correction 
of  the  approximate  elements  of  the  orbit  of  a  planet  or  comet,  it  will 
be  most  convenient  to  adopt  the  equator  as  the  fundamental  plane. 
In  this  case  tlie  heliocentric  places  will  be  computed  from  the  assumed 
\a!ue«  of  J  and  ^",  and  the  corresponding  geocentric  right  ascensions 
and  deelinittonH  by  means  of  the  formulae  (lOS),  and  (107)g;  and  the 
position  of  the  plane  of  the  orbit  as  determined  from  the,se  by  means 
of  the  equitiona  (76)3  will  be  referred  to  the  equator  as  the  funda- 
mentil  plane  The  formation  of"  the  equations  of  condition  for  the 
coiiettions  aJ  and  dA"  to  be  applied  to  the  assumed  values  of  the 
distances  \\dl  then  be  effected  precisely  as  in  the  case  of  ).  and  /9,  the 
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necessary  changes  being  made  in  the  notation.     In  a  similar  n 

tlie  calculation  may  fee  effected  for  any  other  fundamental  plane  which 

may  be  adopted. 

It  should  be  observed,  further,  that  when  the  ecliptic  is  taken  as 
the  fundamental  plane,  the  geocentric  latitudes  should  be  cornected 
by  means  of  the  equation  (6)^,  in  order  that  the  latitudes  of  the  sun 
shall  vanish,  otherwise,  for  strict  accuracy,  the  heliocentric  places 
must  be  determined  from  A  and  A"  in  accordance  with  the  equations 
(89), 

106.  The  partial  differential  coefficients  of  the  two  spherical  co- 
ordinates with  respect  to  d  and  J"  may  be  computed  directly  by 
means  of  differential  formulae;  but,  except  for  special  cases,  the 
numerical  calculation  is  less  expeditious  than  in  the  case  of  the  indi- 
rect metliod,  while  the  liability  of  error  is  much  greater.  If  we 
adopt  the  plane  of  the  orbit  as  determined  by  the  approximate  values 
of  A  and  A"  as  the  fundamental  plane,  and  inti-oduce  ^  as  one  of  the 
elements  of  the  orbit,  as  in  the  equations  (72)2,  the  variation  of  the 
geocenti'ic  longitude  d  measured  in  this  plane,  neglecting  terms  of  the 
second  order,  depends  on  only  four  elements;  and  in  this  case  tlie 
differential  formulfe  may  be  applied  with  facility.  Thns,  if  we  ex- 
press T  and  V  in  terms  of  the  elements  <p,  M,,,  and  /<,  we  shall  have 

dr        dr    d<p  ^^    dr      dM^  ^^  dr     diJ, 
dl^d^'dl^  d^ '  ~d4~  '^'djl'dl' 
and 

dv  __dv    d^         dv      dMg       dv    dti 
dd~df"dI'^dM^'~dT^di^'dI' 
or 

d(v  ~\-  x)  __  ^X    ,    '^'''    *^f    I     '^^      '^^«    1    ^"^     '^''^ 
dA      ~  rfJ  "^  d^  ■  dl  "■■  dM^  '  12~  '^dil'dl' 

In  like  manner,  we  have 

dr"  __  dr"    df         dr''     dM^       d¥'    di'- 

dJ^'d^'dd'^  dM^  '  ~dl'  +  dfT  ■  dJ ' 

d  (i/'  +  ;?) di/'    df    I     dv"     dM„       dv"    d;/.        dz 


As  soon  as  the  values  ot    ^-r.  ri — >    tt'  and  r', are 

dA  dJ  dA  dA 

known,  the  equations  necessary  for  finding  the  differential  coefficients 
of  the  elements  ;f,  ^ ,  if,,,  and  /(  with  respect  to  A  are  thus  provided. 
In  the  case  under  consideration,  when  an  increment  i) 
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the  value  of  4"  rcmaJning  iincliangod,  *■"  and  v"  +  j^  are  not  ciiangwl, 
and  hence 


dv  d(v  -\-  y) 

To  find  -T-r  and  — ,  ■■   .  from  the  equations 

Jcos^8ine=i/+F, 

in  which  n^  is  the  geocentric  latitude  in  reference  to  the  pl&ne  of  the 
orbit  computed  from  J  and  4"  as  the  fundamental  plane,  and  X,  Y 
the  geocentric  co-ordinates  of  the  sun  referred  to  the  same  plane,  we 
get 

die  =^  cos  rj  COS  0  dA, 

or,  substituting  for  3x  and  dy  their  values  given  by  (73),, 

cos  ^  cos  i*  d J  :=  COS  «  dr  —  r  eiu  m  (i  (d  +  z). 
cosjjsinUi^J  ^^sinwdr  -\-T<:^y&v.d{^ -\-x). 

Eliminating,  successively,  <^  ("  +  x)  ^^^  *^'''  ^^  §^* 

^•-  =  00.,  cos («-«), 

(12) 
n(»-.). 

Therefore,  we  shall  Imve 

dr    ,     dv      d^    ,     dv      d3L    ,     dv      d^i       1  ■    ^^         ^ 

rf;/    ,    tiv"     dp    ,    dv"     dM^        dv"     d/i 

dA^'W'd^      dM^  '   dd   '^'di^'d^  ~   ' 
dr"    df        dr"     dM„       dr"     d/i  ^ 
~df"dd'^dMi^'  ~dT'^'dii^"dA~    • 

and  if  we  compute  the  numerical  values  of  the  differential  coefficients 
of  r,  r",  V,  and  v"  with  respect  to  the  elements  ip,  M„,  and  /^,  these 
equations  will  furnish,  by  elimination,  the  values  of  the  four  un- 

dr   df    dM„        ,  dfi 
knowa  quanWiea  33.  jj,  -^,  and  ^^ 

In  precisely  the  same  manner  we  derive  the  following  equations 
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for  the  determination  of  the  partial  differential  cocfficienta  of  these 
elements  with  respect  to  A" : — 

dr     dp         dr     dM^       dr      d/i  ^. 
1^ '  dj^  +  iM^  ■  Jr  +  dji '  1¥  ~  ' 

d-/        dv"     d-p        dv"     dM^       dM^     d/i  1 

'dP'  "•"  1^ '  Ir  "•"  dM~^  '  ~d^  "•■  di-.  '  dd"  ~V^*^ 


(14) 

-  u"). 


dr"     df         rf/'     dM,,       dr"      dii.    „        ,^,        „, 

rf^  ■  Zr  +  rfl^ '  rfj^  +  "3;^  ■  dJ^  "" '^°"'  ™"-   '~'^ '■ 

Since  the  geocentric  latitude  tj  is  affected  chiefly  by  a  change  of  the 
positiou  of  the  plane  of  the  orbit,  while  the  variation  of  the  longitude 
d  is  independent  of  S3  and  i  when  the  squares  and  products  of  the 
variations  of  the  elements  are  neglected,  if  we  determine  the  elements 
which  exactly  represent  the  places  to  which  J  and  A"  belong,  as  well 
as  the  longitudes  for  two  additional  places,  or,  if  we  determine  those 
which  satisfy  the  two  fundamental  places  and  the  longitudes  for  any 
number  of  additional  observed  places,  so  that  the  sum  of  the  squares 
of  their  residuals  shall  be  a  minimum,  the  results  thus  obtained  will 
very  nearly  satisfy  the  several  latitudes. 

Let  6'  denote  the  geocentric  longitude  of  the  body,  referred  to  the 
plane  of  the  orbit  computed  from  A  and  J"  as  the  fundamental  plane, 
for  the  date  t'  of  any  one  of  the  observed  places  to  be  used  for  cor- 
recting these  assumed  distances.  Then,  to  find  the  partial  differential 
coefficients  of  6'  with  respect  to  A  and  A",  wo  have 

,  do'  ,dO'     dy     ,  ,dO'     d<p    ,  ,  do'     dSL 

CDS')  -=--=^cosn  -, rr  +  cosij  -;— ■  -,--p  +  cos^  -tt? tt 

'    dJ  '  dx      dJ     '  '  dip      d^  aifo      dd 

,  do'      dn 

'^"''^'^'dii'^T-  (15) 

,  do'  ,dff      dy     ,  ,dlf      df     ,  ,  do'      dM„ 

cos  r,    —r-7jr  =  COS  M    -;—  •     . ':„    +  COS  W   -rj—  ■      ,  .„    +  COS  J)      ,.>■  ■  ■  ,   .„- 

'  cfJ"  '  dx     dd"  ^  '  dip     dA"  ^  '  dM^     dd" 

,  dO^      d!i_ 
+  ™^''  dii."'dA"' 

and  by  means  of  the  results  thus  derived,  we  form  the  equation 


A  fourth  observed  place  will  furnish,  in  tlie  same  manner,  the  addi- 
tional equation  required  for  finding  \d  and  iJ".     If  more  than  two 
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observations  are  used  in  addition  to  the  fimdameutal  places  on  wbicK 
the  assumed  elements  as  derived  from  4  and  4"  are  based,  the  several 
longitudes  will  furnish  each  an  equation  of  condition,  and  the  most 
probable  values  of  aJ  and  a4"  will  be  obtained  by  combining  the 
entire  group  of  ecLuations  of  condition  according  to  the  method  of 
least  squares. 

107.  In  the  actual  application  of  these  formulfe  to  the  correction 
of  the  approximate  elements,  after  all  the  preliminary  corrections 
have  been  applied  to  the  data,  we  select  the  proper  observed  places 
for  determining  the  elements  from  the  corresponding  assumed  dis- 
tances J  and  4",  according  to  the  conditions  which  have  already  been 
stated,  and  from  these  we  derive  the  six  elements  of  the  orbit.  Since 
the  data  furnished  directly  by  observation  are  the  right  ascensions 
and  the  declinations  of  the  body,  the  elements  will  be  derived  in 
reference  to  the  equator  as  the  plane  to  which  the  inclination  and  the 
longitude  of  the  ascending  node  belong.  These  elements  will  exactly 
represent  the  two  fundamental  places,  and,  if  the  assumed  distances 
A  and  4"  are  not  much  in  error,  they  will  also  very  nearly  satisfy 
the  remaining  places. 

We  now  adopt  as  the  fundamental  plane  the  plane  of  the  approxi- 
mate orbit  thus  determined,  and  by  means  of  the  equations  (SS)^  and 
(80)2,  or  by  means  of  (ST)^,  writing  a,  d,  JJ',  and  i'  in  place  of  X,  [i, 
£J,  and  i,  respectively,  we  compute  the  values  of  d,  vj,  and  y  for  the 
dates  of  the  several  places  to  be  employed.  Then  the  residuals  for 
each  of  the  observed  places  are  found  from  the  formuiffi 


n)-A<J-|-c 


n  J-  cos  3  io, 


(17) 


the  values  of  aa  and  at?  for  each  place  being  found  by  subtracting 
from  the  observed  right  ascension  and  declination,  respectively,  the 
right  ascension  and  declination  computed  by  means  of  the  elements 
derived  from  J  and  4".  The  values  of  6,  v],  and  y  being  required 
only  for  finding  cos^  a^,  a^y,  and  tlie  differential  coefficients  of  d  and 
ly,  with  respect  to  the  elements  of  the  orbit,  need  not  be  determined 
with  great  accuracy. 

Next,  we  compute  -j^  and ^^ —  from  equations  (12),  and  from 

fl6),  the  values  of  -^,  ^j— ,  ■-^,  -;— ,  -=17-  &o.,  by  means  of  which, 
^     '  (tv    d<p    dip    d<p   dJHo  -^  ' 

using  the  value  of  w  in  reference  to  the  equator,  we  form  the  equa- 
tions (IB).     The  accent  is  added  to  ;^  to  indicate  that  it  refei-s  to  the 
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equator  as  the  plane  for  defining  tlie  elements.  Thus  we  obtain  four 
equations,  from  which,  by  elimination,  the  values  of  the  differential 
eofiffieients  of  jf',  f,  M^,  and  {i  with  respect  to  J  may  be  obtained. 
In  the  numerical  solution,  by  subtracting  the  tliird  equation  from 
the  first,  the  unknown  quantity  Vr  is  immediately  eliminated,  so  that 
we  have  three  equations  to  find  the  three  unknown  quantities  -y— , 
-Tj,  and  "TT-     These  having  been  found,  -r-  may  be  obtained  from 

'the  first  or  from  the  third  equation. 

In  the  same  manner  we  form  the  equations  (14),  and  thence  derive 

the  values  of  -nr,'  -nri'  -nw'  and  -t^ttt-     Then,  by  means  of  the  for- 
da'   dd"   da'  dA"  '    ■' 

mults  (76)2,  (78)2,  and  (79)2,  '^^  compute  for  the  date  of  each  place 

to  be  employed  in  correcting  the  assumed  distances  the  values  of 

cosb'-j-,.  cos w' 3-71  &c.,  and  hence  from  (16)  the  values  of  cosw'^-: 

'  dx'    ^ff'  df'        '  "•     '  '  dA 

and  cos  vj'  j-r-,-     The  results  thus  obtained,  together  with  the  residuals 

computed  by  means  of  the  equations  (17),  enable  us  to  form,  accord- 
ing to  (16),  the  equations  of  condition  for  finding  the  values  of  the 
corrections  aJ  and  aJ^'.  The  solution  of  all  the  equations  tlius 
formed,  according  to  the  method  of  least  squares,  will  give  the  most 
probable  values  of  these  quantities,  and  the  system  of  elements  which 
corresponds  to  the  distances  thus  corrected  will  very  nearly  satisfy 
the  entire  series  of  obser^'ations.  Since  the  values  of  cosiy'  a6'  are 
expressed  in  seconds  of  arc,  the  resulting  values  of  aJ  aud  dJ"  will 
also  be  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  equal 
to  the  mean  distance  of  the  earth  from  the  sun.  To  express  them  in 
parts  of  the  unit  of  space,  we  must  divide  their  values  in  seconds  of 
are  by  206264.8. 

The  corrections  to  be  applied  to  the  elements  computed  from  A  and 
A",  in  order  to  satisfy  the  corrected  values  J  -{-  aJ  and  J"  -j-  aJ'/, 
may  be  computed  by  means  of  the  partial  differentia!  eoefficieuta 
already  derived.     Thus,  in  the  case  of  ;^',  we  liave 


from  which  to  find  aj['  ;  and  in  a  similar  manner  Af,  aM^,  and  A/t 
may  be  obtai 
we  compute 


may  be  obtained.     If,  from  the  values  of  —  ,  .   '      and  -5-77, — , 
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....,_t/y+/). 


dA" 


'^Z, 


and  apply  these  corrections  to  the  values  of  v  and  v"  found  from  J 
and  J",  we  obtain  the  true  anomalies  corresponding  to  the  distances 
A  -\-  aJ  and  J"  H-  iJ".  The  corrections  to  be  applied  to  the  values 
of  r  and  r"  derived  from  J  and  J"  are  given  by 

—  ^^  \A  i"  ^  ^^'     A" 

^''"'"dA      '  ^^  ~~dJ'^     " 

If  aJ  and  aJ"  are  expressed  in  seconds  of  arc,  the  corresponding 
values  of  Ar  and  ij-"  niiist  be  divided  by  206264.8.  The  coiTecf«d 
results  thus  obtained  should  agree  with  the  values  of  r  and  )■"  com- 
puted directly  from  the  corrected  values  of  v,  «",  p,  and  6  by  means 
of  the  polar  equation  of  the  conic  section.     Finally,  we  have 

dz  =  sin  Tj  dA, 

and  similarly  for  dz" ;  and  the  last  of  equations  (TS)^  gives 


r  sin  M  Ai'  —  r  cos  ii  sin  *'  A  JJ '         ^  ain  j?  & 
r"sinw"  Ai'^r"  cos«"sini'  A  JJ'^aini" 


(18) 


from  which  to  find  ai'  and  aJJ',  it  and  n"  being  the  arguments  of 
the  latitude  in  refei-ence  to  the  equator.     We  have  also,  accoi'ding  to 

A(U  —A/  —  cos^  aQ', 

A;r'  =  A/  +  2sin^ii'ASi', 

from  which  to  find  the  eon'eetions  to  be  applied  to  o>'  and  re'.  The 
elements  which  refer  to  the  equator  may  then  be  converted  into  those 
for  the  ecliptic  by  means  of  the  formulffl  which  may  be  derived  from 
{109)i  by  interchanging  Q,  and  Q,'  and  180°  —  i'  and  i. 

The  final  residuals  of  the  longitudes  may  be  obtained  by  substi- 
tuting the  adopted  values  of  aJ  and  aJ"  in  the  several  equations  of 
condition,  or,  which  affords  a  complete  proof  of  the  accuracy  of  the 
entire  calculation,  by  direct  calculation  from  the  corrected  elements ; 
and  the  determination  of  the  remaining  errors  in  the  valuea  of  7j  will 
show  how  nearly  the  position  of  the  plane  of  the  orbit  corresponding 
to  the  coiTccted  distances  satisfies  the  intermediate  latitnd&=f. 

Instead  of  <p,  M„,  and  fi,  we  maj  introduce  any  other  elements 
which  determine  the  form  and  magnitude  of  the  uibit,  the  nec.ei'-ary 
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clianges  being  made  in  the  formulfe.  Thus,  if  we  use  the  elements 
T,  q,  and  e,  these  must  be  written  in  place  of  M,^,  fi,  and  f,  respect- 
ively, in  the  equations  (13),  (14),  and  (15),  and  the  partial  diflferential 
coefficients  of  i;  r",  v,  and  v"  with  respect  to  these  elements  must  be 
computed  by  means  of  the  various  differential  formulEe  which  have 
ah'eady  been  investigated.  Further,  in  all  these  eases,  the  homo- 
geneity of  the  formulae  must  be  carefully  attended  to. 

108.  The  approximate  elements  of  the  orbit  of  a  heavenly  body 
may  also  be  corrected  by  vaiying  the  elements  which  hx  the  position 
of  the  plane  of  the  orbit.  Thus,  if  the  observed  longitude  and  lati- 
tude and  the  values  of  JJ  and  i  are  given,  the  three  equations  (91)i 
will  contain  only  three  unknown  quantities,  namely,  d,  r,  and  w,  and 
the  values  of  these  may  be  found  by  elimination.  When  the  obsei'ved 
latitude  j9  is  corrected  by  means  of  the  formula  (6)j,  the  latitudes  of 
the  son  disapj^iear  from  these  equations,  and  if  we  multiply  the  first 
by  sin  (O  —  SJ)  sin  ^,  the  second  (using  only  the  upper  sign)  by 
—  cos(0  —  SJ)  sin;9,  and  the  third  by  -i-siii{X~  ©)  cos/3,  and  add 
the  products,  wo  get 

n^ain(G- 


coaisin,9cos(0  —  fi)  —  sin  i  cos  (9  sin (^  ^  ©)' 


(19) 


from  which  u  may  be  found.  If  we  multiply  the  second  of  these 
equations  by  sin^,  and  the  third  by  —  cos;9sin(^—  SI),  and  add  the 
products,  we  find 

_fiBinCO-SJ) 


sinM(sinicoti5amCA—  jj)" — cosi) 


(20) 


The  expression  for  r  in  terms  of  the  known  quantities  may  also  be 
found  by  combining  the  first  and  second,  or  by  combining  the  fii'st 
and  third,  of  equations  (91)i.     If  we  put 

ncoaJV— sin;ScoH(0  —  £J), 
)i3iniV^=cosj9siii(A —  O). 

the  formula  for  t(  becomes 

The  last  of  equations  (91)i  shows  that  sin«  and  sin^  must  have  tlie 
same  s^n,  and  thus  the  quadrant  in  which  u  must  be  taken  is  deter- 
mined.    Putting,  also, 

Tti  cos  J/ ^  Bin -if, 

jwsinJlf  ^=sin^(cot(Ssin(.l  —  Q,), 
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cosM       ■KsinCO  — Sa) 


i2'I) 


When  any  other  plane  is  taken  .is  the  fundamental  plane,  the 
latitude  of  the  sun  (which  ivill  then  refer  to  this  plane)  will  be  re- 
tained in  the  equations  {91)i  and  in  the  resulting  expressions  for  u 
and  r. 

The  value  of  u  may  also  be  obtained  by  first  computing  10  and  -xp 
by  means  of  the  equations  {42)3,  and  then,  if  s  denotes  the  angle  at 
the  planet  or  comet  between  the  earth  and  sun,  the  values  of  u  and 
z,  as  may  be  readily  seen,  will  be  determined  by  means  of  the  rela- 
tions of  the  parts  of  a  spherical  triangle  of  -which  the  sides  are 
180°  —  (z  +  4-),  180°  +  O  —  S3,  and  u,  the  angle  opposite  to  the 
side  u  being  that  which  we  designate  by  w,  and  the  side  180°  +  O  ~  S3 
being  included  by  this  and  the  inclination  1  LetS=180°  — (^^-4')J 
and,  a<:cording  to  Napier's  analogies,  this  spherical  triangle  gives 

tani(S  +  w)  =  -'?4fe^cotJCfi--0), 

cos,(i  +  «|J  ^23) 

tajii(g— m)=    .    !?;.  , — (eoti(S3  — O), 
■^  •  sm  i  (i  +  w) 

from  which  S  and  u  are  readily  found.     Then  we  have 

2  ^  180°  ^  4  —  yS, 
Ssin* 


(24) 


to  find  r. 

If  we  assume  approximate  values  of  S3  and  i,  as  given  by  a  system 
of  elements  already  known,  the  equations  here  given  enable  us  to  find 
r,  M,  )■",  and  u"  from  X,  ^  and  A",  ^",  corresponding  to  the  dates  t 
and  I"  of  the  fundamental  places  selected,  and  from  these  results  for 
two  radii-vectores  and  arguments  of  the  latitude,  the  remaining 
elements  may  be  derived.  From  these  the  geocentric  place  of  the 
body  may  be  found  for  the  date  ('  of  any  intermediate  or  additional 
observed  place,  and  the  difference  between  the  computed  and  the 
observed  place  will  indicate  the  degree  of  precision  of  the  assumed 
values  of  S3  and  i.  Then  we  assign  to  S3  the  inci'ement  SSl,  i 
remaining  unchanged,  and  compute  a  second  system  of  elements,  and 
from  these  the  geocentric  place  for  the  time  t'.  We  also  compute  a 
third  system  from  S3  and  i  +  di,  and  by  a  process  entirely  analogous 
to  that  already  indicated  in  the  case  of  the  variation  of  two  geocentric 
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distances,  we  obtain  the  numerical  values  of  the  differential  coeffi- 
cients of  k'  and  /3'  with  respect  to  Q,  and  L     Thus  the  equations 


for  finding  the  corrections  a£i  and  Ai  to  be  appiied  to  the  assumed 
values  of  these  elements,  will  be  formed;  and  each  additional  obser- 
vation or  normal  place  will  furnish  two  equations  of  condition  for 
the  determination  of  these  corrections. 

If  the  observed  right  ascensions  and  declinations  are  used  directly 
instead  of  the  longitudes  and  latitudes,  the  elements  SJ  and  t  must 
be  referred  to  the  equator  as  the  fundamental  plane,  and  the  declina- 
tions of  the  sun  will  appear  in  the  formulEe  for  u  and  r  obtained  from 
the  equations  (91)i,  thus  rendering  them  more  complex.  Their  deri- 
vation offers  no  difficulty,  being  similar  in  all  respects  to  that  of  the 
equations  (19)  and  (20),  and  since  they  will  be  rarely,  if  ever,  re- 
quired, it  is  not  necessary  to  give  the  process  here  in  detail.  In 
general,  the  equations  (23)  and  (24)  will  be  most  convenient  for 
finding  r  and  u  from  the  geocentric  spherical  co-ordinates  and  the 
elements  fi  and  i,  since  w,  4-,  w",  and  ^"  remain  unchanged  for  the 
three  hypotheses. 

When  the  equator  is  taken  as  the  fundamental  plane,  '•^  is  the 
distance  between  two  points  on  the  celestial  sphere  for  which  the 
geocentric  spherical  co-ordinates  are  A,  D  and  a,  8,  those  of  tlie  snn 
being  denoted  by  A  and  D.     Hence  we  shall  have 

am  -V  sin£  =  cos  3  sin  (a  ~  A), 

sin  +  cos  B  =  cos  DsinS  —  sin  D  cos  3  cos  (a  —  A),  (26) 

COB  4-  =  sin  -Z>  sin  5  -f-  cos  D  cos  S  cos  (»  —  A), 

from  which  to  find  '4-  and  B,  the  angle  opposite  to  the  side  90°  —  d 
of  the  spherical  triangle  being  denoted  by  J5.  Let  K  denote  the 
right  ascension  of  the  ascending  node  on  the  equator  of  a  great  circle 
passing  through  the  places  of  the  sun  and  comet  or  planet  for  the 
time  t,  and  let  w^  denote  its  inclination  to  the  equator;  then  we  shall 
have 

smw,cos(A—K)  =  cosB, 

sin  ™„  sin  (A  —  K)  =  sin  B  sin  D,  (27) 

cogw„  ^=sinB  cobD, 

from  which  to  find  w,  and  K.     In  a  similar  manner,  we  may  com- 
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pute  tlie  values  of  u"—u,  Q,  uml  i  from  the  lielioeentric  spherical 
co-ordinates  I,  b  and  I",  h". 
From  the  equations 

tan-i  C5„  +  m)  ^  ^2lM^3>  cot  J(SJ'-  K), 

cos|C*  +  «g  ^.^g^ 

the  accents  being  added  to  distinguish  the  elements  in  lefprence  to 
the  equator  from  those  with  lespert  to  the  echptu,  the  wines  of  S,, 
and  M  (in  reference  to  the  equator)  may  be  found  Let  \  denote  the 
angular  distance  between  the  pin  e  of  the  sun  and  that  point  of  the 
equator  for  which  the  light  locension  is  K,  and  tht  t  [lutioii 

cot'„=cos.,,cot(^—  4)  (20) 

gives  the  value  of  s^,  the  quadrant  in  which  it  is  situated  being  deter- 
mined by  the  condition  that  coss,,  and  coii{K—  A)  shall  have  the 
same  sign.     Then  we  have  S^  S^  —  a,,,  and 

3  =  180"  — 4'  — «.-i-s„, 

from  which  to  find  )■. 

109.  In  both  the  method  of  the  variation  of  two  geocentric  dis- 
tances and  that  of  the  variation  of  S3  and  i,  instead  of  using  the 
geocentric  spherical  co-ordinates  given  by  an  intermediate  observa- 
tion, in  forming  the  equations  for  the  corrections  to  be  applied  to  the 
assumed  quantities,  we  may  use  any  other  two  quantities  which  may 
be  readily  found  from  the  data  furnished  by  observation.  Thus,  if 
we  compute  r'  and  u'  for  the  date  of  a  third  obsei-vation  directly 
from  each  of  the  three  systems  of  elements,  the  differences  between 
the  successive  results  will  furnish  the  numerical  values  of  the  partial 
differential  coefBcients  of  r'  and  u'  with  respect  t-o  J  and  4",  or  with 
respect  to  SI  and  i,  as  the  case  may  be.  Then,  computing  the  values 
of  r'  and  u'  from  the  observed  geocentric  spherical  co-ordinates  by 
means  of  the  values  of  S3  and  i  for  the  system  of  elements  to  be 
con-ectfid,  the  diiferences  between  the  results  thus  derived  and  those 
obtained  directly  from  the  elements  enable  us  to  form  the  equations 
du' 


J^^  +  d 
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or  the  corresponding  expressions  in  the  case  of  the  variation  of  Si 
and  i,  by  means  of  which  the  corrections  to  be  applied  to  tlie  as- 
sumed values  will  be  determined.  In  the  numerical  application  of 
these  equations,  am'  being  expressed  in  seconds  of  are,  aj-'  should  also 
be  expressed  in  seconds,  and  the  resulting  values  of  a-i  and  UkA"  will 
be  converted  into  those  expressed  in  parts  of  the  unit  of  space  by- 
dividing  them  by  206264.8. 

When  only  three  observed  places  are  to  be  used  for  correcting  an 
approximate  orbit,  from  the  values  of  r,  r',  t"  and  m,  u',  v,"  obtained 
by  means  of  the  formulte  which  have  been  given,  we  may  find  p  and 

o  or the  latter  in  the  case  of  very  eccenti-ic  orbits — from  the  first 

and  second  places,  and  also  from  the  first  and  third  places.  If  these 
results  agree,  the  elements  do  not  require  any  correction;  but  if  a 
difference  is  found  to  exist,  by  computing  the  differences,  in  the  case 
of  each  of  these  two  elements,  for  tliree  hypotheses  In  regard  to  A 
and  J"  or  in  regard  to  Si  and  i,  the  equations  may  be  formed  by 
means  of  which  the  corrections  to  be  applied  to  the  assumed  values 
of  the  two  geocentric  distances,  or  to  those  of  SI  and  i,  ivill  be 
obtained. 

110.  The  formnlje  which  have  thus  far  been  given  for  the  correc- 
tion of  an  approximate  orbit  by  varying  the  geocentric  distances, 
depend  on  two  of  these  distances  when  no  assumption  is  made  in 
regard  to  the  form  of  the  orbit,  and  these  formulse  apply  with  equal 
facility  whether  three  or  more  than  three  observed  places  are  used. 
But  when  a  series  of  places  can  be  made  available,  the  problem  may 
be  successfully  treated  in  a  manner  such  that  it  will  only  be  necessary 
to  vary  one  geocentric  distance.  Thus,  let  x,  y,  z  be  the  rectangular 
heliocentric  co-oi'dinates,  and  r  the  radius-vector  of  the  body  at  the 
time  t,  and  let  X,  Y,  Z  be  the  geocentric  co-ordiuates  of  the  sun  at 
the  same  instant.  Let  the  geocentric  co-ordinates  of  the  body  be 
designated  by  x^,  y^,  z^,  and  let  the  plane  of  the  equator  be  taken  as 
the  fundamental  plane,  the  positive  axis  of  x  being  directed  to  the 
vernal  equinox.  Further,  let  p  denote  the  projection  of  the  radius- 
vector  of  the  body  on  the  plane  of  the  equator,  or  the  curtate  dis- 
tance with  respect  to  the  equator;  then  we  shall  have 

Xf,-^^  P  ma  0.,  i/Q3z:psina,  z^r^ptand.  (32) 

If  we  represent  the  right  ascension  of  the  sun  by  A,  and  its  declina- 
tion by  T),  we  also  have 
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X  =  ifco3i>cosA  Y=RcosD&mA,  Z  =  RsmD.     (33) 

The  fundamental  equations  for  the  undisturbed  motion  of  the  planet 
or  comet,  n^lecting  its  mass  in  comparison  with  that  of  the  sun,  are 

but  since 

x  =  x,  —  X,  y=^%—Y,  z^7-,  —  Z, 

and,  n^lecting  also  the  mass  of  the  earth, 

these  become 

t  +  'J'  +  ^li-ij-o, 


Substituting  for  k^,  y^,  and  z„  their  values  in  terms  of  a  and  8,  and 
putting 

-(i4)-.     -(s4)-.     -(i-?)-.  ^-) 


j=  +  ^GOSa  +  f  =  0, 


+  ~  tan  5  H-  C  =  0. 


Differentiating  the  equations  (32)  with  respect  to  f,  \' 

dx„  dp  .      do. 

'dt  ~  '^'^^'^  Jt  ~ ''  ^^^°'  di' 
diu        .       dp   ,  da 

■ar ="■'"'5 +'""<«■ 

ds.  ^dp    ,  „  .dS 

dt  dt  di 
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Differentiating  again  with  respect  to  t,  and  substituting  in  the  equa- 
tions (36)  the  values  thus  found,  the  results  are 


(38) 


If  ive  multiply  the  first  of  these  equations  by  sin  a,  and  the  Hocond 
by  —  cos  cc,  and  add  the  products,  we  obtain 

,  ^sm»  — ijcosc  — f^-7 


-'§h'-{'w+4t 

ff     d-f 

-l^)-+('£+^l-l 

dS    do 
|taii3  +  2  8ec'S^.g  +  2/.see'ata 

Now,  from  (35)  we  get 

^  sin  o  ^  J?  cos  a  =  P  (  —  —  —\iicosD  sin  (a  —  A), 
and  the  pveceding  equation  becomes 


dt 

all  three  of  equations  (38),  we  multiply  the  first  of  these  equations 
by  sin  A  fan  S,  the  second  by  —  cos  A  tan  S,  and  the  third  by 
—  sin  (a  —  A).  Then,  adding  the  products,  since  f  sin  J.  =:  ^  cos  A, 
the  result  is 


from  which  we  get 


dt  " 


..At  A!  ■       '•^''■' 
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Wlien  the  ecliptic  is  taken  as  the  fimdamental  plane,  the  last  term 
of  the  numerator  of  the  second  member  of  this  equation  vanishes, 
and  the  epuation  may  be  written 


df_ 


Cp,  (41) 


tiio  coefficient  C  being  independent  of  p. 

111.  When  tlie  value  of  /)  is  given,  that  of  -^  will  be  determined 
in  terms  of  the  data  furnished  directly  by  observation  and  of  the 
differential  coefficients  of  a  and  3  with  respect  to  (  from  equation 
(39),  or  from  (40),  the  latter  being  prefei-red  when  the  motion  of  the 
body  in  right  ascension  is  very  slow.  The  value  of  -^  having  been 
found,  we  may  compute  the  velocities  of  the  body  in  directions 
parallel  to  the  co-ordinate  axes.     Thus,  since 

the  equations  (37)  give 


dx              dp          .      da- 

"dt' 

dy        .      dp   ^              da 

dY 
df 

dZ 
dt' 

dt    dt  dt 

X=  B  cos  0, 
Y=IimiiQ  coss, 
Z  =  if  sin  O  sin  ;, 
give,  by  diiferentiution, 


+  iioo.Ooos.^,  (43) 


dZ        .    ^   .      dR  ,    „       ^   .      do 

-TT  =  sm  O  Bin  • -57  + -K  cos  O  sm  . -J- . 
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Now,  according  to  equation  (52)i,  we  have 


^©  _ ^V'a-O  (].  +  'ftp)  , , , ^ 

dt   ~  E'  '  •     ' 

m,)  denoting  the  mass  of  the  earth,  and  e,,  the  eccentricity  of  its  orbit. 
Tlie  polar  equation  of  the  conic  section  gives 

df  __  r^e  sin  v    dv 
df"      p      '  dt' 

Let  /^denote  the  longitude  of  ^&  sun's  perigee,  and  fcliis  equation 
gives 

If  we  neglect  the  squjire  of  the  eccentricity  of  the  earth's  orbit,  we 
have  simply 

lF  =  "^rTS.«.»>i(o-/-). 

The  values  of  — rr  and  -r-  having  been  found  by  means  of  these 

dt_  dt    _         ^         _  •"        ^^  ^Y 

formuIsB,  the  equations  (43)  give  the  required  results  for  ^-i  — r-.  and 
j^y  at     dt 

-37,  and  hence,  by  means  of  (42),  we  obtain  the  velocities  of  the 

comet  or  planet  in  directions  parallel  to  the  cOHDrdinate  axes. 

112.  The  values  of  w,  y,  and  s  may  be  derived  by  means  of  the 
equations 

a:  =  z)eos5cosi»  — X 
^  =  zJ  cos  J  sin  a  —  Y, 

and  from  these,  in  connection  with  the  corresponding  velocities,  the 
elements  of  the  orbit  may  be  found.  The  equations  (32),  give  im- 
mediately the  values  of  the  inclination,  the  semi-parameter,  and  the 
right  ascension  of  the  ascending  node  on  the  equator.  Then,  the 
position  of  the  plane  of  the  orbit  being  known,  we  may  compute  r 
and  1*  directly  from  the  geocentric  right  ascension  and  declination  by 
means  of  the  equations  (28)  and  (30).  But  if  we  use  the  values  of 
the  heliocentric  co-ordinates  directly,  multiplying  tJie  first  of  equa- 
tions (93)1  by  cos  SJ,  and  the  second  by  sin  SJ,  and  adding  the  pro- 
ducts, we  have 
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from  whieh  r  and  k  may  be  found,  the  argument  of  the  latitude  u 
being  referred  to  the  plane  of  a?;/  as  the  fundamental  plane.  The 
eijuatioii 

gives 

and,  since 


di'^r  "dt       r'di  ^  r  "dt' 


dv  _hV_p 


(48; 

V 

(49) 


from  whi(;K  to  find  e  and  v.    Then  the  diatance  between  the  peri- 
helion and  tiie  ascending  node  is  given  by 


The  semi-transverse  axis  is  obtained  from  f  and  e  by  means  of  the 
relation 


Finally,  &om  the  value  of  v  the  eccentric  anomaly  and  thence  the 
mean  anomaly  may  be  found,  and  the  latter  may  then  be  referred  to 
any  epoch  by  means  of  the  mean  motion  determined  from  a. 

In  the  ease  of  very  eccentric  orbits,  the  perihelion  distance  will  be 
given  by 

V 

and  the  time  of  perihelion  passage  may  be  found  from  «  and  e  by 
means  of  Table  IX.  or  Table  X.,  as  already  illustrated. 

The  equation  (21),  gives,  if  we  substitute  for  /  its  value  in  terms 
of  p,  denote  by  Fthe  linear  velocity  of  the  planet  or  comet,  and  neg- 
lect the  mass, 

Let  '^g  denote  the  angle  which  the  tangent  to  the  orbit  at  the  ex- 
tremity of  the  radius-vector  makes  with  the  prolongation  of  this 
radius- vector,  and  we  shall  have 
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T,  dr  dx    ,       dy    ,       dz 

SO  that  the  preceding  equation  gives 

Hence  \ve  derive  the  equations 

Yr  sin  ^j  =  hVp, 

_,  dx    ,       dy    ,       dz 

from  which  Vr  and  ^-o  i^ay  be  found.     Then,  since 


i=,^-r',  (61) 

by  means  of  which  a,  may  be  determined,  and  then  e  may  be  found 
by  means  of  this  and  the  value  of  p. 
The  equations  (49)  and  (50)  give 


e.i.(.-.)  =  -^. 

,c»(„-^.-, 

and,  siiioo 

y_2 

these  are  easily  transformed  into 

2ae  sin  («  —  «.)  =  (2a  —  r)  sin  24'„, 

2ffle  cos  (m  —  «.)  =  —  (2(t  —  r)  cos  S^^^  —  r. 

If  we  multiply  the  first  of  these  equations  by  —  cos  u  and  the  second 

by  sin  It,  and  add  the  products;  then  multiply  the  first  by  sint*  and 

the  second  by  cos  u,  and  add,  we  obtain 

2aesin<u^:  —  (2a  —  r)  ein  (2^'|,  +  ")  —  rsinu,  .-,,-, 

2ae  cos-u  =  —  (2t(  —  !■)  cos (2+„  +  tO -- )■  COB «, 

These  equations  give  the  values  of  w  and  e. 

113.  We  have  thus  derived  all  the  formulae  neces.sary  for  finding 
the  elements  of  the  orbit  of  a  heavenly  body  from  one  geocentric 
distance,  provided  that  the  first  and  second  differential  coefficients  of 
a  and  3  with  respect  to  the  time  are  accurately  known.     It  remains, 
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therefore,  to  devise  the  means  by  which  these  differential  coefficients 
may  be  determined  with  accuracy  from  the  data  furnislied  by  obser- 
vation. The  approximate  elements  derived  from  three  or  from  a 
small  number  of  observations  will  enable  us  to  coiTect  the  entire 
series  of  observations  for  parallax  and  aberration,  and  to  form  the 
normal  places,  which  shall  represent  the  series  of  observed  places. 
We  may  now  assume  that  the  deviation  of  the  spherical  co-ordinates 
computed  by  means  of  the  approximate  elements  from  tliose  which 
would  be  obtained  if  the  true  elements  were  used,  may  be  exactly 
represented  by  the  formula 

AO  =  A-}-Bh+  Ch\  (53) 

k  denoting  the  interval  between  the  time  at  which  the  deviation  is 
expressed  by  A  and  the  time  for  which  this  difference  is  0.9.  The 
differences  between  the  normal  places  and  those  computed  %vith  the 
approximate  elements  to  be  corrected,  will  then  suffice  to  form  equa- 
tions of  condition  by  means  of  which  tlie  values  of  the  coefficients 
A,  B,  and  C may  be  determined.  The  epoch  for  which  h^Q  may 
be  chosen  arbitrarily,  but  it  will  generally  be  advantt^eous  to  fix  it 
at  or  near  the  date  of  the  middle  observed  place.  If  three  observed 
places  are  given,  the  difference  between  the  observed  and  the  com- 
puted value  of  each  right  ascension  will  give  an  equation  of  condition, 
according  to  (63),  and  the  three  equations  thus  formed  will  furnish 
the  numerical  valus  of  A,  B,  and  G.  These  having  been  detei'- 
mined,  the  equation  (63)  will  give  the  correction  to  be  applied  to  the 
computed  right  ascension  for  any  date  within  the  limits  of  the 
extreme  observations  of  the  aeries.  When  more  than  three  normal 
places  are  determined,  the  resulting  equations  of  condition  may  be 
reduced  by  the  method  of  least  squares  to  three  final  equations,  from 
which,  by  elimination,  the  most  probable  values  of  A,  B,  and  C  will 
be  derived.  In  like  manner,  the  corrections  to  be  applied  to  the 
computed  latitudes  may  be  determined.  These  corrections  being 
apphed,  the  ephemeris  thus  obtained  may  be  assumed  to  represent 
the  apparent  path  of  the  body  with  great  precision,  and  may  be  em- 
ployed as  an  auxiliary  in  determining  the  values  of  the  differential 
coefficients  of  a  and  S  with  respect  to  t. 

Let  f{a)  denote  the  right  ascension  of  the  body  at  the  middle 
epoch  or  that  for  which  h^^Q,  and  let/(a  ±  noi)  denote  the  value  of 
a.  for  any  other  date  separated  by  the  interval  no>,  in  which  cu  is  the 
interval  between  the  successive  dates  of  the  epheraeris.  Then,  if  we 
put  n  successively  equal  to  1,  2,  3,  &c.,  we  shall  have 


stsd  by  Google 


331)  THEORETICAL    ABTROKOMY. 

I.  Diff.  II.  DifF.  ni,  Diff.         IV.  dm:  Y.  DifF. 


/(«-3«.) 


/'C«-^-)  , 


r,-l-9,„^-     ^"  +  3"'-'   /"(a  +  2c«V 


/(.  -  2.)  ■',,  r    r^  /"  ("  -  2")  r  (•  - 1») 

|r-;iafsr:;fbsfs;::K;i-. 

/(« 

The  series  of  functions  and  differences  inay  be  extended  in  tlie  same 
manner  in  either  direction.     If  we  expand  J{a  +  ntu)  into  a  series, 
the  I'esult  is 
/(«  +  ,„)  =  , +  ___,.  +  4^,W+^^-,.W  +  ,V^.W  +  &c., 


/(a  +  JMU)  =  a  +  .4n  +  -Bft"  +  0(^  +  ftt*  +  Ac. 

If  we  now  put  n  successively  equal  to  —  4,  —  3,  —  2,  —  I,  —  0,  + 1, 

&c.,  we  obtain  the  values  of /(«  —  4(o),/(« —  3(o), /(a  +  4w) 

in  terms  of  A,  B,  C,  &c.  Then,  taking  the  successive  orders  of 
differences  and  symbolizing  them  as  indicated  above,  we  obtain  a 
series  of  equations  by  means  of  which  A,  B,  G,  &c.  will  be  deter- 
mined in  tei'ms  of  the  successive  orders  of  differences,  j  Finally,  re- 
placing A,  B,  0,  &c.  by  the  quantities  which  they  represent,  and 
putting 

-;/"'  («  -  J.)  + ;/'"  («  +  ->)  =/'"  (a),  Ac, 

we  obtain 

5?  =  i  (/"(»'  -  A/"  W  +  '■•/"(")  -  ,b/""  W  +  *«.). 

ff  =  ir  f  ■"  (<•)  -  J/-  (o)  +  tI./"  (•)  -  &».). 

^  =  ^  (/"  W  -  y  ■'  («)  +  all/""  (<•)  -  &«•).  (64) 

|?=i(/'(«)-y"'(«)  +  &c.), 

y  =  ^  (/■'(<•)—!/""(«)  + fc), 
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by  means  of  whicli  the  successive  differential  coefficients  of  a  ivitli 
respect  to  t  may  be  determined.  The  derivation  of  tJiese  coefficients 
in  the  case  of  d  is  entirely  analogous  to  the  process  here  indicated  for 
a.  Since  the  successive  differences  will  be  expressed  in  seconds  of 
arc,  the  resulting  values  of  the  differential  coefficients  of  a  and  3  with  - 
respect  to  t  will  also  be  expressed  in  seconds,  and  must  be  divided  by 
206264,8  in  order  to  express  them  abstractly. 

We  may  adopt  directly  the  values  of  -jt.  -tt^,  -^,  and  -^  determined 
by  means  of  the  corrected  ephemeris,  or,  if  the  observed  places  do 
not  include  a  very  long  interval,  we  may  determine  only  the  values 

of  "sr-  TIT'  &c.  by  means  of  the  ephemeris,  and  then  find  37  ^wid  -777- 
directly  from  the  normal  places  or  observations.  Thus,  let  a,  a',  a" 
be  three  observed  right  ascensions  corresponding  to  tlie  times  t,  t',  t", 
and  we  shall  have 

."=.'+fc^'-f)+5f0"-f)-+i§'(."~f)-+Af(."-O'+&... 

which  give 

1   '  Kin'  iw  Ji   ;  Coo) 

-^+2y  ~0-^-7rrt-stf-0^^-3^(i'-*')-^-&c. 


and  -^,  and  we  may  thus  by  triple  combinations  of  the  observed 
places,  using  always  the  same  middle  place,  form  equations  of  con- 
dition for  the  determination  of  the  most  probable  values  of  these 
differential  coefficients  by  the  solution  of  the  equations  according  to 
the  method  of  least  squares. 

In  a  similar  manner  the  values  of  -j--  and  -jr  may  be  derived. 

114.  In  applying  these  formulfe  to  the  calculation  of  an  orbit, 
after  the  normal  places  have  been  derived,  an  ephemeris  should  be 
computed  at  intervals  of  four  or  eight  days,  arranging  it  so  that  one 
of  the  dates  shall  correspond  to  that  of  the  middle  observation  or 
normal  place.     This  ephemeris  should  be  computed  witli  the  utmost 
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care,  since  it  is  to  be  employed  as  an  auxiliary  in  determining  c[uan- 
tities  on  which  depends  the  accuracy  of  the  final  results.  The  com- 
parison of  the  epliemeris  with  the  observed  places  will  iiirnish,  by- 
means  of  equations  of  the  form 

A'  +  B'h  +  C'h-'  =  aB', 

h  being  the  interval  between  the  middle  date  ('  and  that  of  the  place 
used,  the  values  of  A,  B,  G,  A',  Ac;  and  the  corrections  to  be 
applied  to  the  ephemeris  will  be  determined  by 

A  -f  Bma   +  Oii^io^   =  Aa, 
A'  +  Sn<«  +  C"«'".=  -=  a5. 

The  unit  of  h  may  be  ten  days,  or  any  other  convenient  interval, 
observing,  however,  that  no)  in  the  last  equations  must  be  expressed 
in  parts  of  the  same  unit.  With  the  ephemeris  thus  corrected,  we 
i"  ~^A        „g  already  expiamed.     ihese 

differential  coefficients  should  be  determined  with  great  care,  since  it 
is  on  their  accuracy  that  the  subsequent  calculation  principally  de- 

pends.  We  compute,  also,  the  velocities  -^i  -^,  ana  -^  by  means 
of  the  formulae  (43),  -—  and  -r-  being  compiited  from  (46).  The 
quantities  thus  far  derived  remain  unchanged  in  the  two  hypotheses 
with  regard  to  J. 

Then  we  assume  an  approximate  value  of  A,  and  compute 

p  ^=  A  cos  S ; 
and  by  means  of  the  equation  (40)  or  (39)  we  compute  the  value  of 
--■     It  will  be  observed  that  if  we  put  the  equation  (40)  in  the  form 

tlie  coefficient  -^  remains  the  same  in  the  two  hypotheses.  The  three 
equations  (38)  may  be  so  combined  that  the  resulting  value  of  -y- 
will  not  contain  -r—-  This  transformation  is  easily  effected,  and  may 
be  0.dvantageous  in  special  cases  for  which  the  value  of  —  is  very 
uncertain. 

The  heliocentric  spherical  co-ordinates  will  be  obtained  from  the 
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i  value  of  J  by  means  of  the  equations  (lOB)^,  and  the  rec- 
tangular co-ordmat«8  from 

x^=rcosb  cos  I, 
y  =  rcosbs\n  I, 

(he  dij        ,  ds 

dt'  dt  dt 

and  the  co-ordinat«s  x,  y,  z  the  elements  of  the  orbit  will  be  com- 
puted by  means  of  the  equations  (32),,  (47),  (49),  &e.  With  the 
elements  thus  derived  we  compute  the  geocentric  plaoes  for  the  dates 
of  the  normals,  and  find  the  differences  between  computation  and 
observation.  Then  a  second  system  of  elements  is  computed  fi'Om 
A  -\-  8 A,  and  compared  with  the  observed  places.  Let  the  difference 
between  computation  and  observation  for  either  of  the  two  spherical 
co-ordinates  be  denoted  by  n  for  the  first  system  of  elements,  and  by 
n'  for  the  second  system.  The  final  correction  to  be  applied  to  4,  in 
order  tliat  the  observed  place  may  be  exactly  represented,  will  be 
determined  by 

^(«'_„)  +  „  =  0.  (56) 


Each  obsGrve<l  right  ascension  and  each  observed  declination  will 
thus  furnish  an  equation  of  condition  for  the  determination  of  Az/, 
observing  that  the  residuals  in  right  ascension  should  in  each  ease  be 
multiplied  by  cos  S.  Finally,  the  elemente  which  correspond  to  the 
geocentric  distance  4  -\-  aA  will  be  determined  either  directly  or  by 
interpolation,  and  these  must  represent  the  entire  series  of  observed 

n.5.  The  equations  (52)3  enable  us  to  find  two  radii- vectores  when 
the  ratio  of  the  corresponding  ciu-tate  distances  is  known,  provided 
that  an  additional  equation  involving  r,  r",  k,  and  known  quantities 
is  given.  For  the  special  case  of  parabolic  motion,  this  additional 
equation  involves  only  the  interval  of  time,  the  two  radii-vectores, 
and  the  chord  joining  their  extremities.  The  corresponding  equation 
for  the  general  conic  section  involves  also  the  semi-transverse  axis 
of  the  orbit,  and  hence,  if  the  ratio  M  of  the  curtate  distances  is 
known,  this  equation  will,  in  connection  with  the  equations  (SS)^, 
enable  ua  to  find  the  values  of  r  and  r"  corresponding  to  a  given 
value  of  a.     To  derive  this  expression,  let  us  resume  the  equations 
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■'  —  £  —  2e  sin  J-  (E"  —  E)  cos  J 
r  4-  r"  =  2a  —  2ae  cos  -^  (E"  —  E)  cos  \  (E"  +  £). 
For  the  ohord  X  we  have 

■a'  ==  ()■  +  /')'  —  4)t"  cos'  I  (w"  —  m), 
which,  by  means  of  (58)^,  gives 

-4a'  (cos'  ^  [E"-B)-2e  cos  J  (£"-£)  cobJ  (£"+E)+^  cos'  J  (^'+^))  i 

and,  substituting  for  r  +  r"  its  value  given  by  tlie  last  of  equations 
(57),  we  get 

y?  =  ia'  sin'  i  (E"  —  E)  (1  —  e'  cos'^-E"  +  £^)).  (58) 

Let  us  now  introduce  an  auxiliary  angle  A,  such  that 

cos  ^  =  e  cos  I  (E"  +  E), 
the  condition  being  imposed  tliat  h  shall  be  less  than  180°,  and  put 

then  the  equations  (57)  and  (58)  become 

^  =  2s-2sinjcosS, 

.•+°"  =  2.a-c»5c»4),  ''" 

M  =  2(1  sill  g  sin  h, 
Further,  let  us  put 

and  the  last  two  of  equations  (59)  give 

r +  »■"  +  =<  =  4a  sin'K 

Introducing  8  and  e  into  the  fii-st  of  equations  (59),  it  becomes 

^  =r  (s  —  sin  £)  —  (.?  —  sin  d).  (61) 

as 

The  formula;  (60)  enable  us  to  determine  e  and  3  from  r  +  t",  -x, 
and  B,  and  then  the  time  v' ^'k{t"  —  t)  may  be  determined  from 
(61).     Since,  according  to  (58)j, 

v'ti"  cos  h  {u"  —  \i)=^a  (cos  g  —  cos  A)  =  2,sin  |e  sin  |5, 
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and  since  sin  |e  is  necessarily  positive,  it  appears  that  when  it''  —  u 
exceeds  180°,  the  value  of  sinj5  must  be  negative,  and  when 
u"  —  u  =  lSO°)  we  have  S^=0;  and  thus  the  quadrant  in  which 
d  must  be  taken  is  determined.  It  will  be  observed  that  the  value 
of  Je,  as  given  by  the  firet  of  equations  (60),  may  be  either  in  the 
first  or  the  second  quadrant  j  but,  in  the  actual  application  of  the 
formulse,  the  ambiguity  is  easily  removed  by  means  of  the  known 
circumstances  in  regard  to  the  motion  of  the  body  during  the  in- 
terval t"  —  t 

In  the  application  of  the  equations  (52)3,  by  means  of  an  approxi- 
mate value  of  X  we  compute  d,  and  thence  r  and  r".  Then  we  com- 
pute e  and  d  corresponding  to  the  given  value  of  «,  aud  from  (61) 
we  derive  the  value  of 

If  this  agrees  with  the  observed  interval  ("  —  t,  the  assumed  value 
of  It  is  correct;  but  if  a  difference  exists,  by  varying  x  we  may 
Teadily  find,  by  a  few  trials,  the  value  which  will  exactly  satisfy  the 
equations.  The  formulse  (70)3  ^^''^  *^6"  enable  us  to  determine  the 
curtate  distances  fi  and  p",  and  from  these  and  the  observed  spherical 
co-ordinates  the  elements  of  the  orbit  may  be  found. 

As  soon  as  the  values  of  u  and  u"  have  been  computed,  since 
E  —  d^  E" —  E)  we  have,  according  to  equation  (85)y 

sin  A  {u" —  m)  ,  /— j; 
cosy  =  — A)-. T^V'r^, 

which  may  be  used  to  determine  p  when  the  orbit  is  very  eccentric. 
To  find  p  aud  5,  we  have 

p^  a  cos'  p,  q'-^2a  sin'  (45°  —  -^p) ; 

and  the  vaiuf  of  ui  may  be  fi>und  by  means  of  the  ec[uations  (87)j  or 

116.  The  process  here  indicated  will  be  applied  chiefly  in  the  de- 
termination of  the  orbits  of  comets,  and  generally  for  cases  in  which 
a  is  large.  In  such  cases  the  angles  e  and  3  will  be  small,  so  that 
the  slightest  errors  will  have  considerable  influence  in  vitiating  the 
value  of  t"  —  (as  determined  by  equation  (61);  but  if  we  transform 
this  equation  so  1^  to  eliminate  the  divisor  of  in  the  first  member,  the 
uncertiinty  of  the  si)lutiou  muy  be  overcome.    The  difFerence  £ — sine 
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may  be  expi^ssed  by  a  series  wliich  eouvcrge^  rapidly  when  s  is  small. 
Thus,  let  us  put 


-  2  cosec  -Js  —  1^  cot  y, 
=  4cosec-j£. 


!Kl-2^) 


dx  '  sin'  -^E  2x  (1—x) 

If  we  suppose  y  to  be  expanded  into  a  series  of  the  form 
y  =  a, -{-  j^x -\- yx' +  3a?  +  &C., 

wc  get,  by  differentiation, 


=  (5  +  2rx  +  Sto'  +  &c., 


and  substituting  for  -j-  the  value  already  obtained,  the  result  is 

2i3x  +  {4r  —  2^)  X'  +  (65  -~4r)  ^  +  &c.  =4  —  So.  +  (6»  —  3/S)  x 
+  C6j5  —  %)  fl^  -f  (67-  —  3,5)  a^  4-  &c. 
Therefore  we  liave 

4  — 3a  =  0,  6a  — 3,9=2j9, 

6/S  —  3r  =  ir  —  2/5,  Qy  —  ^d^es^  iy, 

irom  which  wc  get 

,      4.6  4.6.8         ,      4.6.8.10, 

Hence  we  obtain 

4  ■  31   /1  ^  6  ■  =]    ,6-8  .  ,,    ,  6.8.10  .„,,,     \    .„„, 
e  — 3me  =  |sm'^^(  l  +  fsin'js+^-^sm'J-e+ ^    ^   ^  sni"js  +  &c.l,  (62) 

and,  in  like  manner, 

3-sin3=^iu»i5(l+|sin^^d+|^sin'i5+|^sin»^^+<fcc.),  (63) 

which,  for  brevity,  may  be  written 
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Combining  these  expressions  with  (61),  and  substituting  for  sin  ^s  and 
sin.  ^3  their  values  given  by  the  equations  (60),  there  results 

Gt'  =  e  (r  +  r"  +  x)^  :f  §-  (r  +  r"  -  x)5,  (65) 

the  upper  sign  being  used  when  the  heliocentric  motion  of  the  body 
is  less  than  180°,  and  the  lower  sign  when  it  is  greater  than  180°, 
The  coefficients  Q  and  Q'  represent,  respectively,  the  series  of  terms 
enclosed  in  the  parentheses  in  the  second  members  of  the  equations 
(62)  and  (63),  and  it  is  evident  that  their  values  may  be  tabulated 
with  the  argument  e  or  S,  as  the  ease  may  be.  It  will  be  observed, 
however,  that  the  first  two  terms  of  the  value  of  Q  are  identical  with 
the  first  two  terms  of  the  expansion  of  (cos|s)~V  into  a  series  of 
ascending  powers  of  sin  ^,  while  the  difference  is  very  small  between 
the  coefficients  of  the  third  terms.     Thus,  we  have 

(cos  iO-''^' -  (1  -  sin' I0-*  =  1  +  fem^^  +  14^  sm'^ 


aud  if  we  put 

+  6710715"''' ^ 

0         ■^• 

*        (o«,|,)'/' 

we  shall  liuve 

A 

=  1 

+  J,.in'J.  +  ,W,'! 

In  a  similar  manner, 

if  we  put 

a           ^•' 

^-(ccWV 

(68) 


-B;  =  1  +  jh  sin'^'J  +  3VA  sin"  H  +  ^e.  (69) 

Table  XV.  gives  the  values  of  5,,  or  JS,,'  corresponding  to  e  or  o  from 
0°  to  60". 

For  the  case  of  parabolic  motion  we  have 

Q  =  l,  Q'^1, 

and  the  equation  (65)  becomes  identical  with  (56)j. 

In  the  application  of  these  formulse,  we  first  compute  e  and  1?  by 
means  of  the  equations  (60),  and  then,  having  found  B^  and  5^'  by 
means  of  Table  XV.,  we  compute  the  values  of  Q  and  Q'  from  (66) 
and  (68).  Finally,  the  time  T'^k{t"~t)  will  be  obtained  from  (65), 
and  the  difference  between  this  result  and  the  observed  interval  will 
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indicate  whether  the  assumed  value  of  x  must  bo  increased  or  di- 
minished.    A  few  trials  will  give  the  correct  result. 

117.  Since  the  interval  of  time  t" —  (  cannot  be  determined  with 
sufficient  accuracy  from  (65)  when  the  chord  x  is  very  small,  it 
becomes  necessary  to  effect  a  further  transformation  of  this  equation. 
Thus,  let  us  put 

and  we  shall  have 

Now,  when  X  is  very  small,  we  may  put 

and  henoe 

,        ■2,  ■  iM       sin^4^ — sin°4'' 

*  ■*  4  ccs'  |e      ' 

which,  by  means  of  equations  (60),  becomes 


P  = 

40a  cos 

ri;(l  + 

,'.ll 

'-l'  +  ! 

;}.i. 

we 

put 

,       r'- 

P(r 

+  >"- 

»)* 

8a  C09^  |e 
Therefore  we  have,  when  jt  ia  very  small, 

+  &c.)  (70) 

-Q '  ^''' 

the  equation  (65)  liecomes,  using  only  the  upper  sign, 

(r  +  r"  +  ;:)!■  -  (r  +  r"  -  «)f  =  6^;,  (72) 

which  is  of  the  same  form  as  (56)^.     Hence,  according  to  the  equa- 
tions (63)3  and  (66)3,  we  shall  have 

the  value  of  ^  being  found  from  Table  XI.  with  the  argument 
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It  remains,  therefore,  simply  to  find  a  convenient  expression  for  r,,', 
and  the  determination  of  x  ia  effected  by  a  process  precisely  tlie  same 
as  in  tlie  special  case  of  parabolic  motion. 
Let  us  now  put 

P^    A         N 
Q       40a    cos*^^' 

and  we  shall  have 

,^     coa'h  I,    ,  2.8  .  ,,     ,  3.8.10  .   ,,    ,  4.8.].0.r2  .  ,,    ,  .     \ 
N^-^  ( 1  +  ^  sm'|.  +  ^-^  ,,n^i.+..--.  -^    .  .n4=+&c. ), 

or,  substituting  for  Q  its  value  in  terms  of  sin  Je, 

N=^  1  +  3*5  Sin'  is  +  ^s  sin'i^  +  sWtf  sin'  ^  +  &".         (75) 
Therefore,  if  we  put 

the  expression  for  r/  becomes 

Table  XV.  gives  the  value  of  logW  corresponding  to  values  of  e 
from  e  =  0  to  e  =  60°. 

If  the  chord  X  is  given,  and  the  interval  of  time  t"  —  f  is  required, 
we  compute  at/  by  means  of  (76),  and,  having  found  r/  from 


as  in  the  case  of  parabolic  motion,  we  liave 

It  should  be  observed  that  although  equation  (76)  is  derived  for  the 
ease  of  a  small  value  of  x,  yet  it  is  applicable  whenever  the  differ- 
ence e  ^  5  is  very  small,  whatever  may  be  the  value  of  K.  For 
orbits  which  differ  but  little  from  the  parabolic  form,  it  will  in  all 
cases  be  sufficient  to  use  this  expression  for  Ar,,';  and  for  cases  iu 
which  the  difference  between  e  and  d  is  such  that  the  assumption  of 
cos  Je  =  cos  l§,  w  -{-x'  ^^  2x,  &c.,  made  in  deriving  equation  (70),  does 
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not  afford  the  required  accuracy,  we  may  compute  both  Q  and  Q' 
directly,  aud  then  wo  have 

-.'=j(l-|)(r  +  r"-«)l  (78) 

The  values  of  the  factor  J  I  1  ^  -^  |  may  be  faibulated  directly  with 

—T—~  as  the  vertical  argument  and  -j--  as  the  horizontal  argument^ 

but  for  the  few  cases  in  which  the  value  of  ^given  by  the  equation 
(75)  is  not  sufficiently  accurate,  it  will  be  easy  to  compute  Q  and  Q' 
by  means  of  the  forninlse  (66)  and  (68),  and  then  find  £i.Zg'  from  (78). 
Further,  when  there  is  any  doubt  as  to  the  accuracy  of  the  result 
given  by  (76),  for  the  final  trial  in  finding  x  from  r  +  r"  and  r^  by 
means  of  the  equations  (73)  and  (74),  it  will  be  advisable  to  compute 
Ar/  from  (78). 

It  appears,  therefore,  that  for  nearly  all  the  cases  which  actually 
occur  the  determination  of  the  value  of  k,  corresponding  to  given 
values  of  a  and  M=  —>  is  reduced  by  means  of  the  equation  (72)  to 
the  method  which  is  adopted  in  the  ease  of  parabolic  orbits. 

Theealculationof  the  numerical  values  of  r  +  r"+K  and  r-j-r" — K 
will  be  most  conveniently  effected  by  the  aid  of  addition  and  sub- 
traction logarithms.  If  the  tables  of  common  logarithms  are  used, 
we  may  first  compute 


r  +  r"  +  «  -  2  (r  +  r")  sin'  (45=  +  i/). 
J-  +  r"  — ;(  =  2  (»■  +  r")  coa=  (45°  +  I/). 

118.  In  the  case  of  hyperbolic  motion,  the  semi-transverse  axis  is 
negative,  and  the  values  of  sin  Je  and  s'ln^S  given  by  the  equations 
(60)  become  imaginary,  so  that  it  is  no  longer  possible  to  compute 
the  interval  of  time  from  r  +  r"  and  x  by  means  of  the  auxiliary 
angles  s  and  d.     Let  us,  therefore,  put 


then,  when  a  : 

is  negative,  m  and  n  will  be  real. 

Now  wo  have 

and              '■ 

I,  l/^i  =  log,  (cos  ie  -1-  i/=l  si 

n  -». 
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Hence  we  derive 


5-  2siii-V-  7i^  =  -i=log,(l/l  4-  n'  +  n). 

V—i 

Substituting  these  values  in  the  equation  (61),  and  writing  —  a  in- 
stead of  a,  since 

sin e  =  %n V—l  ■  Vl  +  m^ 
we  shall  have 

^  =  2m  i/l  +  m'~  2  log,  (l/lT^  +  "0  (79) 

::f  (2wV'rT^-21os,(l/r+ir'  +  «)), 

the  upper  sign  being  used  when  the  heliocentric  motion  is  less  than 
180°,  and  the  lower  sign  when  it  is  greater  than  180°.  Therefore, 
if  we  compute  m  and  n  from 


.4±^      «-V'±£=^. 


(80) 


regarding  the  hyperbolic  semi-transverse  axis  a  as  positive,  the  for- 
mula (79)  will  determine  the  interval  of  time  r'  ^k  {t"  —  (). 

The  first  two  terms  of  the  second  member  of  equation  (79)  may 
be  expressed  in  a  series  of  ascending  powers  of  m,  and  the  last  two 
terms  in  a  series  of  ascending  powers  of  n.     Thus,  if  we  put 

log,  (fT +^'^+  m)  :=  am  +  jSm'  -|-  rm?  -|-  Sm*  +  &c., 

we  get,  by  differentiation, 

-^=.^.-_..--  =  a  +  2fim  +  Zrin?  +  4:&m^  +  5sm'  +  &c. ; 
1/1  + m^ 

and  since 

i7Tt^^'~^™ +2^1'" -2-4T6 '«+*"■ 

we  liavd 

.=  1,        ;5  =  o,        r^-i-l,        '  =  1,        '"ilrj.* 

Hence  we  obtain 

2Iog,(l/r  +  rf  +  i»)  =  2».~>'+i-l».'-i?4|m'  +  &o. 
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■AVl+m'  +  m)^ 


and  similarly 

2n  l/r+^'  —  2  log,  (VT+^^  +  m)  = 

Substituting  these  values  in  the  equation  (79),  and  denoting  the 
series  of  terms  enclosed  in  the  parentheses  by  §  and  Q',  respectively, 
"we  get 

6r'  =  e  (r  4-  r"  +  jt)^  +  Q'  (r  +  r"  ~  x)=  (83) 

which  is  identical  witli  equation  (65).  If  we  replace  m?  by  —  sin^^ 
and  v?  by  — sin^^5  in  the  expressions  for  §  and  Q',  as  given  by  (81) 
and  (82),  we  shall  have  the  expressions  for  these  quantities  in  terms 
of  sin  Je  and  sin  iS,  respectively,  instead  of  sin  ^s  and  sin  {d  as  given 
by  the  equations  (62)  and  (63),  namely, 

1  ■  q  1  ■  <i  ■  ■>  '    ' 

For  the  case  of  an  elliptic  orbit  it  is  most  convenient  to  use  the 
equations  (66)  and  (68)  in  finding  Q  and  Q' ;  but,  since  the  cases  of 
hyperbolic  motion  are  rare,  while  for  those  which  do  occnr  the  eccen- 
tricity is  very  little  greater  than  that  of  the  parabola,  it  will  be  suf- 
ficient to  tabulate  Q  directly  with  the  ai^ument  m.  The  same  table, 
using  n  as  the  argument,  will  give  the  value  of  Q'.  Table  XVI. 
gives  the  values  of  Q  corresponding  to  values  of  m  from  m,  ^^  0  to 
m  =  0.2. 

When  the  values  of  r-\-  r",  t',  and  a  are  given,  and  the  chord  x 
is  required,  we  may  compute  at^'  from  (78),  r/  from  (77),  and  finally 
V.  from  (73). 

It  may  be  remarked,  also,  that  the  formula  for  the  relation  between 
r',  J-  +  J-",  Z,  and  a  suffice  to  find  by  trial  the  value  of  O  when  i--|-r" 
and  X  are  given.     Hence,  in  the  computation  of  au  orbit  from  a 
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values  of  d  and  A",  the  value  of  /  may  be  computed  from  r,  t",  and 
u"  —  u,  and  then  a  may  be  found  in  the  manner  here  indicated. 

If  we  substitute  in  the  equations  (84)  the  values  of  sinjs  and  sin  J5 
in  terms  of  r  4-  r",  x,  and  a,  and  then  substitute  the  resulting  values 
of  Q  and  Q'  in  the  equation  (66),  wc  obtain 

Qh  {f-i)  =  ir^r"^^)^^(v+r"~y:)i+^%  \  ((rH-r"+x)|qz(r+7^'~ >!)^) 

1  ,  1  (85) 

+  hIs  ^  iir  +  /'  +  x)J  ZF  (r  +  r"  -  ^-n  +  &c., 

the  lower  sign  being  used  when  u"  —  u  exceeds  180°.  When  the 
eccentricity  is  very  nearly  equal  to  unity,  this  series  converges  with 
great  rapidity.  In  the  case  of  hyperbolic  motion,  the  sign  of  a  must 
be  changed, 

119.  The  formulae  thus  derived  for  the  determination  of  the  chord  a 
for  the  cases  of  elliptic  and  hyperbolic  orbits,  enable  us  to  correct  an 
approximate  orbit  by  varying  the  semi-transverse  axis  a  and  the 
ratio  M  of  two  curtate  distances.  But  since  the  formulse  will  gene- 
rally be  applied  for  the  correction  of  approximate  parabolic  elements, 
or  those  which  are  nearly  parabolic,  it  will  be  expedient  to  use  -  and 
iWas  the  quantities  to  be  determined. 

In  the  first  place,  we  compute  a  system  of  elements  from  M  and 
/^-;  and,  for  the  determination  of  the  auxiliary  quantities  pre- 
liminary to  the  calculation  of  the  values  of  r,  r",  and  x,  the  equa- 
tions (41)3,  (50)3,  and  (51)3  will  be  employed  when  the  ecliptic  is  the 
fundamental  plane.  But  when  the  equator  is  taken  as  the  funda- 
mental plane,  we  must  first  compute  g,  K,  and  G  by  means  of  the 
equations  (SG),.  Then,  by  a  process  entirely  analogous  to  that  by 
which  the  equations  (47)3  and  (50)^  were  derived,  we  obtain 

h  COSC  cos  {H—  «")  =  M~  COS  {«."  —  a.), 

ft  cos  C  sin  (-ff—  a")  =  sin  (a"  —  »),  C86) 

A  sin  ?  =  Jlftan  3"  —  tan  d, 

from  which  to  find  H,  ^,  and  k;  and  also 

coai'^=coa?cos-fircos(G  — -H")  +  sin?  sin /C  (87) 

from  which  to  find  f.  In  this  case,  ^  and  H  will  be  referred  to  the 
equator  as  the  fundamental  plane.  The  angles  ij/  and  ij/"  will  be 
obtained  from  the  equations  (102)3,  '^^  from  equations  of  the  form 


sted  by  Google 


350  THEORETICAL    ASTRONOMY. 

of  (26),  and  finally  the  auxiliary  (juantities  A,  B,  B",  &c.  -will  be 
obtained  from  (51}^,  writing  d  and  d"  in  place  of  (9  and  ^",  respect- 
ively. 

As  soon  as  these  auxiliary  quantities  have  been  determined,  by 
means  of  {52)j  the  value  of  K  must  be  found  which  will  exactly 
satisfy  equation  (65).     To  effect  this,  we  first  compute  e  from 

and,  if  it  be  required,  we  also  find  d  from 

^\niS  =  Vif{r  +  r"--A), 

using  approximate  values  of  r  -j-  r"  and  x.  Then  we  find  Q  from 
(66),  and  ATg'  from  (76)  or  from  (78),  the  logarithms  of  the  auxiliaiy 
quantities  B^  and  N  being  found  by  means  of  Table  XV.  with  the 
argument  e.  The  value  of  r,,'  having  been  found  from  (77),  the 
equations  (73)  and  (74),  in  connection  with  Table  XI.,  enable  us  to 
obtain  a  closer  approximation  to  the  correct  value  of  x.  With  this 
we  compute  new  values  of  r  and  r",  and  repeat  the  determination 
of  K.  A  few  trials  will  generally  give  the  correct  result,  and  these 
trials  may  be  facilitated  by  the  use  of  the  formula  (67)3.  It  will  bo 
observed,  also,  that  Q  and  iir„'  are  very  slightly  changed  by  a  small 
change  in  the  values  o£  r-\-  r"  and  x,  so  that  a  repetition  of  the 
calculation  of  these  quantities  only  becomes  necessary  for  the  final 
trial  in  finding  the  value  of  K  which  completely  satisfies  the  equa- 
tions (62)j  and  (65).  When  the  value  of  a  is  such  that  the  values 
of  Q  and  A'' exceed  tlie  limits  of  Table  XV.,  the  equation  (61)  may 
be  employed,  and,  in  the  ease  of  hyperbolic  motion,  when  Q  and  Q' 
exceed  the  limits  of  Table  XVI.,  we  may  employ  the  complete  ex- 
pression for  the  time  t'  in  terms  of  m  and  n  as  given  by  (79). 
The  values  of  r,  r",  and  x  having  thus  been  found,  the  equations 


i=Vi? 


_d  +  J  cos  f 


will  determine  the  curtate  distances  p  and  fi".     When  the  equator  is 
the  fundamental  plane,  we  have 


"  =  J"  c 


From  p,  p",  and  the  corresponding  geocentric  spherical  co-ordinates, 
the  radii- vectores  and  the  heliocentric  spherical  co-ordinates  I,  I",  b, 
and  b"  will  be  obtained,  and  thence  Q,  i,  u,  u",  and  the  remaining 
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elements  of  the  orbit,  as  already  illustrated.  In  the  case  of  elliptic 
motion,  if  we  compute  the  auxiliary  quantities  s  and  8  by  meana  of 
the  equations  (60),  we  shall  have 

e  cos^  (£"  +  J?)  =  cos  K^  +  ^). 
from   which   e  and   ^{E"-l--E)   may  be   found,  and   hence,  since 
i{IiJ"—E)=^{B  —  S),  we  derive  E  and  E".     The  values  of  9  and 
V  may  then  be  found  directly  from   these  and   quantities   already 
obtained.     Thus,  the  last  of  equations  {43)i  gives 

cos  ^v  _  cos  j-E  cos  Iv"  _  cos^-E" 

l/g    ~    Vr  Vq  Vr" 

Multiplying  the  first  of  these  expressions  by  sinju",  and  the  second 
by  — sinji;,  adding  the  products,  and  reducing,  we  oblain 

sin  I  (if' — tiJBJn^ii cos  j.  (-(/'  —  1?)  cos  ^E cos^.E" 

7i  '~  Vv  W'  ' 

Therefore,  we  shall  have 

1     .    , cos^E cos \E" 

1         ,         cosJ-E  ^    ' 

from  which  q  and  v  may  be  found  as  soon  as  cos  jS and  cos^E"  are 
known.  In  the  case  of  parabolic  motion  the  eccentric  anomaly  is 
equal  to  zero,  and  these  equations  become  identical  with  (SS)^,  The 
angular  distance  of  the  perihelion  from  the  ascending  node  will  be 
obtained  from 

Since  r  =  a  —  wi  cosB,  and  q  =  a{\  —  e),  we  have 

1—!:              '1^1 
cos  E  = -  —  1  —  ^ — 


and  hence 


^~1 
-  —  1 
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When  the  eccentricity  is  nearly  equal  to  uiiity,  tlie  value  of  q  given 
by  approximate  elements  will  be  sufficient  to  compute  cos^£  and 
cos^E"  by  means  of  these  equations,  and  the  results  thus  derived 
will  be  substituted  in  the  equations  (88),  from  which  a  new  value  of 
q  results.  If  this  shouH  differ  considerably  from  that  used  in  com- 
puting COSTS'  and  cos  J^",  a  repetition  of  the  calculation  will  give 
the  correct  result. 

In  the  case  of  hyperbolic  motion,  although  E  and  E"  are  imagi- 
nary, we  may  compute  the  numerical  values  of  eosjE  and  cosjB" 
from  the  equations  (89),  regarding  a  as  negative,  and  the  results  will 
be  used  for  the  corresponding  quantities  in  (88)  in  the  computation 
of  9  and  v  for  the  hyperbolic  orbit. 

Next,  we  compute  a  second  system  of  elements  from  Jff  B.ndf-\-  Sf^ 
and  a  third  system  from  Jf  +  dM  and/,  5/ and  dM  denoting  the 
arbitrary  increments  assigned  to  /  and  M  respectively.  The  com- 
parison of  these  three  systems  of  elements  with  additional  observed 
places  of  the  comet,  will  enable  us  to  form  the  equations  of  condition 
for  the  determination  of  the  most  probable  values  of  the  corrections 
iilf  and  ii/to  be  applied  to  if  and  /  respectively.  The  formation  of 
tliese  equations  is  effected  in  precisely  the  same  manner  as  in  the  case 
of  the  variation  of  the  geocentric  distances  or  of  Q,  and  l,  and  it  does 
not  i-equire  any  further  illustration.  The  final  elements  will  be  ob- 
tained from  M-\-  aJI/,  and/-l-  if,  either  directly  or  by  interpolation. 
We  may  i-emark,  further,  that  it  will  be  convenient  to  use  log  M  as 
the  quantity  to  be  corrected,  and  to  express  the  variations  of  log  M 
in  units  of  the  last  decimal  place  of  the  logarithms. 

When  the  orbit  differs  very  little  from  tlie  parabolic  form,  it  will 
be  most  expeditious  to  make  two  hypotheses  in  r^ard  to  M,  putting 
in  each  case  -  ^=  0,  and  only  compute  elliptic  or  hyperbolic  elements 
in  the  third  hypothesis,  for  which  we  use  i(f  and  /=^  of.  The  first 
and  second  systems  of  elements  will  thus  be  parabolic. 

120,  Instead  of  jlf  and  -  we  may  use  J  and  -  as  the  quantities  to 
be  corrected.  In  this  case  we  assume  an  approximate  value  of  J  by 
means  of  elements  already  known,  and  by  means  of  (96)^,  (88)3,  (102)j, 
and  (103)3,  ^*'^  compute  the  auxiliary  quantities  C,  B,  B",  &c.,  re- 
quired in  the  solution  of  the  equations  (104)^.  We  assume,  also,  an 
approximate  value  of  d"  and  compute  the  corresponding  value  of  r", 
the  value  of  r  having  been  already  found  from  the  assumed  value  of 
J.     Then,  by  trial,  we  find  the  value  of  x  which,  in  connection  with 
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the  assumed  value  of  -i  will  satisfy  the  equations  (104)^  and  (65)  or 
{61)-     The  corresponding  value  of  A"  is  given  hy 

When  A"  has  thus  heen  determined,  the  heliocentric  places  will  be 
obtained  by  means  of  the  equations  (lOS)^  and  (107)3,  ^'^*^>  finally, 
the  corresponding  elements  of  the  orbit  will  be  computed.  If  the 
ecliptic  is  taken  as  the  fundamental  plane,  we  put  B^O,  A^Q, 
and  write  I  and  ,5  in  place  of  a  and  S  respectively. 

If  we  now  compute  a  second  system  of  elements  from  A  -{-  8A  and 
/^-,and  a  third  system  from  ^  and/+ 5/,  the  comparison  of  the 
three  systems  of  elements  with  additional  observed  places  will  furnish 
the  equations  of  condition  for  the  determination  of  the  corrections 
i J  and  a/  to  be  applied  to  A  and  -  respectively. 

When  the  eccenti'ieity  is  very  nearly  equal  to  unity,  we  jnay  as- 
sume/=0  for  the  first  and  second  hypotlieses,  and  only  compute 
elliptic  or  hyperbolic  elemenfe  for  the  third  hypothesis. 

121.  The  comparison  of  the  several  observed  places  of  a  heavenly 
body  with  one  of  the  three  systems  of  elements  obtained  by  varying 
the  two  quantities  selected  for  correction,  or,  when  the  required  dif- 
ferential coefficients  are  known,  with  any  other  system  of  elements 
such  that  the  squares  and  products  of  the  corrections  may  be  neg- 
lected, gives  a  series  of  equations  of  the  form 

m'x  -\-  n'y  =p',  &c., 

in  which  x  and  y  denote  the  final  corrections  to  be  applied  to  the  two 
assumed  quantities  respectively.  The  combination  of  these  equations 
which  gives  the  most  probable  values  of  the  unknown  quantities,  is 
effected  according  to  the  method  of  least  squares.  Thus,  we  multiply 
each  equation  by  the  coefficient  of  x  in  that  equation,  and  the  sum 
of  all  the  equations  thus  formed  gives  the  first  normal  equation. 
Then  we  multiply  each  equation  of  condition  by  the  coefficient  of  y 
in  that  equation,  and  the  sum  of  all  the  products  gives  the  second 
normal  equation.     Let  these  equations  be  expressed  thus : — 

[mm]  X  +  [mw]  y  ^  [mp], 
[mw]  X  +  [)m]  y  =  \np]. 
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m  which  [mm] ^m^+™''+ '"''"+ &c,,  [Tiin]^mn-i-m'n'-\-m"-n"-\-&e,, 
and  simihirly  for  the  other  terms.  These  two  final  equations  give, 
by  elimination,  the  most  probable  values  of  x  and  y,  namely,  those 
for  which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 
It  is,  however,  often  convenient  to  determine  x  in  terms  of  i/,  or  y 
in  terms  of  x,  so  that  we  may  find  the  influence  of  a  variation  of  one 
of  the  unknown  quantities  on  the  differences  between  computation 
and  observation  when  the  most  probable  value  of  the  other  unknown 
quantity  is  used.  Thus,  if  it  be  desired  to  find  x  in  terms  of  y,  the 
most  probable  value  of  x  will  be 

If  we  substitute  this  value  of  a:  in  the  original  equations  of  eondition, 
the  remaining  differences  between  computation  and  observation  will 
be  expressed  in  terras  of  the  unknown  quantity  y,  or  in  tlie  form 

AO^m„+n^.  (90) 

Then,  by  assigning  different  values  to  y,  we  may  find  the  correspond- 
ing residuals,  and  thus  determine  to  what  extent  the  correction  y  may 
be  varied  without  causing  these  residuals  to  surpass  the  limits  of  the 
probable  errors  of  observation. 

In  the  determination  of  the  orbit  of  a  comet  there  must  be  more 
or  less  uncertainty  in  the  value  of  a,  and  if  y  denotes  the  correction 
to  be  applied  to  the  assumed  value  of  -,  we  may  thus  determine  the 
probable  limits  within  which  the  true  value  of  the  periodic  time 
must  be  found.  In  the  case  of  a  comet  which  is  identified,  by  the 
similarity  of  elements,  with  one  which  has  previously  appeared,  if 
we  compute  the  system  of  elements  which  will  best  satisfy  the  series 
of  observations,  the  supposition  being  made  that  the  comet  has  per- 
formed but  one  revolution  around  the  sun  during  the  intervening 
interval,  it  will  be  easy  to  determine  whether  the  observations  are 
better  satisfied  by  assuming  that  two  or  more  revolutions  have  been 
completed  during  this  interval.  Thus,  let  T  denote  the  periodic 
time  assumed,  and  the  relation  between  T  and  a  is  expressed  by 

^~    k  ' 
iji  which  n  denotes  the  scmi-cireumfercuco  of  a  circle  whose  radius 
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IS  unity.     L«t  the  periodic  time  corresponding  to  — \-  ybo  denoted 
by  — ;  then  we  shall  have 


and  the  equations  for  the  residuals  are  transformed  into  the  form 

^6  =  {m„^nJ}  +  nJzl  (91) 

If  we  now  assign  to  s,  successively,  the  values  1,  2,  3,  &e.,  the  re- 
siduals thus  obtained  will  indicate  the  value  of  z  which  best  satisfies 
the  serira  of  observations,  and  hence  how  many  revolutions  of  the 
comet  have  taken  place  during  the  interval  denoted  by  T, 

122.  In  the  determination  of  the  orbit  of  a  comet  from  three  ob- 
served places,  a  hypothesis  in  regard  to  the  semi-trans  verse  axis  may 
with  fiiciiity  be  introduced  simultaneously  with  the  computation  of 
the  parabolic  elements.  The  numerical  calculation  as  iar  as  the  form- 
ation of  the  equations  (52)j  will  be  precisely  the  same  for  both  the 
parabolic  and  the  elliptic  or  hyperbolic  elements.  Then  in  the  one 
case  we  find  tlie  values  of  r,  r",  and  J(  which  will  satisfy  equation 
(56)3,  and  in  the  other  case  we  find  those  which  will  satisfy  the  equa- 
tion (66),  as  already  explained.  From  tlie  results  thus  obtained,  the 
two  systems  of  elements  will  be  computed.  Let  /=  ->  then  in  tlie 
case  of  the  system  of  parabolic  elements  we  have/^0,  and  the  com- 
parison of  the  middle  place  with  these  and  also  with  the  elliptic  or 
hyperbolic  elements  will  give  the  value  of 


#      / 

in  which  0^  denotes  the  geocentric  spherical  co-ordinate  computed 
from  the  parabolic  elements,  and  d^  that  computed  from  the  other 
system  of  elements.  Further,  let  iff  denote  the  difference  between 
computation  and  observation  for  the  middle  place,  and  the  correction 
to  be  applied  to  /,  in  order  that  the  computed  and  the  observed 
values  of  d  may  agree,  will  be  given  by 

Hence,  the  two  observed  spherical  co-ordinates  for  the  middle  place 
^vill  give  two  equations  of  condition  from  which  a/  may  be  found, 
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and  the  ooiTcapondiiig  elemeuts  will  be  those  wliich  best  represent 
the  observations,  assuming  the  adopted  value  of  Jf  to  be  correct. 

123.  The  first  determination  of  the  approximate  elements  of  the 
orbit  of  a  comet  is  most  readily  effected  by  adopting  the  ecliptic  as 
the  ftindamental  plane.  In  the  subsequent  correction  of  these  ele- 
ments, by  varying  -  and  Mor  A,  it  will  often  be  convenient  to  use 
the  equator  as  the  fundamental  plane,  and  the  first  assumption  in 
regard  to  M  will  be  made  by  means  of  the  values  of  the  distances 
given  by  the  approximate  elements  already  known.  But  if  it  be 
desired  to  compute  Ji"  directly  fi-oni  three  observed  plaees  in  reference 
to  the  equator,  without  converting  the  right  ascensions  and  declina- 
tions into  longitudes  and  latitudes,  the  requisite  formulas  may  be 
derived  by  a  process  entirely  analogous  to  that  employed  when  the 
curtate  distances  refer  to  l^e  ecliptic.  The  ease  may  occur  in  which 
.only  the  right  ascension  for  the  middle  place)  is  given,  so  that  the 
corresponding  longitude  cannot  be  found.  It  will  then  be  necessary 
to  adopt  the  equator  as  the  fundamental  plane  in  determining  a 
system  of  parabolic  elements  by  means  of  two  complete  observations 
and  this  incomplete  middle  place.  If  we  substitute  the  expressions 
for  the  heliocentric  co-ordinates  in  reference  to  the  equator  in  the 
equations  (4)^  and  (5)3,  we  shall  have 

0  =  H  (;o  cos  a  —  ^  cos  D  cos  A)  —  {_!>'  cos  «'—  R'  cos  D"  cos  A') 

4-  'i"  (/'jAiia" — B"  eosZJ"  cm  A"), 

0  =  «  (/.  sin  a  —  if  cos  i)  sin  A)  —  (p'  sin  a'—  B'  cos  ff  sin  A'}  (92) 

+  n"  {p"  sin  «!'—  R"  cos  i>"  sm  A"), 

0  =  »  (p  tan  ^  —  _K  sin  D)  —  {(>'  tan  S—  B'  sm  D') 

-+  n"  (/>"  tan  3"  —  R"  sin  D"}, 

in  which  p,  ft',  p"  denote  the  curtate  distances  with  respect  to  the 
equator,  A,  A',  A"  the  right  ascensions  of  the  sun,  and  D,  D',  D" 
its  declinations.  These  equations  correspond  to  (6)3,  and  may  be 
treated  in  a  similar  manner. 

From  the  first  and  second  of  equations  (92)  we  get 

0  = '.%  {p  sin  C<i'— a)  —  RCOS.D  sin  {a'— A))  +  R'  cos  Jff  sin  (a.'— A') 

~  n"  ip"  sin  (a."—  a')  +  R"  cos  I>"  sin  (»'—  A")), 
and  hence 

p        n'    Siai_a   ~a) 
tiRcosD  sin  (a.'—A')~I^  cosiy  sin  («.'—A'^+n"R"  cos  D"  sJn  ja'—A") 
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Tliis  formula,  being  independent  of  the  declination  B',  may  be  used 
to  compute  Jf  when\ouly  the  right  ascension  for  the  middle  place  is 
given.  For  the  first  assumption  in  the  case  of  an  unknown  orbit, 
we  take 


M= 


nW -<.')' 


and,  by  means  of  the  results  obtained  from  this  hypothesis,  the  com- 
plete expression  (93)  may  be  computed.  By  a  process  identical  with 
that  employed  in  deriving  the  equation  (36)3,  we  derive,  from  (93), 
the  expression 


nW-^} 


(94) 


,  rr'     ,    ,      ,„  /  1  1   \R'  COS  .jy  sin  (a  —  A'} 

and,  putting 

sin  (»'  —  a) 


,, =i_r5^^x^("''+^')"""°'''-^''  *"  ' ' 


M='--^M^F.  (95) 

The  calculiition  of  the  auxiliary  quantities  in  the  equations  (52)3 
will  be  efFccted  by  means  of  the  formulfe  (86)3,  (86),  (87),  {102)3,  »"<! 
{51)3.  The  heliocentric  places  for  the  times  t  and  t"  will  be  given 
by  (106)j  and  (107)3,  ^"*^  irom  these  the  elemente  of  the  orbit  will 
be  found  according  to  the  process  already  illustrated. 

124.  The  methods  already  given  for  the  correction  of  the  approxi- 
mate elements  of  the  orbit  of  a  heavenly  body  by  means  of  additional 
observations  or  normal  places,  are  those  which  will  generally  be 
applied.  There  are,  however,  modifications  of  these  which  may  be 
advantf^eous  in  rare  and  special  cases,  and  which  will  readily  suggest 
themselves.  Thus,  if  it  be  desired  to  correct  approximate  elements 
by  varying  two  radii-vectores  r  and  r",  we  may  assume  an  approxi- 
mate value  of  each  of  these,  and  the  three  equations  (88)j  will  con- 
fain  only  the  three  unknown  quantities  J,  h,  and  I.  By  elimination, 
these  unknown  quantities  may  be  found,  and  in  like  manner  the 
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values  of  J",  b",  and  I".     It  will  be  most  convenient  to  compute 
the  angles  •;//  and  ij'",  and  then  find  z  and  s"  from 


or,  putting  s^  =  f^-~ E? sin^ij/,  and  x"^  =  r'"  —  B"^ sin'^""!  ^^om 
_  i?  sin  4  „  _  M"  sin  4" 

The  curtate  distances  will  be  given  by  the  equations  (3),  and  the 
heliocentric  spherical  co-ordinates  by  means  of  (4),  writing  r  in  place 
of  «.  From  these  u"~-u  may  be  found,  and  by  means  of  the  values 
of  r,  r",  and  u"  —  u  the  determination  of  tlie  elements  of  the  orbit 
may  be  completed.  Then,  assigning  to  »•  an  increment  Sr,  we  com- 
pute a  second  system  of  elements,  and  from  r  and  r"  -{-  Sr"  a  third 
system.  The  comparison  of  these  three  systems  of  elements  with  au 
additional  or  intermediate  observed  place  will  furnish  the  equations 
for  the  determination  of  the  corrections  ir  and  a.r"  to  be  applied  to 
r  and  r",  respectively.  The  comparison  of  the  middle  place  may  be 
made  with  the  observed  geocentric  spherical  co-ordinates  directly,  or 
with  the  radius-vector  and  argument  of  the  latitude  computed  directly 
from  the  observed  co-ordinates;  and  in  the  same  manner  any  number 
of  additional  observed  places  may  be  employed  in  forming  the  equa- 
tions of  condition  for  the  determination  of  Ar  and  at". 

Instead  of  r  and  r",  we  may  take  the  projections  of  these  radii- 
vectores  on  the  plane  of  the  ecliptic  as  the  quantities  to  be  corrected. 
Let  these  projected  distances  of  the  body  from  the  sun  be  denoted 
by  )'(,  and  r^,",  respectively ;  then,  by  means  of  the  equations  (88)1, 
we  obtain 

sm  (( —  ^)  = ■,  (!J(i) 

from  which  /  may  be  found ;  and  in  a  similar  manner  we  may  find 
I".     If  we  put 

»„"  =  V  —  ff  sinH'l  —  O), 
we  have 

t^n(l->.)  =  ?^f^.  (97) 

IjCt  S  denote  the  angle  at  the  sun  between  the  earth  and  the  place 
of  the  planet  or  comet  projected  on  the  plane  of  the  ecliptic ;  then 
we  shall  have 
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S=180°  +  O— ^, 

_fisin(?-0)  (98) 

''  sm(l—X)    ' 

and 

^      ,       p  tan  jS 

tan  b=  ~  -—,  t"9) 

by  means  of  which  the  heliocentric  latitudes  b  and  b"  may  be  found. 
The  calculation  of  the  elements  and  the  correction  of  r^  and  r^"  are 
then  effected  as  in  the  case  of  the  variation  of  r  and  r". 

In  the  case  of  parabolic  motion,  the  eccentricity  being  known,  we 
may  take  g  and  T  as  the  quantities  to  be  corrected.  If  we  assume 
approximate  values  of^these  element*,  r,  r',  r",  and  v,  v',  v"  will  be 
given  immediately.  Then  from  r,  r',  r"  and  the  observed  spherical 
co-ordinates  of  the  body  we  may  compute  the  values  of  u"  —  u'  and 
v/  —  M.  In  the  same  manner,  by  means  of  the  observed  places,  we 
compute  the  angles  w" — u'  and  u' — u  coiTesponding  to  g'+^g  and  T, 
and  to  q  and  T  +  8T,  dq  and  dT  denoting  the  arbitrary  increments 
assigned  to  q  and  T,  respectively.  The  comparison  of  the  helio- 
centric motion,  during  the  intervals  t"  —  ('  and  ('  —  t,  thus  obtained, 
in  the  case  of  each  of  the  tliree  systems  of  elements,  from  the  ob- 
sei'ved  geocentric  places  with  the  corresponding  results  given  by 

enables  us  to  form  the  equations  by  which  we  may  find  the  cor- 
rections Ag  and  ATto  be  applied  to  the  assumed  values  of  q  and  T, 
respectively,  in  order  that  the  values  of  u"  —  u'  and  u'  —  u  computed 
by  means  of  the  observed  places  shall  agree  with  those  given  by  the 
true  anomalies  computed  durectly  from  q  and  T, 
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CHAPTER  VII. 

J   LEASTS  SqOAEES,  THEORY  OP  THE  COMWHATIOK  OP  OBSBBVATIOHS,  ASB 


125.  Whbk  the  elements  of  the  orbit  of  a  heavenly  body  are  known 
to  sueh  a  degree  of  approximation  that  tlie  squares  and  products  of 
the  corrections  which  should  be  applied  to  them  may  be  neglected, 
by  computing  the  partial  differential  coefficients  of  these  elements 
with  respect  to  each  of  the  observed  spherical  coKirdiiiates,  we  may 
form,  by  means  of  the  differences  between  computation  and  obsei'va- 
tion,  the  equations  for  the  determination  of  these  corrections.  Three 
complete  observations  will  furnish  the  six  equations  required  for  the 
determination  of  the  corrections  to  be  applied  to  the  six  elements  of 
the  orbit ;  but,  if  more  than  three  complete  places  are  given,  the 
number  of  equations  will  exceed  the  number  of  unknown  quantities, 
and  the  problem  will  be  more  than  determinate.  If  the  ohserved 
places  were  absolutely  exact,  the  combination  of  the  equations  of 
condition  in  any  manner  whatever  would  furnish  the  values  of  these 
corrections,  sueh  that  each  of  these  equations  would  be  completely 
satisfied.  The  conditions,  however,  which  present  themselves  in  the 
actual  correction  of  the  elements  of  the  orbit  of  a  heavenly  body  by 
means  of  given  observed  places,  are  entirely  different.  When  the 
observations  have  been  corrected  for  all  known  instrumental  errors, 
and  when  all  other  known  corrections  have  been  duly  applied,  there 
still  remain  those  accidental  erroi's  which  arise  from  various  causes, 
such  as  tlie  abnormal  condition  of  the  atmosphere,  the  imperfections 
of  vision,  and  the  imperfections  in  the  performance  of  the  instrument 
employed.  These  accidental  and  irregular  errors  of  observation  cannot 
be  eliminated  from  the  observed  data,  and  the  equations  of  condition 
for  the  determination  of  the  corrections  to  be  applied  to  the  elements 
of  an  approximate  orbit  cannot  be  completely  satisfied  by  any  system 
of  values  assigned  to  the  unknown  quantities  unless  the  number  of 
equations  is  the  same  as  the  number  of  these  unluiown  quantities. 
It  becomes  an  important  problem,  therefore,  to  determine  the  par- 
ticular combination  of  these  equations  of  condition,  by  means  of  which 
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the  resulting  values  of  the  unbnown  quantities  will  be  those  which, 
while  they  do  not  completely  satisfy  the  several  equations,  will  afford 
the  highest  degree  of  probability  in  favor  of  their  aceura<y.  It  will 
be  of  interest  also  to  determinej  as  far  as  it  may  be  possible,  the 
degree  of  accuracy  which  may  be  attributed  to  the  separate  results. 
But,  in  order  to  simplify  the  more  general  problem,  in  which  the 
quantities  sought  are  determined  indirectly  by  observation,  it  will  be 
expedient  to  consider  first  the  simpler  case,  in  which  a  single  quantity 
is  obtained  directly  by  observation. 

126.  If  the  accidental  errors  of  observation  could  be  obviated,  tlie 
different  determinations  of  a  magnitude  directly  by  observation  would 
be  identical;  but  since  this  is  impossible  when  an  extreme  limit  of 
precision  is  sought,  we  adopt  a  mean  or  average  value  to  be  derived 
from  the  separate  results  obtained.  The  adopted  value  may  or  may 
not  agree  with  any  individual  result,  since  it  is  only  necessary  that 
the  residuals  obtained  by  comparing  the  adopted  value  with  the 
observed  values  shall  be  such  as  to  make  this  adopted  value  the  tnost 
probable  value.  It  is  evident,  from  the  very  nature  of  the  case,  that 
we  approach  here  the  confines  of  the  unknown,  and,  before  we  pro- 
ceed further,  something  additional  must  be  assumed. 

However  irregular  and  uncertain  the  law  of  the  accidental  errors 
of  observation  may  be,  we  may  at  least  assume  that  small  errors  are 
more  probable  than  large  errors,  and  that  errors  surpassing  a  certain 
limit  will  not  oceur.  We  may  also  assume  that  in  the  case  of  a  large 
number  of  observations,  errors  in  excess  will  occur  as  frequently  as 
errors  in  defect,  so  that,  in  general,  positive  and  negative  residuals 
of  equal  absolute  value  are  equally  probable.  It  appears,  therefore, 
that  the  relative  frequency  of  the  occurrence  of  an  aecidental  error  J 
n  th  I  ed  value  will  depend  on  the  magnitude  of  this  error, 
n  1  y  b  xpi'essed  by  f  (J).  This  function  will  also  express  the 
p  b  b  !  ty  fan  error  J  in  an  observed  value.  At  the  limit  beyond 
1  h  n  or  of  the  magnitude  J  can  never  occur,  we  must  have 
p(J}  ^0  wl  en  J  =  0,  the  value  of  f  (J)  must  be  a  maximum,  and 
for  equal  positive  and  negative  values  of  J  the  values  of  f  (J)  must 
be  the  same.  Hence,  in  a  given  series  of  observations,  the  number  m 
of  observations  being  supposed  to  be  large,  the  number  of  times  in 
which  the  error  J  occurs  will  be  expressed  by  mf  (4),  and  the  number 
of  times  in  which  the  error  J'  occurs  will  be  expressed  by  mf  {•^'),  so 
that  we  shall  have 
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I,f  (J)  =  1. 

The  sum  S  must  be  taken  between  the  limits  for  wliicb  the  accidental 
eiTors  of  observation  are  considered  possible ;  but  since  the  a.ssignment 
of  these  limits  is,  in  a  certain  sense,  arbitrary,  we  must  evidently 
have 


the  value  of  <f  {S)  being  absolutely  zero  for  the  limits  +  oo  and  —  (». 
Within  any  given  limits  there  are  an  infinite  number  of  values, 
any  one  of  which  may  possibly  be  the  true  value  of  J,  and  hence 
the  number  of  the  functions  expressed  by  f  (J)  must  be  infinite. 
The  probability  of  an  error  d  is  expressed  by  f  (J),  and  will  be  the 
same  as  the  probability  that  the  error  Is  contained  within  the  limits  J 
and  J  -\-  dd.  The  latter  is  expressed  by  the  sum  of  all  the  functions 
(p  (J)  between  the  limits  A  and  J  +  dJ,  or  by 

"We  conclude,  therefore,  that  the  probability  that  an  error  falls  between 
the  limits  a  and  b  is  expressed  by  the  integral 

and  this  integral,  taken  so  as  to  include  all  possible  accidental  errors 
of  observation,  is,  according  to  equation  (1), 

f,p(^)dAr=l.  (2) 

According  to  the  theory  of  probabilities,  the  probability  that  the 
errors  d,  J',  &e.  occur  simultaneously  is  equal  to  the  continued  pro- 
duct of  the  probabilities  of  the  occurrence  of  these  errors  sepai-ateiy. 
Let  P  denote  the  probability  that  these  errors  occur  at  the  same  time 
in  the  given  series  of  observed  values,  and  we  have 

P=viA).^(A').v(J") (3) 

The  most  probable  value  of  the  quantity  sought,  which  we  will  de- 
note by  X,  must  evidently  be  that  which  makes  P  a  maximum.     If 
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we  take  the  logarithms  of  both  members  of  eqaation  (3),  and  differ- 
entiate, tlie  condition  of  a  maximum  gives 

0  = 


dA         '  dx  dA'         '  dx 


Let  n,  n',  n",  &c.  be  tiie  observed  values  of  x,  and  m  the  number  of 
observations ;  then  we  have 

J  ^=  n  —  X,  d'  ^n'  —  X,  A"  =  n"  —  x,  &c., 

and  lience 

€lA_dd'_d£^         _  _ 
dx        dx        dx 

Therefore  the  equation  (4)  be<;omes 

^  ^  d  log  f  (.--.)       Jja j;^^       ^ 

d(n  —  x)  d(n—z)  ■^ 

This  equation  will  serve  to  determine  the  value  of  x  as  soon  as  the 
form  of  the  function  symbolized  by  f  is  known.  It  becomes  neces- 
sary, therefore,  to  make  some  farther  assumption  in  regard  to  the 
errors  J,  J',  J",  &c.,  in  order  that  the  form  of  this  function  may  be 
determined;  and,  although  the  hypothesis  which  preseute  itself  gives 
directly  the  most  probable  value  of  ^,  since  the  function  f(J)  is  sup- 
posed to  be  general,  we  may  thus,  by  the  special  case,  determine  the 
form  of  this  function;  and  the  result  will  be  applicable  when,  instead 
of  the  value  of  a  single  quantity,  it  is  required  to  find  the  most  pro- 
bable values  of  several  unknown  quantities  determined  indirectly  by 
observation, 

127.  The  principle  may  be  received  as  an  axiom,  that  when  a 
sei'ies  of  observed  values  of  a  quantity  is  given,  if  the  circumstances 
under  which  the  separate  observations  were  made  are  similar,  so  that 
there  is  no  reason  for  preferring  one  result  to  another,  the  most  pro- 
bable value  of  the  quantity  sought  is  the  anthmeiical  mean  of  the 
several  results.     Hence  we  have 

n  +  n'  +  n"+.... 


m  being  the  number  of  observed  values.     This  expression  gives 

0^(_n~x)  +  in'  ~x)  +  in"  -x)  +  &c.,  (6) 

from  which  it  appears  that  the  algebraic  sum  of  the  residuals  is  equal 
to  zero.     The  equation  (5)  may  be  written 
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«-C''-'^-)(„-^.)^(„-»)  +  ''''-»)K-.)d(ir=i;  +  fe-. 

and  the  comparison  of  this  with  (6)  shows  that 

rf]ogy(w  — a)    _     A  log  f  (n'  —  x)  _  ,  ,„ 

it  being  a  constant  quantity.     Hence  we  derive 

d\og,fiA)  =  kAdJ, 
the  integration  of  which  gives 

log,?'  (J)  =  iU"  +  io^.c, 
logj  c  being  the  constant  of  integration.     From  this  equation  there 
results 

y(J)^ce''^'\  (8) 

in  which  e  is  the  base  of  Naperian  logarithms.  Since  ^  {J)  diminishes 
as  J  increases,  the  quantity  h  must  be  essentially  negative,  and  if  we 
put  lk  =  —  h",  we  shall  have 

If  we  substitute  this  value  of  ^  (J)  in  the  equation  (2),  we  have 

'2"°  """"'■ 

or,  piitting  also  (  =^  hJ, 

|Jr'<i,=  l.  (10) 

This  equation  will  give  the  value  of  the  constant  e,  provided  tliat  the 
value  of  the  integral 

is  known.  Since  the  definite  integral  is  independent  of  the  variable, 
let  UB  multiply  it  by  a  similar  one,  in  which  y  is  the  variable ;  so 
that  we  have 

(X'"^''")'=I'"''*I'^~"*=/."I«"""*"'**- 

in  which  the  order  of  integration  is  indifferent.     If  we  put  y^tz, 
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wc  liavo,  siiicti  t  is  regarded  as  constant  in  the  integration  with  rospeet 
toy, 

dy  =  tdz; 
and  iience 

Then,  since  we  have,  in  general, 

Xe""*  xdx  =  TT-, 
2a 

the  preceding  equation  gives 

in  which  ;r  denotes  the  seini-circiuiiference  of  a  circle  whose  radius  is 
unity.     Therefore  we  have 

J'e-"di  =  ^l/;r,  (11) 

and  the  equation  (10)  gives 

c  =  i  (12) 

V 

Heuee,  the  expression  for  f  (J)  becomes 

^iA)  =  Ae-''^\  (13) 

The  constant  h,  according  to  the  i-elation  fi.^  =  —  Ih,  must  depend  on 
the  nature  of  the  observations,  and  will  be  the  same  in  the  case  of 
systems  of  observations  in  which  the  probability  of  an  error  J  is  the 
same.  Since  MJ^  must  necessarily  be  an  attract  number,  J  and  j 
must  be  homogeneous. 

128,  In  a  given  series  of  observations,  the  probability  that  for  any 
observation  the  error  will  be  within  the  limits  —  S  and  +  S  will  be 
iby 


!LJe"''^'dA;  (14) 


and  in  another  series  of  observations,  more  or  less  precise,  the  pro- 
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bability  that  the  error  of  an  observation  is  within  the  limits  —  8'  and 
+  d'  will  be 

-^   f  e""''^"- dd.  (15) 

Since 

t/t:  -^  1/'-  -^ 

—  5  —M 

it  appears  that  the  integrals  (14)  and  (15)  are  equal  when  kd  =  h'S'. 
Hence,  if  we  put  h'^^2h,  these  integrals  will  be  equal  when  d^2d', 
and  an  error  of  a  given  luagnitnde  in  the  first  series  will  have  the 
same  probability  as  an  error  of  half  that  magnitude  in  the  second 
series.  The  second  series  of  observations  will  therefore  be  twice  as 
accurate  as  the  first  series,  and  the  constant  h  may  be  called  the 
measure  of  pretikion  of  the  obsei'vatioiis.  The  greater  the  degree  of 
precision  of  the  observations,  the  greater  will  be  the  value  of  h. 

The  relative  accuracy  of  two  series  of  observations  may  also  be 
determined  by  a  comparison  of  the  errors  which  are  committed  with 
equal  facility  in  each  series.  If  we  an-ange  the  errora  of  the  several 
observations  in  each  series  in  the  order  of  their  absolute  magnitude 
without  reference  to  the  algebraic  sign,  the  errors  which  occupy  the 
same  position  in  referraice  to  the  extremes  in  each  case  will  serve  to 
determine  the  relation  sought.  We  select  that,  however,  which  occu- 
pies the  middle  plaee  in  the  series  of  errors  thus  arranged,  and  since 
the  number  of  errors  which  exceed  this  is  the  same  as  the  number 
of  eri'ors  less  than  this,  if  we  designate  the  error  which  occupies  the 
middle  place  by  r,  the  pi-obability  that  an  error  is  within  the  limits 
—  r  and  +  r  will  be  equal  to  j.  The  probability  of  an  error  greater 
than  r  being  the  same  as  the  probability  of  an  error  less  than  r,  the 
error  r  is  called  the  probable  error. 

The  relation  between  r  and  k  is  easily  determined.     Thus,  we  have 


'^dA  = 


or,  putting  kA  =^  t, 


J    «-"(f;  =  i^=- 0.44311.  (16) 

If  we  expand  e~"  into  a  series  of  ascending  powers  of  t,  multiply  by 
di,  and  integrate  between  the  limits  0  and  T,  we  get 
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,-.,,=r„,i..  +  i^._^,^,^^_.._ +{____&,,   (17) 

which  converges  rapidly  when  2"  is  small.  To  find  the  value  of  T 
which  corresponds  to  the  value  0.443H  assigned  to  the  iiitegi'al,  we 
compute  the  value  of  the  series  (17)  for  the  values  0.45,  0.47,  and 
0.49  assigned  to  T,  successively,  and  from  the  resulta  thus  obtained 
it  is  easily  seen  that  when  the  sum  of  the  terms  of  the  series  is 
0.44311,  we  have 

or 

.■  =  — ^,  (18) 

which  determines  the  relation  between  the  probable  error  and  the 
measure  of  precision. 

The  probability  that  the  error  of  an  observation,  without  regard  to 
sign,  does  not  exceed  nr,  is  expressed  by 


f  e-'"dt,  (19) 


1/r 

and  this  integral,  therf  fore,  indicates  the  ratio  of  the  number  of  obser- 
vations affected  with  an  enor  which  does  not  exceed  nr  to  the  whole 
number  of  obsei\  ations.  Hence,  if  we  assign  different  values  to  n, 
the  integral  (19)  computed  for  the  several  assumed  values  of 

nh  ^  0.47694JI 

will  give  the  relative  number  of  errors  of  a  given  magnitude.  Thus, 
if  we  put  n  =  l,  we  obtain 

from  which  it  appears  tliat  in  a  series  of  1000  observations  there 
ought  to  be  264  observations  in  which  the  error  does  not  exceed  Jr. 
It  has  been  found,  in  this  manner,  that  in  the  case  of  an  extended 
sei'ies  of  observations  the  number  of  errors  of  a  given  magnitude 
assigned  by  theory  agrees  very  closely  with  that  actually  given  by 
the  series  of  observations ;  and  heneo  we  conclude  that  the  error  com- 
mitted in  extending  the  limits  of  the  summation  in  the  expression  (1) 
to  ^  cc  and  +  oo,  instead  of  the  finite  limits  which  it  is  presumed 
that  the  actual  errors  cannot  exceed,  is  very  slight,  so  that  the  form 


stsd  by  Google 


368  THEOBETICAI,   ASTBONOMY. 

of  the  function  f{/i)  which  has  been  derived  may  bo  regarded  as  that 
which  best  satisfies  all  the  conditions  of  the  problem. 

129.  The  relative  accuracy  of  difFerent  series  of  observations  may 
also  be  indicated  by  means  of  what  are  called  the  mean  error  and  the 
mean  of  the  errors  for  each  series,  the  former  being  the  error  whose 
square  is  equal  to  the  meau  of  the  squares  of  all  the  errors  of  the 
series,  and  the  latter  the  mean  of  these  errors  without  reference  to 
their  algebraic  sign. 

Let  t  denote  the  mean  error ;  then,  since  the  number  of  observa- 
tions having  the  error  A  is  mtp  (J),  we  shall  have,  according  to  the 
definition, 

But  the  number  of  possible  errors  being  infinite,  tlie  probability  of 
an  en'or  J  is  expressed  by  f  (zJ)  dJ,  and  we  have 


=  /j>(^)j^  =  A/.-.«^ 


which  gives 


2»" 


(20) 


Hence,  !)y  means  of  (18),  %ve  have 

.=  ^-  =  1.48261-,  ,„,^ 

;.l/2  (21) 

r=0.67449e, 

whicli  determine  the  relation  between  e  and  r. 

Let  7j  denote  the  mean  of  the  errors,  and  we  shall  have 

,=   f  2Jr(A)tU  =  ^  f  e-"'"AdA, 
wbicli  gives 


Therefore,  we  have 

fi  =  1.1829:-, 
r^  0.8453'!, 

for  the  relation  between  r  and  vj. 


(23) 
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130,  Let  us  denote  by  v,  v',  v",  &o.  the  differences  between  any 
assumed  value  of  x  and  the  observed  values  for  a  given  series  of 
observations,  the  number  of  observations  being  denoted  by  m;  then, 
if  we  put 

lvu-]=v'  +  v''  +  v"'-{-&c.,  (24) 

and  similarly  in  the  ease  of  the  sum  of  any  other  series  of  similar 
terms,  we  shall  have  for  the  probability  of  the  value  x„ 


and  this  probability  will  be  a  maximum  when  [vv]  is  a  minimum. 
Now  we  have 

v=^n  —  x„  v'^^^n'  —  x„  i/'  =  n"  —  x„  &c., 

n,  %' ,  n",  &c.  being  the  observed  values  of  x,  and  hence 

iw1  =  inn-\~2ln-\x,  +  MX^ 


It  appears,  therefore,  that  '\yv]  will  be  a  minii 


(26) 


and  this  is  a  necessary  consequence  of  the  assumption  that  the  arith- 
metical mean  of  the  observations  gives  the  most  probable  value  of  x, 
according  to  which  the  form  of  the  function  f  [A)  was  derived.  But 
although  the  aritlimetical  mean  is  the  most  probable  value,  yet  we 
cannot  affirm  that  this  is  the  exact  value,  so  long  as  the  number  of 
observations  is  finite.  It  becomes  important,  therefore,  to  determine 
the  degree  of  precision  of  the  arithmetical  mean. 

Let  Xg  denote  the  most  probable  value  of  x,  for  which  the  residuals 
are  v,  i)', »",  &c.,  and  let  aig  +  5  be  any  other  value  of  a;.  Then,  since 
we  may  put 

and 

the  probability  of  the  value  a;^  +  -?  will  be 
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The  probability  that  tlie  error  of  the  arithmetical  r 
dicatcd  by 


In  the  case  of  a  single  observation,  if  P  denotes  the  probability  of 
the  error  zero,  and  P'  the  probability  of  the  error  5,  we  have 


Hence  it  appears  that  if  \  denotes  the  measure  of  precision  of  the 
arithmetical  mean  of  m  observations,  the  relation  between  \  and  A, 
the  measure  of  precision  of  an  observation,  is  given  by 

k^'=.mk'i  (27) 

and  if  r^  is  the  probable  error  of  the  arithmetical  mean,  and  £„  its 
mean  error,  wc  have,  according  to  the  equations  (18)  and  (20), 


Vm  (28) 

These  expressions  determine  the  probable  and  the  mean  error  of  the 
arithmetical  mean  of  a  number  of  observations  when  these  errors  in 
the  ease  of  a  single  observation  are  known, 

131.  The  expressions  for  the  relation  between  the  mean  and  pro- 
bable errors  have  been  derived  for  the  case  of  a  very  large  number 
of  observations,  a  number  so  gt'eat  that  the  error  of  the  arithmetical 
mean  becomes  equal  to  zero.  In  the  ease  of  a  limited  number  of 
observed  values  of  x,  the  residuals  given  by  comparing  the  arith- 
metical mean  with  the  several  observations  will  not,  in  general,  give 
the  true  errors  of  the  observations ;  but  the  greater  the  number  of 
observations,  the  nearer  will  these  residuals  approach  the  absolute 
errors.  If  J,  J',  J",  &o.  are  the  aotual  eiTOrs  of  the  observations, 
and  V,  v',  v",  &g,  those  which  result  from  the  most  probable  value  of 
X,  we  shall  have,  denoting  the  arithmetical  mean  by  %  and  the  true 
value  by  af^  +  3, 

J^v  —  d,  d'^v'  —  d,  A"^'i!'  —  S,  &c. ; 
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and  hence 

m.^  =  [JA}  =  lvv}-\-mSK  (29) 

This  equation  will  enable  us  to  determine  the  mean  error  of  an  ob- 
servation when  3  is  given ;  but,  since  this  is  necessarily  unknown, 
some  assumption  in  regard  to  its  value  must  be  made.  If  we  assume 
it  to  be  equal  to  the  mean  error  of  the  arithmetical  mean,  the  re- 
maining error  will  be  wholly  insensible,  and  hence  the  equation  (29) 


Therefore,  we  shall  have 


and,  according  to  (21), 

r  =  0.6745 -\/^^^.  (31) 

These  equations  give  tlie  values  of  tlie  mean  and  probable  errors  of 
a  single  observation  in  terms  of  the  actual  residuals  found  by  com- 
paring the  arithmetical  mean  with  the  several  observed  values. 

The  probable  and  the  mean  error  of  the  arithmetical  mean  will  be 
given  by 

^       l-tl (32) 

r.  =  0.6746  V^5L, 

"When  the  number  of  observations  is  very  large,  the  probable  error 
of  an  observation  and  also  that  of  the  arithmetical  mean  may  be  de- 
termined by  means  of  the  mean  of  the  errors.  If  we  suppose  the 
number  of  positive  errors  to  be  the  same  as  the  number  of  negative 
errors,  the  mean  of  the  errors  without  reference  to  the  algebraic  sign 
gives 


and  hence  we  have,  according  to  (23), 

r  =  0.84-53  M  (33) 

Tor  the  mean  error  of  an  observation  we  have 

E  ^  ,l/^  =  1.2533  ^.  (34) 
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If  the  number  of  observations  is  very  great,  the  results  given  by 
these  equations  will  agree  ■witli  those  given  by  (30)  and  (31);  but  for 
any  limited  series  of  observed  values,  the  results  obtained  by  means 
of  the  mean  error  will  afford  the  greatest  accuracy. 

132.  The  relative  accuracy  of  two  or  more  observed  values  of  a 
quantity  may  be  expressed  by  means  of  what  are  called  their  weights. 
If  the  observations  are  made  under  precisely  similar  circumstances, 
so  that  there  is  no  reason  for  preferring  one  to  the  other,  they  are  said 
to  have  the  same  weight.  The  weight  must  therefore  depend  on  the 
measure  of  precision  of  the  observations,  and  hence  on  their  probable 
errors.  The  unit  of  the  weight  is  entirely  arbitrary,  since  only  the 
relative  weights  ai'e  required,  and  if  we  denote  the  weight  by  p,  the 
value  of  ji  indicates  the  number  of  observatioua  of  equal  accuracy 
which  must  be  combined  in  order  that  their  arithmetical  mean  may 
have  the  same  degree  of  precision  as  the  observation  whose  weight  is 
p.  Hence,  if  the  weight  of  a  single  observation  is  1,  the  arithmetical 
mean  of  m  such  observations  will  have  the  weight  m.  Let  the  pro- 
bable error  of  an  observation  of  the  weight  unitj'  be  denoted  by  r, 
and  the  probable  error  of  that  whose  weight  is  p'  by  r';  then,  ac- 
coiding  to  the  first  of  equations  (28),  we  shall  have 


For  the  case  of  an  observation  whose  weight  is  p"  and  whose  pro- 
bable error  is  r",  we  have 

from  which  it  appears  that  the  weights  of  two  ohaervations  are  to  each 
otlier  inversely  as  the  sgwares  of  their  probable  or  mean  errors,  and, 
according  to  (18),  directly  as  the  squares  of  their  measures  ofpreomon. 
Let  us  now  consider  two  values  of  x,  which  may  be  designated  by 
x'  and  .t",  the  mean  errors  of  these  values  being,  respectively,  s'  and 
e";  then,  if  we  put 

X=  a'  ±  a/' 

and  suppose  that  both  x'  and  a;"  have  been  derived  from  a  large  num- 
ber m  of  observations  (and  the  same  number  in  each  case),  so  that  the 
residuals  u,,  v/,  v'",  &c.  in  the  case  of  x'  and  the  residuals  v„  v/,  v/', 
&c.  in  the  case  of  x"  may  be  regarded  as  the  actual  errors  of  obser- 
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vatioTi,  the  errors  of  the  value  of  X,  as  determined  from  the  several 
observations,  will  be 

V  ±  v„  v'  ±  v,',  ■>/'  ±  v.",  &c. 

Let  the  mean  error  of  X  be  denoted  by  E;  then  wo  have 

„,E-  =,  i:(,  ±  ,,)■  =  M  ±  2  [™,]  +  [.,.,] ; 

and  since  the  number  of  observed  values  is  supposed  to  be  so  great 
that  the  frequency  of  negative  products  m,  is  the  same  as  that  of  the 
similar  positive  products,  so  that  lyv,"]  =  0,  this  equation  gives 

or 

Combining  X  with  a  third  value  x'"  whose  mean  error  is  s'",  the 
mean  error  of  x'  ±  x"  ±  x'"  will  be  found  in  the  same  manner  to  be 
equal  to  e'^  -|-  e"^  +  s'"^ ;  and  hence  we  have,  for  the  algebraic  sum 
of  any  number  of  separate  values, 

E  =  t/j"  +  e"  +  ^"'  +  &c.,  (35) 

an(\,  according  to  the  last  of  equations  (21), 

R  ==  V'?~+  7"  +  /'=  +  &c.,  (36) 

B  being  the  probable  error  of  the  algebraic  sum.  If  the  probable 
errors  of  the  several  values  are  the  same,  we  have 

and  the  probable  error  of  the  sum  of  m  values  will  be  given  by 

Jl  =  rVm. 

Hence  the  probable  error  of  the  arithmetical  mean  of  »i  observed 
values  will  be 


which  agrees  with  the  first  of  equations  (28). 

Let  P  denote  the  weight  of  the  sum  X,  p'  the  weight  of  x',  and  p" 
that  of  x";  then  we  shall  have 
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from  wliich  we  get 

P=^-i^rr  (37) 

Since  the  unit  of  weight  is  arbitrary,  we  may  take 

and  hence  we  have,  for  the  weight  of  the  algebraic  sum  of  any 
number  of  values, 

or,  whatever  may  be  the  unit  of  weight  adoptxsd, 

P=   1    ^^^.  (39) 

^  +  -47  +  -vt;  +  ■  ■  ■  ■ 
■p'   '   p"   '  p"  ' 

In  the  case  of  a  scries  of  observed  values  of  a  quantity,  if  we 
designate  by  r'  the  probable  error  of  a  residual  found  by  comparing 
the  arithmetical  mean  with  an  observed  value,  by  r  the  probable 
error  of  the  observation,  by  3^^  the  arithmetical  mean,  and  by  n  any 
observed  valucj  the  probable  error  of 

according  to  (36),  will  be 

Ti,  being  the  probable  error  of  tlie  arithmetical  mean.   Hence  we  derive 


and  if  we  adopt  the  value 


=  0.8453 


M 


the  expression  for  the  probable  error  of  an  observation  becomes 

r  =  0.8453  --=M=;  (40) 

in  which  [v]  denotes  the  sum  of  the  residuals  regarded  as  positive, 
and  m  the  number  of  obseiTations. 

133.  Let  n,  n',  n",  &c.  denote  the  observed  values  of  x,  and  letp, 
p',p",  &c.  be  their  respective  weights;  then,  according  to  the  deii- 
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nition  of  the  weight,  the  value  n  may  be  r^arded  as  the  arithmetical 
mean  of  p  observations  whose  weight  is  unity,  and  the  same  is  true 
in  the  case  of  n',  n",  &c.  "We  thus  resolve  the  given  values  into 
P  ~\-  p'  +  p"  +  •  •  ■  •  observations  of  the  weight  unity,  and  tlie  arith- 
metical mean  of  all  these  gives,  for  the  most  probable  value  of  x, 

J.  ^Pi^  +  P''>^'  +  -P"^'"  +  ^'^-  ^  \-P^^  (41) 

p+p'  +  p"  +  &c.  [p']  ' 

The  unit  of  weight  beiug  entirely  arbitrary,  it  is  evident  that  the 
relation  given  by  this  equation  is  correct  as  well  when  the  quantities 
P>  P'j  P"t  '^c.  are  fractional  as  when  they  are  whole  numbers.  The 
weight  of  x^  as  determined  by  (41)  is  expressed  by  the  sum 

p -\- p'  ■\- p"  -{-  p'"  +  &c,, 

and  the  probable  error  of  'x^  is  given  by 

(42) 


i^_p+y +?"  +  ...     V\_p~i 

when  r,  denotes  the  probable  error  of  an  observation  whose  weight 
is  unity.  The  value  of  r,  mnst  be  found  by  means  of  the  observa- 
tions themselves.  Thus,  there  will  be  p  residuals  expressed  by 
•n  —  flTp,  p'  residuals  expressed  by  n'  —  a;,,,  and  similarly  in  the  case  of 
n",  n'" ,  &c.     Hence,  according  to  equation  (31),  we  shall  have 


JLp^.. 


r,  =  0.(>U5^J'=^^.  (43) 


in  which  m  denotes  the  number  of  values  to  be  combined,  or  the 
number  of  quantities  n,  n',  n",  &g.  For  the  mean  error  of  %  we 
have  the  equations 

'  (44) 


v'lpi   Af(«.-i)t:p]- 

If  different  determinations  of  the  quantity  x  are  given,  for  which 
the  probable  errors,  are  r,  r',  r",  &o.,  the  reciprocals  of  the  squares 
of  these  probable  erroi-s  may  be  taken  as  the  weights  of  the  respective 
values  n,  n',  n",  &e.,  and  we  shall  have 

3  +  l^  +  ^.  +  ---- 

^0=^1 1 T '  f45) 

-.  +  pi  +  -k^'-- 


sted  by  Google 


dlb  TIIKOKETICAT.   ASTRONOMY, 

with  the  probable  error 


'  V?+.-+;i=+-' 


The  mean  errore  may  be  used  in  these  equations  instead  of  the  pro- 
bable errors. 

134.  The  results  thus  obtained  for  the  case  of  the  direct  observa- 
tion of  the  quantity  sought,  are  applicable  to  the  determination  of 
the  conditions  for  finding  the  moat  probable  values  of  several  un- 
known quantities  when  only  a  certain  function  of  these  quantities  is 
directly  observed.  In  the  actual  application  of  the  formulse  it  mil 
always  be  possible  to  rediice  the  problem  to  the  ease  in  which  the 
quantity  observed  is  a  linear  function  of  the  quantities  sought.  Thus, 
let  V  be  the  quantity  observed,  and  f,  y^,  ^,  &e,  the  unknown  quan- 
tities to  be  detei'mined,  so  that  we  have 

r=m,,!: ). 

Let  ^D,  ^d,  fo,  &c,  be  approximate  values  of  these  quantities  supposed 
to  be  already  known  by  means  of  previous  calculation,  and  let  x,  y, 
s,  &c.  denote,  respectively,  the  corrections  which  must  be  applied  to 
these  approximate  values  in  order  to  obtain  their  true  values.  Then, 
if  we  suppose  tliat  the  previous  approximation  is  so  close  that  the 
squares  and  products  of  the  several  corrections  may  be  neglected,  we 
have 

_^dV     ,dV        AV 


v-y„= 


and  thus  the  equation  is  reduced  to  a  linear  form.  Hence,  in  general, 
if  we  denote  by  n  the  difference  between  the  computed  and  the  ob- 
served value  of  the  function,  and  similarly  in  the  case  of  each  obser- 
vation employed,  the  equations  to  be  solved  are  of  the  following 
form:— 

ax    +by   +CZ    +du    -}- ew    -|-/(    +n^0, 
a'x  +  b'y  +  c'z  4-  (Tm  -|-  e'w  +ft  -f-  «'  =  «,  (47) 

a";c  4-  b"y  +  o"^  +  d'\i  +  e"«i  +/'£  +  n"  =  0, 
&c.  &c. 

whicli  may  bo  extended  so  as  to  include  any  number  of  unknown 
quantities.  If  the  number  of  equations  is  the  same  as  the  number 
of  unknown  quantities,  the  resulting  values  of  these  will  exactly 
satisfy  the  several  equations;  but  if  the  number  of  equations  exceeds 
the  number  of  ujiknown  quantities,  there  will  not  be  any  system  of 
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values  for  these  ■which  will  reduce  the  second  members  absolutely  to 
zero,  and  we  can  only  determine  the  values  for  which  the  errors  for 
the  several  equations,  which  may  be  denoted  by  v,  v',  v",  &c.,  will  be 
those  which  we  may  regard  as  belonging  to  the  most  prgfaable  values 
of  the  unknown  quantities. 

Let  d,  J',  J",  &A1.  be  the  actual  errors  of  the  observed  quantities; 
then  the  probability  that  these  occur  in  the  case  of  the  observations 
used  in  forming  the  eq^uations  of  condition,  will  be  expressed  by 

and  the  most  probable  values  of  the  unknown  quantities  will  be  those 
which  make  P  a  maximum.  The  form  of  the  function  f  (d)  has 
been  already  found  to  be 

and  hence  we  shall  liave 

p  __  hh'h". . .    _  (;,!ia  .i-  Vila's  -[.  ;,"Ea™  -i-  *c.) 

m  being  the  number  of  observations  or  equations  of  condition.     In 
order  that  P  may  be  a  maximum,  the  value  of 
h'A'  +  A"  J"  +  h"'A"'  +  &c. 
must  be  a  minimum.     If  the  observations  are  equally  good,  the  ex- 
pression for  P  becomes 

p  _     A"      _  A!  (as  +  A-!  H-  l."i  +  ic) 

and  the  condition  of  a  maximum  probability  requires  that 

shall  be  a  minimum.  Hence  it  appears  that  when  the  observations  are 
-equally  precise,  the  most  probable  values  of  the  unknown  quantities 
are  those  which  render  the  sum  of  the  squares  of  the  residuals  a 
minimum,  and  that,  iu  general,  if  each  error  is  multiplied  by  its 
measure  of  precision,  the  sum  of  the  squares  of  the  products  thus 
formed  must  be  a  minimum. 

If  we  denote  the  actual  residuals  by  v,  v',  v",  &c.,  and  regard  the 
observations  as  having  the  same  measure  of  precision,  the  condition 
that  the  sum  of  their  squares  shall  be  a  minimum  gives 

ax  ay  az 
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dy  ^      dy 
!    .    jdtf    ,    jidv"    , 


If  we  differentiate  the  equations 

ax    +by   +c^    +du    +e«;    +/(    +«   =v, 
a'x  +  h'y  +  e'.  +  d'x>.  +  ^w  +ft  +n'^^, 
o!'^  4-  b"y  +  c"a  +  d"u  +  «"iu  +/"(  +  ^"  =  «", 
&c.  &c. 

with  respect  to  x,  y,  z,  tfee,,  successively,  we  obtain 


dv 


dv 

dy  ~ 


Introducing  these  values  into  the  equations  (48),  and  substituting  for 
V,  v',  v",  &c.  their  values  given  by  (49),  we  get 

laa-}  X  +  [a6]  y  +  [«c] .  +  [«d]  u  +  [ae]  w-{-[of\t  +  [a^i] 
[«5]  ^  +  [66]  y  +  [6c]  z  +  [6^]  «  +  [fe]  »  +  [6/ ]  i  +  [&«] 
[«c]  ^  +  [6c] ;/  +  [cc]  ^  +  [erf]  «  +  [oe]  i«  +  [c/]  (  +  [c«]  -  0, 
[«d]*+  lbd-\y  +  \cd]z  +  [dtfiM  +  [de-]w+  [df-\t  +  [dw]-  0, 
[a«]  X  +  [6e]  2/  +  [cs]  ^  +  [rfe]  «  +  [cc]  i«  +  [cf]  t  +  [c«] 
[«/]  *  +  W-\y  +  [c/]  ^  +  [rff]  «  +  [e/]  w  +  [//]  t  +  [/«] 


[aa]=aa  +  aV +  «"«"+.... 
[a6].^a6  +  a'6'  +  «"6"  +  .... 
[«.]=ac  +  .V+«'V'  +  ....  f^2) 

[66]  =  66  +  6'6'  +  b"b"  + 

&c.  &c. 

The  equations  of  condition  are  thus  reduced  to  the  same  number  as 
the  number  of  the  unknown  quantities,  and  the  solution  of  these 
will  give  the  values  for  which  the  sum  of  the  squares  of  the  residuals 
will  be  a  minimum.  These  final  equations  are  called  noi-mal  equations. 
When  the  observations  are  not  equally  precise,  in  accordance  with 
the  condition  that  AV  +  A'^**  +  h"^v"^  +  &c.  shall  be  a  minimum, 
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each  equation  of  condition  must  be  multiplied  by  the  measure  of 
precision  of  the  observation;  or,  since  the  weight  is  proportional  to 
the  squsire  of  the  measure  of  precision,  each  equation  of  condition 
must  be  multiplied  by  the  square  root  of  the  weight  of  the  observa- 
tion, and  the  several  equations  of  condition,  being  thus  reduced  to 
the  same  unit  of  weight,  must  be  combined  as  indicated  by  tiie  equa- 
tions (51). 

135.  It  will  be  observed  that  the  formation  of  the  first  normal 
equation  is  effected  by  multiplying  each  equation  of  condition  by 
the  coefficient  of  a;  in  that  equation  and  then  taking  the  sum  of  all 
the  equations  thus  formed.  The  second  normal  equation  is  obtained 
in  the  same  manner  by  multiplying  by  the  coeflicient  of  ys  and  thus 
by  rouitiplying  by  the  coefficient  of  each  of  the  unknown  quantities 
the  sevei-al  normal  equations  are  formed.  These  equations  will  gene- 
rally give,  by  elimination,  a  system  of  determinate  values  of  the 
unknown  quantities  x,  y,  z,  &c.  But  if  one  of  the  normal  equations 
may  be  derived  from  one  of  the  others  by  multiplying  it  by  a  con- 
stant, or  if  one  of  the  equation.?  may  be  derived  by  a  combination  of 
two  or  more  of  the  remaining  equations,  the  number  of  distinct  rela- 
tions will  be  less  than  the  number  of  unknown  quantities,  and  the 
problem  will  thus  become  indeterminate.  In  this  case  an  unknown 
quantity  may  be  expressed  in  the  form  of  a  linear  function  of  one  or 
more  of  the  other  unknown  quantities.  Thus,  if  the  number  of 
independent  equations  is  one  less  tlian  the  number  of  unknown 
quantities,  the  final  expressions  for  all  of  these  quantities  except  one, 
will  be  of  the  form 

3;  =  a  +  ^(,  2^  =  f^'  -I-  (-i't,  s  zz=  a"  +  fi"i,  &c.         (53) 

The  coefficients  a,  (5,  a',  /3',  &«.  depend  on  the  known  terms  and  co- 
efficients in  the  normal  equations,  and  if  by  any  means  t  can  be  de- 
tennined  independently,  the  values  of  :c,  y,  %,  &c.  become  determinate. 
It  is  evident,  further,  that  when  two  of  the  normal  equations  may  be 
1  nearly  identical  by  the  introduction  of  a  constant  factor,  the 
1  becomes  so  nearly  indeterminate  that  in  the  numerical  appli- 
cation the  resulting  values  of  the  unknown  quantities  will  be  very 
uncertain,  so  tltat  it  will  be  necessary  to  express  them  as  in  the  equa- 
tions (53). 

The  indetermination  in  the  case  of  the  normal  equations  results 
necessarily  from  9-  similarity  in  the  original  equations  of  condition, 
and  when  the  problem  becomes  nearly  indeterminate,  the  identity  of 
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the  equations  will  be  closer  in  tbe  normal  equations  than  in  tlie  eqim- 
tiona  of  condition  from  which  they  are  derived.  It  should  be  observed, 
also,  that  when  we  express  x,  y,  s,  &c.  in  terms  of  (,  as  in  (53),  the 
normal  equation  in  (,  which  is  the  one  formed  by  multiplying  by  the 
coefBcient  of  ( in  each  of  the  equations  of  condition,  is  not  required. 

136.  The  elimination  in  the  solution  of  the  equations  (51)  is  most 
conveniently  effected  by  the  method  of  substitution.  Thus,  the  first 
of  these  equations  gives 


.= 

-gs- 

"5  „ 

■U' 

[<».]. 
[««]■ 

and  if  we 

substitute  this  for'^c  in 

each  of  the  remaining 

normal 

tiona,  and 

put 

[S6]- 

-[St"« 

:-=[5t.l]. 

m 

[oS] 

M  = 

.[fcl], 

M' 

-[S« 

[<■/]  = 

[..«:  = 

=  [fe.l], 

M- 

-ejc. 

=  [».!], 

[rf] 

-[Si] 

[<■<!]  = 

=  [rf,l], 

w- 

-[2]- 

=  [t«.l], 

:»/] 

[«»] 

[««: 

w:  = 

=  W.l]i 

[<!i]- 

-g:i« 

C./]  = 

[#i]; 

[a.]  = 

=  [<i,.l]. 

M- 

[b/]  = 

[//•Hi 

[<■/]= 

=  W.il 

[*•]■ 

-[:&« 

=  [S».I], 

[«.] 

[aa] 

M  = 

=  [»..l], 

[<!»]■ 

-[^- 

1  =[<!».!], 

[«»] 

M  = 

-[.»]= 

=  [»..]]. 

(55) 


(66) 
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[&J.1]  y  +  [6c.l]  ^  +  [M.l]  M  +  [6e.l]  «;  +  [i/.l]  i  +  [5n.l]  =  0, 
[6c.l]  y  +  [ccl]  a  +  H.1]  -i.  +  [«e,l]  i«  +  [c/.l]  (  +  [«i..l]  =  0, 
ibd.l}  y  +  Icd.l]  3  +  idd.l}  u  +  [de.l]  w  +  [d/.l]  ( +  [tfw.l]  =  0,     (59) 
[Je.l]  ^  +  [ee.l]  a  +  [rfe.l]  m  +  [ee.l]  w  +  [e/.l]  t  +  [m.l]  =  0, 
[&/.1]  y  +  Lof.llz  +  [rf/.l]  u  +  [e/-l]  ™  +  [//I]  *  +  O-l]  =  0- 
These  equations  are  symmetrical,  and  of  the  same  form  as  the  normal 
equations,  the  coefficients  being  distinguished  by  writing  the  numeral 
1  within  the  brackets. 

The  unknown  quantity  x  is  thus  eliminated,  and  by  a  similar  pro- 
cess y  may  be  eliminated  from  the  equations  (59),  the  resulting  equa- 
tions being  rendered  symmetrical  in  form  by  the  introduction  of  the 
numeral  2  within  the  brackets.     Thus,  we  put 


[««.i]  • 


[fc.i] 


[6i!.l]  =  [cc.2], 


t-"-tm]["-'i  =  C"'=*i 


[rf(^.i]  - 


"  [S6.1] 


[6il]  =  [(Jc!.2], 


W.l] 


-  [SS.IJ 


[6/l]  =  [<if.2]; 


[»/.2] ; 

:[&.2], 


"  [66.1] 


i[6..1]  =  [«.2],  [./.I] 

[66.1]  '■■'-' 


"  [66.1] 

[6«.l] 

"  [S6.1] 


[//.1]^P 
[6ji.l]  =  [c«.23, 


=  [//.2]; 


[6,>.1]  =  [».2],        [/«.l]. 


[66.1]  L 

[Mil 
"[66.1] 


[6«.l]  =  [/».2], 


and  the  equations  become 


[a.2]  !  +  [rf.2]  «  +  [«.2]  «.  +  [e/.2]  ( +  [«.2]  =  0, 
,  [rf.2]  J  +  idd/I] «  +  [A.2]  m  +  [<i/.2]  1  +  [iiii.2]  =  0, 
[oe.2]  0  +  [(ie.2]  «  +  [...2] «,  +  [«/.2]  I  +  [...2]  =  0, 
[C/.2]  »  +  W.2]  «  +  [ef.2]  »  +  [//.2]  t  +  [/,.2]  =  0. 


To  eliminate  s  from  these  equations,  we  put 

^fsmr,J^,^^rM<,^  rj.2i_M?l 


[iici.2]  - 


^[o(!.2]  =  [iicJ.3], 


[■!e.2]- 


[a2] 


[cs,21  =  [<ie,3], 


[■i/.2]-^|j![qf.2]  =  [4f.3]; 
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[W.2] 


and  we  have 


[/>..2]-I*-|L[™.2]  =  [/„.3], 


[«.2]  =  [m.3], 

(67) 


[<M.3]  »  +  [<!«.3]  «i  +  [<J/.3]  1  +  iduS]  =  0, 

[*.3]  »  +  [a.3]  «.  +  [./.3]  1  +  [^.S]  =  0,  (68) 

[d/.3] «  +  [./.3: ,.  +  [//.3]  I  +  [/n.3]  =  0, 

Again  we  put,  in  a  similar  manner, 


u»-«'-[l|w»-'^]=[>-fl' 


and  tlie  equations  are 


[„.4]«  +  [ef.4]l  +  [m.4]  =  0, 
[<!f.4]»+[//.4]l  +  [/«.4]=0. 


Finally,  to  eliminate  lo,  we  pitt 


[//.4] 


W4]  r 


:e..4J  ■- 

and  the  resulting  equation  is 

[//.5]l  +  [/»-5]  =  0,  (72) 

which  gives 

The  value  of  t  thus  found  enables  us  to  derive  that  of  w  hy  means 
of  the  first  of  equations  (70).  The  value  of  w  being  found,  that  of 
u  will  be  obtained  from  the  first  of  equations  (68),  In  like  manner, 
the  remaining  unknown  quantities  will  be  determined  by  means  of 
the  equations  (64),  (69),  and  (51).  The  determination  of  the  unknown 
quantities  is  thus  reduced  to  the  solution  of  the  following  system  of 
equations : 
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lU.ll''^  IbUl"'^  [SS.l] 
[ri.2]         [c«.2] 

,  [A.3] 
"  +  [333]'" 


+  [<..]'    +M 

[t/.l]        [h..l]_ 
"•■  [66.1]  ^  [JS.l] 

[./.2]         [CB.2]  _ 
'+[«c.2]'+[03.2] 
.  ,  W]        [A.S] 
[3<;.3]  "^[(M.8] 
[«/.4],  ,[<■■■■*]_ 

[/».5]_ 


<+ 


[//■5]  " 


the  coefficients  of  wliich  will  liave  been  found  in  the  process  of  de- 
termining the  several  auxiliary  quantities.  It  will  be  observed, 
farther,  that  both  in  the  normal  equations  and  in  those  which  r^iult 
after  each  successive  elimination,  the  coefficients  which  appear  in  a 
horizontal  line,  with  the  exception  of  the  coefficient  involving  the 
absolute  terms  of  the  equations  of  condition,  are  found  also  in  the 
corresponding  vertical  line.  The  form  of  the  notation  [^&-l],  [^o^lji 
&c.  may  be  symbolized  thus : 


&5r./x]  -  p-"J  i.r.!q  =  i^r.  (/^  +  D], 


(75) 


in  which  a,  fi,  y,  denote  any  three  letters,  and  ii  any  numeral. 

The  equations  (74)  are  derived  for  the  case  of  six  unknown  quan- 
tities, which  is  the  number  usually  to  be  determined  in  the  correction 
of  the  elements  of  the  orbit  of  a  heavenly  body;  but  there  will  be 
no  difficulty  in  extending  the  process  indicated  to  the  case  of  a  greater 
number  of  unknown  quantities,  except  that  the  number  of  auxiliaries 
symbolized  generally  by  (75)  increases  very  rapidly  when  the  number 
of  unknown  quantities  is  increased, 

137.  In  the  numerical  application  of  the  formula),  when  so  many 
quantities  are  to  be  computed,  it  becomes  important  to  be  able  to 
cheek  the  accuracy  of  the  calculation  in  its  successive  stages.  First, 
then,  to  prove  the  calculation  of  the  coefficients  in  the  normal  equa- 
tions, we  put 

a'  +  6'  +  cr  +  d'  +  e*  +/  =  b',  &c. 

If  we  multiply  each  of  the  sums  thus  formed  by  the  corresponding 
absolute  term  Ji,  and  take  the  sum  of  all  the  products,  we  have 
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Ian]  +  Ibn-]  +  [m]  +  [rf«]  +  [e«]  +  [>]  -  M.  (76) 


In  a  similar  manner,  multiplying  by  each  of  the  eoefficieuts  in  the 
or^nal  equations  of  condition,  we  find 


[««]  +  [a6]  +  lac-]  +  [ad]  +  [ae]  +  [«/]  =  [«.], 
[ab]  +  [66]  +  [6c]  +  Ibd]  +  [6e]  +  [6/]  -  [6s], 
[„,]  +  [Jc]  +  [CG]  +  led]  +  Ice-]  +  Icf]  =  [0.], 
lad]  +  Ibd]  +  led]  +  [_dd]  +  Idc]  +  Idf]  =  ids], 
lae]  +  [6c]  +  Ice]  -{;  [de]  +  [ee]  +  [e/]  =  [es], 

[«/]  +  wi  +  m  +  C'T]  +  [«/]  +  [//] = m- 


(77) 


Hence  it  appears  that  if  we  compute  the  sums  s,  s',  s",  s'",  &o.,  and 
form  [ras],  [6s],  {cs},  &c-  simultaneously  witli  the  calculation  of  the 
coeffioiente  in  the  normal  equations,  the  equation  (76)  must  be  satis- 
fied when  the  absolute  terms  of  the  normal  equations  are  correct; 
and  the  equations  (77)  must  be  satisfied  when  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations  are  correct. 

The  accuracy  of  the  calculation  of  the  auxiliary  quantities  sym- 
bolized by  the  equation  (75)  may  be  proved  in  a  similar  manner. 
Thus,  we  have 

[6..1]  =  M-|!^1m, 

which,  by  means  of  the  fii-st  and  second  of  equations  (77),  becomes 
[6..1]  =.  [66]  -  Eg  [«J]  +  [6c]  -  £g  lac]  +  Ibd]  -  g^  [acT] 


-[gt-]  +  [6f]-[g[ 


+  U>e-i  -  O  t«^]  +  KH  -  F^  [«/]. 


[6*.l]  =  [66.1]  +  Ibe.l]  +  lbd.l]  +  Ibe.l]  +  [6/.1] ;  (78) 

and  similarly  we  derive  the  expressions  for  [cs.l],  [rfs.l],  &c.  It  is 
obvious,  therefore,  that  the  calculation  of  the  coefficients  in  the  equar- 
tions  (59),  (64),  (68),  and  (70)  will  be  checked  as  in  the  case  of  the 
coefficients  in  the  normal  equations,  the  auxiliaries  depending  on  s 
being  determined  as  if  s,  s',  s",  &c.  were  the  coefficients  of  an  addi- 
tional unknown  quantity  in  the  several  equations  of  condition.  Hence 
we  must  have,  finally, 

[/,.5]  =  [//.5],  [™.5]  =  [/».5].  (79) 

If  we  multiply  each  of  the  equations  (49)  by  its  v,  and  take  the 
sum  of  the  several  products,  we  get 

[««]  x  +  ll„]y  +  lav-]  z  +  Idv]  u  +  lev}  w  -[-  [>]  i  +  [™]  =  [w]. 
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But,  a<?cording  to  the  equations  (48)  aiid  (50),  we  have,  for  the  most 
probable  values  of  the  luiknown  quantities, 

[ot]  =  0,  [bv-j  =  0,  [c^]  =  0,  &e. ; 

and  hence 

M  =  M.  (80) 

If  wc  multiply  each  of  the  equations  (49)  by  its  n,  and  take  the  sum 
of  all  the  products  thus  formed,  substituting  [yv']  for  [vn],  there  re- 
sults 

Ian-]  X  +  [to]  y  +  [at]  z  +  [rf^]  u  +  [e«]  w  +  [/,i]  t  +  [««]  =  [w]. 

Substituting  in  this  the  value  of  x  given  by  the  first  normal  equa- 
tion, it  becomes 

[6^.1]  y  +  [_mX\  z  +  ldn.Y\  u  +  [mX]  w  +  [>.!]  f  +  C'^'^-l]  ^  M, 

in  which 


M' 


(81) 


Substituting,  further,  for  y  its  value  given  by  tlie  first  of  equations 
(59),  and  continuing  the  process  as  in  the  elimination  of  the  unknown 
quantities  by  successive  substitution,  we  obtain  the  following  equa- 
tions : 

[«.2]  t  +  [*..2]  «  +  [m.2]  «!  +  [/».2]  i  +  [»«.2]  =  M, 
[<i».3:  «  +  [m.3]  »  +  0.3]  i  +  [«>>.3:  =  M, 

[«.4]«+[^.4]i  +  [«».4]  =  [«»],      C82) 
[/...5]f  +  [»».6]  =  W, 
[1....6:  =  [«.]. 

The  expressions  for  the  auxiliaries  [mw-SJ,  [rai,3],  &>i.  are 


[™,.2]  = 

:„a3-M, ....]. 

[,»..3]  =  [»n.2]-j 

ef^-n 

[«„.4]  = 

[-^]-il|[*'-'J- 

[ra>.6J  =  [»n.4J~| 

5f-*^. 

[«».6J  =  [»».6]- 

-[i|c/..«. 

(83: 

The  process  here  indicated  may  be  readily  extended  to  the  case  of  a 
greater  number  of  unknown  qnantities,  and  we  have,  in  general,  when 
ju  denotes  the  number  of  unknown  quantities, 

M  =  [,».,].  (84) 
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This  equatiou  affords  a  complete  verifioatioii  of  the  entire  numerical 
ealcnlation  involved  in  the  determination  of  the  unknown  quantities 
from  the  original  equations  of  condition.  Thus,  after  the  elimination 
has  been  completed,  we  substitute  the  resulting  values  of  x,  y,  z,  &c. 
in  the  equations  of  condition,  and  derive  the  corresponding  values 
of  tlie  residuals  v,  v',  v",  &a.  Then,  taking  the  sum  of  the  squares 
of  these,  the  equation  (84)  must  be  satisfied  within  the  limita  of  the 
unavoidable  errors  of  calculation  with  the  logarithmic  tables  em- 
ployed. If  this  condition  is  satisfied,  it  may  he  inferred  that  the 
entire  calculation  of  the  values  of  the  iniknown  quantities  from  the 
given  equations  of  condition  is  correct. 

138.  If  the  values  of  ic,  y,  z,  &e,  thus  found  were  the  absolutely 
exact  values,  the  residuals  «,  v',  v",  &a.  would  be  the  actual  erroi-s 
of  observation.  But  since  the  results  obtained  only  furnish  the  most 
probable  values  of  the  unknown  quantities,  the  final  residuals  may 
differ  slightly  from  the  accidental  errors  of  observation.  Furthei', 
it  is  evident  that  the  degree  of  precision  with  which  the  several 
unknown  quantities  may  be  determined  by  means  of  the  data  of  the 
problem  may  be  very  different,  bo  that  it  is  desirable  to  be  able  to 
determine  the  relative  weights  of  the  different  resulte. 

It  will  be  observed  that  the  expressions  for  either  of  the  unknown 
quantities  resulting  from  the  elimination  of  the  othei-s  is  a  linear 
function  of  n,  n',  u",  &c.,  so  that  m  e  have 

J-  ^-  ^n  4  a'«'  +  »"«"  +  ^■'■n'"  +  ....  =  0,  (85) 

in  which  the  coefiicients  a,  a',  a",  &c.  are  functions  of  the  several 
coefdcientfi  of  the  unknown  quantities  in  the  equations  of  condition. 
If  we  now  suppose  the  equations  of  condition  to  be  reduced  to  the 
same  unit  of  weight,  the  mean  error  of  the  several  absolute  terms  of 
the  equations  will  be  the  same,  and  will  be  the  mean  error  of  an 
observation  whose  weight  is  unity.  Thus,  if  e  denotes  the  mean 
error  of  an  observation  of  the  weight  unity,  the  mean  error  of  an 
will  be  cce,  that  of  a,'n'  will  be  ct'e',  and  similarly  for  the  other  terms 
of  (85);  and,  according  to  the  equation  (35),  the  mean  error  of  x 
will  be 

£^  =  .  ]/a'+«'"-f-"a"'+&C.  =  J  V\^.  (86) 

Hence  the  weight  of  x  will  be  expressed  by 
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Let  '£,  denote  the  true  value  of  x,  nimeiyj  that  which  would  be 
obtained  if  tbe  true  values  of  u,  i',  i' ,  &e.  were  retained  in  the 
second  members  of  the  equation=i  of  condition  instead  of  putting 
them  equal  to  zero;  then  it  is  uvident  thit  the  expression  for  x,  must 
be  that  which  would  result  by  aubititutmg  tj  —  «  in  place  of  n  in  the 
formula!  for  the  most  probable  \  ilue  is  determined  fivDm  the  actual 
data.     Heueo  we  have 

^-,  +  ,  (,j  „„)  +  ,'  (^'  _  ^')  +  ....  =  0, 

and  comparing  this  with  the  expression  (8.5),  we  obtain 

»,=»  +  ["]■ 

Substituting  in  tbia  the  vahics  of  v,  v'^  w",  &c.  given  by  the  equations 
(49),  there  results 

^,  -  a;  +  [a«]  X,  +  [o,b]  y,  +  [ac]  .,  +  [otj]  U,  +  [a.]  W,  +  [of]  (,  +  [a«], 

and  since,  according  to  [%b),x-^-\o,n\  =  0,  in  order  to  satisfy  this 
expression  for  x„  we  must  evidently  have 

iaa\  =  l,     [a6]  =  0,      M=0,      M]-0,      M  =  0,      [a/]  ==0.(88) 

Since  the  values  of  the  unknown  quantities  as  determined  by  the 
normal  equations  must  be  the  same  by  whatever  mode  the  elimination 
may  have  been  performed,  let  us  suppose  the  method  of  indeterminate 
multipliers  to  be  applied  for  the  determination  of  x,  and  let  these 
multipliers  be  designated  by  q,  q',  q",  &c, ;  then,  the  values  of  these 
factore  are  determined  by  the  condition  that  tlie  coefficient  of  x  in 
the  final  equation  shall  be  unity,  and  that  the  coefficients  of  the  other 
unknoivn  quantities  shall  be  zero.     Hence  we  shall  have 

[a«]9+[«&]9'+M3"+[<l5"'  +  ----  =  l. 
[a6]  g  +  [66]  i  +  [6c]  <('  +  [6d]  5"'  +  ....  =  0,  (89) 

[oc]  q  +  [6e]  g"  +  [cc]  5"  +  [cd]  9'"  +....-  0, 
&e,  &e. 

and  also,  retaining  the  residuals  v,  v',  v",  &e.  in  the  formation  of  the 

normal  equations, 

X,  +  {an-\  q  +  [fo!]  q'  +  [eiij  9"  +  ...  -  [aiq  q  +  [6^]  q'  +  [cv]  q"+...  (90) 

Therefore,  since 

:.,  +  [...]  =  [«], 

and  since  the  first  member  of  this  equation  must  be  identical  with 
the  first  member  of  (90),  we  have 

[av-J  q  +  Ibv}  q'  +  lev}  q"  +  .  .  .  =  av  +  ».W  +  «"«"  +  .  .  . , 
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which  gives,  by  expanding  the  several  sums, 

aq   +  bq'    +  of   +  dq'"    + ^  a, 

a'q  +  6Y  +  c-g"  +  d'q'"  +....  =  »',  (91) 

a"q  +  V'i  +  c"5"  +  S'i"  + =  a", 

&c.  &c. 

Multiplying  each  of  these  equations  by  its  ct,  and  adding  the  pro- 
ducts, the  result  is 

[a«]  5  +  [.6]  i  +  [«C]  g"  +  [ad]  5'"  +....-  [aa], 

■which,  by  moans  of  the  equations  (88),  reduces  to 

5=1.  (92) 

Hence  it  appears  that  the  eliminating  factor  q  is  the  reciprocal  of  the 
weight  of  a;,  and,  since  the  coefficients  of  g,  5',  g",  &e.  in  the  eqna- 
tions  (89)  are  the  same  as  those  of  !c,  y,  3,  t&e.  in  the  normal  equa- 
tions, that  if  we  put  [on]  =  —  1,  [6ji]— 0,  [era]— 0,  &c.,  in  tho 
normal  equations,  the  resultmg  value  of  x  will  be  the  reciprocal  of  , 
the  weight  of  the  most  probable  of  this  quantity. 

The  equation  (90)  shows  that  if,  in  the  general  elimination,  by 
whatever  method  it  may  have  been  effected,  we  writ€  [w-w],  [6«],  &c. 
instead  of  zero  in  the  second  members  of  the  normal  equations  re- 
spectively, the  coefficient  of  \m\  is  the  reciprocal  of  the  weight  of  x. 
It  is  obvious  that  it  will  not  be  necessary  to  know  the  numerical 
values  of  \ax\,  \hv\,  &c.,  since  only  tlie  coefficient  q  is  reqnired.  The 
most  probable  value  of  x  is  found  from  (90)  by  the  condition  of  a 
minimum  of  the  squares  of  the  residuals,  namely,  tliat 

[««]  =.  0,        \hv-\  =  0,        [ct]  ^  0,        &c. 

The  process  here  indicated  for  the  determination  of  the  weight  of 
the  iinal  value  of  a;  is  general,  and  applies  to  the  case  of  any  other 
unknown  quantity  provided  tliat  the  necessary  changes  are  made  in 
the  notation.  Thus,  the  reciprocal  of  tlie  weight  of  y  is  determined 
by  writing,  in  the  normal  equations,  —  1  in  place  of  [6w],  and  putting 
[«)i],  [on],  &c.  equal  to  zero,  and  completing  the  elimination.  It 
is  also  the  coefficient  of  [feu]  in  the  value  of  y  when  the  elimination 
is  effected  with  the  symbols  [a«],  \hv\,  &c,  retained  in  the  second 
members  of  the  normal  e 


139.  It  may  be  easily  shown  that  when  the  elimination  is  effected 
by  the  method  of  successive  substitution,  as  already  explained,  the 
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coefficient  of  the  unknown  quantity  which  is  made  the  last  in  the 
elimination,  in  the  final  equation  for  its  determination,  is  equal  to  the 
■weight  of  the  resulting  value  of  that  quantity.  Thus,  in  the  ease  of 
the  equations  for  six  unknown  quantities,  since  the  reciprocal  of  the 
weight  of  the  most  probable  value  of  (  is  the  value  of  t  obtained 
from  the  normal  equations  by  puttingj/Tfl  ^=  —  1,  and  'ari^  Ibfi,  en,  &c. 
equal  to  zero,  the  equations  (63),  (67),  (69),  and  (71)  show  that  we 
have 

[/»]  =  t/».l]  =  W..2]  =  [/.>.3]  =  [/...4]  =  [/».5]  =  - 1, 

and  hence,  according  to  (72),  for  the  reciprocal  of  the  weight  of  (, 

which  gives 

p,=  [ff.6i  (93) 

The  weight  of  t  is  tlierofore  equal  to  its  coefficient  in  the  final  equa- 
tion which  results  from  the  elimination  of  the  other  unknown  quan- 
tities by  successive  suljstitution.  Hence,  by  repeating  the  elimination, 
successively  changing  the  order  of  the  quantities,  so  that  each  of  the 
unknown  quantities  may  have  the  last  place,  the  weights  will  be 
determined  independently,  and  the  agreement  of  the  several  sete  of 
values  for  the  unknown  quantities  will  be  a  proof  of  the  accuracy  of 
the  calculation.  It  is  not  nec^sary,  however,  to  make  so  many 
repetitions  of  the  elimination,  since,  in  each  case,  the  weights  of  two 
of  the  unknown  quantities  will  be  given  by  means  of  the  auxiliaries 
used  ill  the  elimination.  Thus,  the  reciprocal  of  the  weight  of  to  is 
obtained  by  putting  '^ji!=  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero,  and  finding  the  corresponding  value 
of  w.     This  operation  gives 

[m,4:=-l,        [/...4]  =  0,        [/,..5]  =  K|1 
Hence  the  equation  (73)  becomes 

,      „       [«/.4]_. 
[«.4j[//.5]' 

and  substituting  tliis  value  of  f.  in  tlie  last  of  (iquations  (70),  we  get 
Lff.41  [«!f.41   _  „ 


BiBd  by  Google 


390  THEI>EET1CAL    ASTROSOMY. 

which  gives  the  weight  of  w  in  terms  of  the  auxiliary  quantities 
required  in  the  determination  of  its  most  probable  value, 

If  the  order  of  elimination  is  now  completely  reversed,  so  that  x 
is  made  the  last  in  the  elimination,  the  weights  of  x  and  y  will  be 
det-ermined  by  the  equations 

A  third  elimination,  in  which  z  and  u  are  the  unknown  quantities 
first  determined,  will  give  the  weights  of  these  det-erminations.  It 
appears,  therefore,  that  when  only  four  unknown  quantities  are  to  be 
found,  a  single  repetition  of  the  elimination,  the  order  of  the  quan- 
tities being  completely  reversed,  will  furnish  at  once  the  weights  of 
the  several  results,  and  cheek  the  accuracy  of  the  calculation.  When 
there  are  only  two  unknown  quantities,  the  elimination  gives  directly 
the  values  of  these  quantities  and  also  of  their  weights. 

140.  In  the  case  of  three  or  more  unknown  quantities,  tlie  weights 
of  all  the  results  may  be  determined  without  repeating  the  elimina- 
tion when  certain  additional  auxiliary  quantities  have  been  found. 
The  weights  of  the  two  which  are  first  determined  are  given  in  terms 
of  the  auxiliaries  required  in  the  elimination,  that  of  the  quantity 
which  is  next  found  will  require  the  value  of  an  additional  auxiliary 
quantity,  the  succeeding  one  will  require  two  additional  auxiliaries, 
and  so  on.  The  equations  (74)  show  that  when  the  substitution  is 
effected  analytically  the  final  value  of  ce  will  have  the  denominator 

I>  =  [««]  [bb^-\  [CC.2]  [_ddS]  {esA]  [#5], 
and  this  denominator,  being  the  determinant  formed  from  all  the 
coefiHcieuts  in  the  normal  equations,  must  evidently  have  the  same 
value  whatever  may  be  the  order  in  which  the  unknown  quantities 
are  eliminated.  Let  us  now  suppose  that  each  of  the  unknown 
quantities  is,  in  succession,  made  the  last  in  the  elimination,  and  let 
the  auxiliaries  in  each  elimination  be  distinguished  from  those  when 
( is  last  eliminated  by  annexing  the  letter  which  is  the  coefiicient  of 
the  quantity  first  determined;  then  we  shall  have 


D  = 


a]  [66.1]  [CC.2]  [rfrf.3]  [ee.4]  [#5] 
«],  Lbb.ll  [cc.2],  ldd.Sl  IffAl  [ee.5] 
«3.[66.1},[ec.2],  [ee.3L  [#4].[rf<i.5] 
«].  Ibb.ll  [.dd.2Uee.Sl  IffAl  [cc.5] 
aU<^.illdd.22,lee.^l  [#4],[66.5] 
*]„  ['^"■l].  Ldd.2Uoe.Zl  [//.4]J««.5]. 
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It  will  be  observed,  howevei-,  that  when  the  order  of  elimination  is 
changed,  only  those  auxiliaries  which  involve  the  coefficient  of  the 
quantity  which  is  made  the  last  in  the  changed  order  will  be  changed. 
Hence,  if  we  add  the  distinguishing  letter  only  to  those  auxiliaries 
which  have  a  dilferent  value  in  the  new  order,  we  have 

D  =  [o.][6U]  [00.2]  PAS]  [ee.4]  [J.6] 
=  [.B][6i..l:  [00.2]  Idd.SI  [//.4]  [««.5] 
=  [».]  [».l]  [C0.2]  [00.3]  [#.4],[<iol.5] 
=  [a.][iJ.l]  [i(J.2]  [00.3],  [#4],  [00.5] 
=  [«.]  [00.1]  [<IA2].  [00.31  [//.4].[».5] 
=  [55]  [00.1].  [<i<i.2].  [00.3].  tff.t],  [o«.6], 


and  from  these  equations  \ 

0  obtai 

f.=um. 

.^[oo..^IgI[ 

00.4]. 

.^[-:^fft. 

[00.4] 
[00.3] 

Idd.Sl 

— -{^■ 

[00.4] 

ldd.3] 

00.2], 

[00.3]. 

idd.ij 

^--■«-i|- 

[0..4] 
[„.3]. 

[<!<i.3] 
[dd.2\ 

[00.2] 

[00.1] 

[».l], 

—  -iff- 

[00.4] 

[((<i.3] 

[00.2] 

[SJ.l] 

[00.3]. 

Idd.i], 

[00.1]. 

[M] 

[aa], 


by  means  of  which  the  weights  of  the  six  unkuowii  quantities  may 
be  determined.  The  process  here  indicated  may  be  readily  extended 
to  the  case  of  a  greater  number  of  unknown  quantities.  The  equa- 
tion for  j3„  is  identical  with  (94),  the  expression  for  j)„  introduces  the 
new  auxiliary  quantity  [.0-4]^,  and  that  for  p^  introduces  two  new 
auxiliaries. 

The  expressions  for  the  new  auxiliaries  IffA']^,  [^.4]^,  [ee,3]^,  &c. 
are  easily  formed  by  observing  that  all  the  auxiliaries  as  far  as  those 
which  are  designated  by  the  numeral  4  are  not  affected  by  putting  e 
or/ last,  that,  as  fer  as  those  which  contain  the  numeral  3,  it  malies 
no  difference  whether  d,  e,  or/  is  placed  last,  that  those  distinguished 
by  the  numerals  1  and  2  are  not  affected  by  making  c,  d,  e,  or /the 
last,  and  that  those  designated  by  the  numeral  1  are  unchanged 
unless  a  ia  made  the  last.     Thus,  wc  obtain 


[i'.4],=  [//.3] 


_D!ffl. 


[of.3], 


(97) 
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and,  also  J 

m.=m  -  m  W2].     m.  =  [//.2]  -  KgL  W2],  ^^^^ 

[«.3].=  [«8.2]-[^j[<i..2],         [//.4].=  [//.3].-[*|'  [./.S].. 

In  iike  manner  we  may  derive  the  expressions  for  the  new  auxiliaries 
introduced  into  the  equations  for  p^  and  p,^.  It  will  be  expedient, 
however,  in  the  actual  application  of  the  formulEe,  to  eliminate  fivst 
in  the  order  cc,  if,  z,  m,  w,  (,  and  the  weights  of  the  results  for  v,,  w, 
and  (  will  be  obtained  by  means  of  the  first  three  of  equations  (96), 
the  single  additional  auxiliary  required  being  found  by  means  of 
(97),  Then  the  elimination  should  be  performed  in  the  order  (,  w,  u, 
z,  y,  X,  and  we  shall  have 

by  means  of  which  the  weights  of  x,  y,  and  z  will  be  determined. 
The  agi'eement  of  the  two  sets  of  values  of  the  unknown  quantities 
will  prove  the  accuracy  of  the  numerical  calculation  in  the  process 
of  elimination. 

141.  The  weights  of  the  most  probable  values  of  the  unknown 
quantities  may  also  be  computed  separately  when  certain  auxiliary 
factors  have  been  found,  and  these  factors  are  those  which  are  intro- 
duced when  the  equations  (74)  are  solved  by  the  method  of  inde- 
ta-minate  multipliers  instead  of  by  successive  substitution.  Thus, 
in  order  to  find  x,  let  the  firet  of  these  equations  be  multiplied  by  1, 
the  second  by  A',  the  third  by  A",  the  fourth  by  A'",  and  so  on, 
and  let  the  sum  of  all  these  products  be  taken ;  tlien  the  equations 
of  condition  for  the  determination  of  the  several  eliminating  factors 
will  be 

«]  +  [66.1J^ 

M     fM.r        \cd3-i 

"-[«.]  +  [«J:  ^  +  [a.2:  "*   +  ^   ■ 

M       [6«.l]  [«.2]  [fe3]     ,„       ,,. 

-  [«•:  +  LM.l]      +  L".2j  ldd.3^        ^  l"-i]  ' 
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To  detennine  y  from  the  last  five  of  equations  (74),  let  the  eliminating 
faotors  be  denoted  by  B",  B'",  £'",  and  B^,  and  we  shall  have 

[46.1]+       ' 

[Ml]       [CA2]    ^,^^„ 

[66.1]  +  [«!.2] 


"+r3JTil-^"'  +  *'' 


_[i«.l]       [C..2]     „      [d<,..3] 
[66.1]  "^  [M.2]        "^[(iA3] 
[6/.1]        [C/.2]  „,  ,   [#3]  „„  ,   [e/.4]  , 
[66.1]  +  [(«.2]  ' 


In  a  similar  manner,  we  obtain  t!ie  following  equations  for  tile  de- 
termination of  tlie  eliminating  factors  necassary  for  iiuding  tire  values 
of  the  remaining  unknown  quantities : 

[rf.2]  ,„ 

"-[S3I+''' 

[cc.2]  ■•  [rfrf.3]  " 
_  [«f.2]        [#3]  [e/.4] 

"-[SJJ  +  caS]''    +531''   +*-• 

"      [<J<!.3]+       • 

[iJii.3]  +  [«>.4]        +      ' 

[,,.4] 


+  ^'- 


The  expressions  for  the  values  of  the  unknown  quantities  will  there- 
fore become 

_  [.,]      [fcU]  [«i2]  „  ,  [*i3]  „,  ,  [54]  ,,.  ,  [M  ,, 

"'~[a4'^[66.1]      "^ta.2]       ^ iM.^^   +[«.4]^  "^  [//.6]      ' 
.,       [6».l]      [c».2]  [i».3]  [e«.4]  [/».5] 

-»  =  [66i]+i55i-°  +vmf  +vssi^-+mB\''- 

,  _  [«.2]  ,  [<i».3]  „,„  ,  [m.4]  „,.  ,  [^.5] 


r[«.4]' 
[«.4]      [/n.5] 
"["■4]'^[J.6] 

[>.g 
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The  first  of  tbese  equations  will  give  the  reciprocal  of  the  weight  of 
a;,  when  we  put  [an]  =  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero;  the  second  will  give  the  reciprocal 
of  the  weight  of  y  by  putting  [hn]  =  —  I,  and  the  other  absolute 
terms  of  the  normal'  equations  equal  to  zero ;  and,  continuing  the 
process,  finally  the  last  equation  will  give  the  reciprocal  of  the  weight 
of  t  when  we  put  "fn\^=  —  1,  and  [an],  [6n],  [cti],  &o,  equal  to  zero. 
It  remains,  therefore,  to  determine  the  particular  values  of  [6n.l], 
[(»i.2],  &c.,  and  the  expressions  for  the  weights  will  be  complete. 
If  we  multiply  the  first  of  equations  (100)  by  [an],  it  becomes 

lhi.l}  =  [an2A'  +  ibnl  104) 

Multiplying  the  second  of  equations  (100)  by  [an],  and  the  first  of 
(101)  by  [pTi],  adding  the  products,  and  introducing  the  value  of 
[in.l]  just  found,  we  get 

[,»]  -  [«.l]  +  SMI  [fa.l]  +  [ffl.]  A"  +  [4»]  B-  ..  0, 

which  reduces  to 

Ian-]  A"  +  [6«]  B"  +  [en]  =  [«t.2].  (105) 

Multiplying  the  third  of  equations  (100)  by  [an],  the  second  of  (101) 
by  [fen],  and  the  first  of  (102)  by  [eii],  adding  the  products,  and  re- 
ducing by  means  of  (104)  and  (105),  we  obtain 

0  ^  idn-]  -  ldn.l}  +  [J^^y  [6«.l] 

+  ^  [^.2]  +  [an]  A'"  +  [6n]  B"'  +  [cj^]  C", 

which,  by  means  of  the  expressions  for  the  auxiliaries,  is  further  re- 
duced to 

Ian-]  A'"  +  Ibn}  S"  +  [c.i]  Cf  +  {_dn1  =  idn.?,].  (106) 

In  a  similar  manner  we  find,  from  the  remaining  equations  of  (100), 
(101),  and  (102),  the  following  expressions : 


[an]  ^"  +  ihi]  B"+  [m]  C"  -h  [dn]  D"+  [m]  ==  {mA], 

[«7i]  A'  +  \hn]  B'  +  [en]  C  +  idn]  D'  +  [e«]  E'  +  [fn]  ■=  [Jn.Sj. 


(107) 


The  equations  (104),  (105),  (106),  and  (107),  enable  us  to  find  the 
particular  values  of  [fe?i.l],  [cn.2],  &c.  required  in  the  expressions  for 
the  reciprocals  of  the  weights.     Thus,  for  the  weight  of  x,  we  have 

[o,,]  =  -  1,  [i»]  =  M  =  [*>:  =  M  =  [/..]  =  0 ; 
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[6)1.1]  =  —A',  [«!.2]  =  — .4",  idH.Z']=-.  —  A"'. 

[enA]  =  ~A%  U)i.d2^-A\ 

For  the  cast;  of  the  weight  of  y,  we  have 

[to]  =  - 1,  [<.»]  =  [,»]  =  [A.]  ==  [s»]  =  [/»]  =  0, 

and  thi3  same  equations  give 


[e«.4]  =  -»', 

[/n.5]  =  -JJ'. 

We  liave,  also,  for  the  weight  of  z, 

[ci..2]==-l,         [<i«.3]=-C"', 

[m.4]  =  -C",        [/.., 

for  the  weight  of  u, 

[fc3]  =  -l,             lmA]  = 

-D-,            [/».5]  =  - 

for  tlie  weight  of  .o, 

[»..4]  =  -  -1, 

:/«.5]  =  — E-; 

and  iinally,  for  the  weight  of  t, 

[/■'■5]  = 

=  -1. 

Introtlncing  these  particular  values  into  the  equations  (103),  the  cor- 
responding values  of  the  unknown  quantities  are  the  reciprocals  of 
the  weights  of  their  most  probable  values,  respectively;  and  hence 
we  derive 

1  __J_       A'A'       A"A"       A"A'"       A"A"       A'A' 
f,  -  [«•:  +  r».l]  +  [C0.2J  "'^  [<iii.3]  +  [«.4]  +  [#.5]  ■ 

]  __1 E'B"      E"B"       B"B"       B'B^ 

¥, "  ■  [«■!]  +  [«-2]  '^  [«-3]  "*"  [«■*]  "*"  EPT 
1  _     1  C"'C"'      0-G^       C-C 

P.      [".2]  +  PiS]  +  [,,.4]  +  [J.5r 
1  _  J_      JTO-       ff£^  <'"" 

y.     [<i<i.3]  ■'"  ["-4]  '^  [//.5]' 
1  _     1  £--E' 

jt;-[o..4J"*"[/j;6]' 
1  _    1 

The  equations  (103)  and  (108)  will  serve  to  determine  separately 
the  value  of  each  unknown  quantity  and  also  that  of  its  weight,  the 


Bled  by  Google 


396  TIIEOItGTIOAL   ASTEOKOMY, 

auxiliary  factors  A',  A",  B",  &c.  having  been  found  from  tlie  equa- 
tions (100),  (101),  and  (102).  If  we  reverse  the  operation  and  re- 
compose  the  equations  (74)  by  means  of  the  expressions  for  the  un- 
known quantities  given  by  (103),  tlie  conditions  which  immediately 
follow  furnish  another  series  of  equations  for  the  determination  of  the 
auxiliar)'  factors.  The  equations  thus  derived  will  give  first  the  values 
of  A',  B-',  C",  i)'',  and  E'';  then,  those  of  A",  B'",  C",  D";  and  so 
on.  They  are  equally  as  convenient  as  those  already  given,  provided 
that  the  values  of  all  the  unknown  quantities  are  required  as  well  as 
their  respective  weights. 

142.  The  formniEe  already  given  for  the  relations  between  the  data 
of  the  problem  and  the  weights  of  the  most  probable  values  of  thu 
unknown  quantities,  are  those  which  are  of  the  greatest  practical 
value.  It  will  be  apparent  from  what  has  been  derived  that  there 
must  be  a  variety  of  methods  which  may  be  applied,  but  that  all  of 
these  methods  involve  essentially  the  same  numerical  operations. 
The  peculiar  symmetry  of  the  normal  equations  affords  also  a  variety 
of  expressions  applicable  to  the  different  phases  under  which  the 
problem  presents  itself. 

According  to  the  general  theory  of  elimination,  the  expression  for 
any  unknown  quantity,  aa  determined  from  the  normal  equations, 
may  be  put  in  the  form 

■^  =  - 1  i"'n-\  -  ^  [6»]  -  ^  [m]  -  &c„  (109) 

in  which  D  is  the  determinant  formed  from  all  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations,  and  in  which  A,  A',  A", 
&c.  are  the  partial  determinants  required  in  the  elimination.  Thus, 
•1  tl  e  dete  nu  a  t  formed  from  the  coefficients  of  all  the  unknown 
q  nt  t  es  ex  ?!  t  B  in  all  the  equations  except  the  first;  A'  is  the 
deter  ant  torn  ed  from  the  coefficients  of  y,  fj.  &c.  in  all  the  equa^ 
t  except  the  second;  and  the  values  of  A",  A'",  &c.  are  formed 
1,  s  n  la  nan  e  .  Now,  since  the  value  of  x  which  results  when 
we  put  [tiTi]^  — 1,  and  the  other  absolute  terms  of  the  normal 
e(|uations  equal  to  zero,  is  the  reciprocal  of  the  weight  of  the  most 
probable  value  of  this  unknown  quantity  as  given  by  (109),  we  have 

P.  =  f  (110) 

In  like  manner,  the  expression  for  the  most  probable  value  of  i/ will  be 
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S  •-=  - 1  [«»]  -  f  [6»]  -  §  M  -  Ac,  (111) 

B,  B',  B",  &c.  being  the  partial  determinants  formed  when  the  co- 
efficients of  y  are  omitted;  and  for  its  weight  we  Jiave 

P,  =  %-  (11^) 

He  f  )iiii  il-e  tji  tin  most  pi  jbable  \  ilue  c£  md  foi  iti  weight  aic 
entirely  inalo^ou'?  to  tho&e  tor  j  ind  y  lO  that  the  pioce^s  heie  mdi 
eate<l  nia\  be  extended  to  the  case  of  anj  numbei  of  unknown  quan 
title-  It  appeirs,  therefore,  that  the  weight  of  the  most  probibie 
\alue  oi  iny  unknown  qmntit\  is  found  by  dividing  the  complete 
dtt<,iminant  ot  ill  the  eoefficieuti  by  the  partial  determinant  toimed 
when  we  omit  the  normal  equation  (.oite^pondiug  particularly  to  this 
unknown  quantity ,  and  when  we  omit  also  the  coefiicieiits  of  this 
quantity  in  the  remaining  normil  equations 

The  peculidi  ariangement  of  the  c  le&nents  in  the  uonnil  equa- 
tions abbieMdtes  somewhat  the  expre-MOna  tor  the  several  dctermi 
nant«     Thu«,  in  the  case  if  tliiee  unknown  quantities,  we  hwe 

^  =  [»][»]-M-,  ff-MK-M',   e"=[<»][is]-[oS]', 

D  =  [ao]  [SS]  [00]  +  2[i.6]  [6»]  [«]  -  [«•]  [Jo]- -  [»]  [ae]' -  [oo]  [ai]-, 

which  are  all  the  quantities  required  for  iinding  simply  the  iveigiits 
of  the  most  probable  values  of  x,  y,  and  3.  The  expression  for  the 
weight  of  3  is 

When  there  are  but  two  unknown  (quantities,  we  have 

A  =  lbb-],  B-  =  [_aa-].  D  =  [aa-\ihb]-lab-]\ 

and  hence 

„   _laa-]\hh}-{_ahj 

[66]  '  P'-'  [aa] 

When  the  number  of  unknown  quantities  is  increased,  the  expressions 
for  the  determinants  neeeasariiy  become  much  more  complicated,  and 
hence  tlie  convenience  of  other  auxiliary  quantities  is  manifest. 

143.  The  case  has  been  already  alluded  to  in  which  the  def«riiiina- 
tion  of  the  values  of  the  unknown  quantities  is  rendered  uncertain 
by  the  similarity  of  the  signs  and  coefficients  in  the  normal  equations, 
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aiid  in  which  the  problem  becomes  nearly  indeterminate.  Sometimes 
it  will  be  possible  to  overcome  the  difficulty  thus  encountered  by  a 
suitable  change  of  the  elements  to  be  determined;  but,  generally,  for 
a  complete  and  satisfactory  solution,  additional  data  will  be  I'equired. 
It  often  happens,  however,  that  several  of  the  unknown  quautities 
may  be  accurately  detjsrmined  from  the  given  equations  when  the 
values  of  the  others  are  known,  but  that  the  certainty  of  the  deter- 
mination of  the  same  quantities  is  very  greatly  impaired  when  all 
the  unknown  quantities  are  derived  Birnultaueously  from  the  same 
equations.  Let  us  suppose  that  one  of  the  unknown  quantities  is, 
from  the  very  nature  of  the  problem,  not  susceptible  of  an  accurate 
determination  from  the  data  employed.  The  equations  will  then 
present  themselves  in  a  form  approaching  that  in  which  the  number 
of  mdependent  relations  is  one  less  than  the  number  of  unknown 
quantities,  so  that  it  will  be  necessary  to  determine  the  other  unknown 
quantities  in  terms  of  that  whose  value  is  necessarily  uncertain.  In 
this  case  the  elimination  should  be  so  arranged  that  the  quantity 
which  is  regarded  as  uncertain  is  that  whose  value  would  be  firet 
determined.  Then,  if  its  coefficient  in  the  final  equation,  corre- 
sponding to  (72),  is  very  small,  a  circumstance  which  indicates  at 
ouce  the  existence  of  the  uncertainty  when  it  is  not  otherwise  sus- 
pected, the  process  of  elimination  should  not  be  completed,  and  the 
anxiliary  quantities  should  be  determined  only  as  far  as  those  re- 
quired in  the  formation  of  the  equation  which  corresponds  to  the  first 
of  (70).     Thus,  let  (  be  the  uocerfain  quantity,  and  we  have 

[./.4]         [».4] 
t».4:  leeAT 

which  must  be  substituted  for  w  in  the  first  of  equations  (68).  We 
thus  obtain  w,  u,  z,  y,  and  x  a.s  functions  of  (.  If  the  solution  is 
effected  by  means  of  the  equations  (103),  let  .t„,  y^,  Sg,  &g.  denote  the 
values  of  these  unknown  quantities  when  we  put  t  =  0;  and  then 
we  sliall  have 

[<..]      [«..!]  [».2]  [A.3]  [».j]     . 

"•--[JEil-tiSI^-tSX]*  -[S4j^'  ("^' 
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_       [fe.3]       [«i..4]n.. 

Idd.S}      Ic.il       •  ,      , 

""-      [„.4]- 
and  hence 

u  =  u,+  D''t,  to==io,+  E't.  '^'■^'^^ 

As  soon  as  ( is  determined  by  some,  independent  condition  or  relation, 
these  equations  will  give  the  corresponding  values  of  x,  y,  z,  &c.  The 
mean  en-ora  of  Kj,,  j/^,  z^,  &c  having  been  determined  by  neglecting  t 
entirely,  if  we  denote  the  mean  error  of  the  final  adopted  value  of  ( 
by  e„  the  mean  errors  of  the  corresponding  values  of  the  other 
variables  will  be  given  by 

^j = (.0' + ^'^\\  s= = (%y + B'B\ 

in  which  (sj,  (Ej,),  Ac.  denote  tiie  mean  errors  of  x^,  %,  &c.  These 
formula  show,  also,  that  when  one  of  the  variables  is  neglected,  the 
equations  assign  too  great  a  degree  of  precision  to  the  results  thus 
obtained. 

When  there  are  two  or  more  unknown  quantities  which  cannot  be 
determined  from  the  data  with  sufficient  certainty,  the  problem  must 
be  treated  in  a  manner  entirely  analogous  to  that  here  indicated;  but, 
since  cases  of  this  kind  will  rarely,  if  ever,  occur,  it  is  not  necessary 
to  pursue  the  subject  further. 

144.  The  weights  which  are  obtained  for  the  most  probable  values 
of  the  unknown  quantities  enable  us  to  find  the  mean  and  probable 
errors  of  these  values.  Let  e  denote  the  mean  error  of  an  observa- 
tion whose  weight  is  unity;  then  t!ie  mean  error  of  x  will  be 

and,  in  like  manner,  the  expressions  for  the  mean  errors  of.j/,  z,  u, 
&c.  will  be 

S  =  -7-  %  =  -/-'  s^  =  ^,&c.  (117) 

V  p^  V  p,  F  p„ 

It  remains,  therefore,  to  determine  the  value  of  e  by  means  of  the 
final  residuals  obtained  by  comparing  the  observed  values  of  the 
function  with  those  given  by  the  most  probable  values  of  the  va- 
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riabics.     If  these  residuals  were  the  actual  fortuitous  e 
vation,  the  mean  error  of  an  observation  would  bu 


-V¥-. 


m  being  the  number  of  equations  of  condition.  This  value  is  evi- 
dently an  approximation  to  the  correct  result;  but  since  by  supposing 
the  residuals  i>,  v',  v",  &c.  to  be  the  actual  errors  of  the  several  ob- 
served values  of  the  function,  we  assign  too  high  a  degree  of  pre- 
cision to  the  several  results,  the  true  value  of  t  must  necessarily  be 
greater  than  that  given  by  this  equation.  Let  the  true  values  of  the 
unknown  quantities  be  a;  +  ax,  y  -\-  Ay,  z  -^  ah,  &c.,  the  substitution 
of  which  in  the  several  equations  of  condition  would  give  the 
residuals  J,  d'.  A",  &c. ;  then  we  shall  have 


aAx  -\-  hAy  -\-  cAz  -|-  dAu  . 

.jAX-\-VAy+c'A^^d'AU. 


(118) 


If  we  multiply  each  of  these  equations  by  its  J,  and  take  the  sum 
of  all  the  products,  we  get 

But  if  we  multiply  each  of  the  same  equations  by  its  v,  take  tlie  sum 
of  the  products,  and  reduce  by  means  of  (48)  and  (50),  we  obtain 

and  hence  we  derive 

[.Jd]  =  M  +  [«/l] AX  +  C6J] Ay  +  [c^] A3  +  [dJ] AU+....  (119) 

If  we  form  the  normal  equations  from  (118),  it  will  be  observed  that 
they  are  of  the  same  form  as  the  normal  equations  formed  from  the 
original  equations  of  condition,  provided  that  we  write  —J  in  place 
of  n;  and  hence,  according  to  (85),  we  have 

A3;  ™  a  J  +  a  a'  +  a"  A"  -\- 

We  have,  also, 

[aJ]  ^aA  +  a' A'  +  a"  A"  + , 

and  the  product  of  these  equations  gives 

[<[:d]  AX  =  aaA'  +  aVJ"  +  n"«."d"'  +  ■■■■ 
+  aa'JJ'-(-aa"JJ"  + 

The  mean  value  of  the  terms  containing  Jd',  dA",  &c.  is  zero,  and 
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for  tlie  mean  values  of  J',  ii",  id"^,  &c.  we  must,  in  each  case,  write 
e^.     Hence  the  mean  value  of  the  product  [ad]  &x  will  be 

and  tliis,  by  means  of  the  first  of  equations  (88),  is  further  reduced  to 

[afl  «!  =  .■. 

In  a  similar  manner,  we  obtain  the  value  s^  for  the  mean  value  of 
each  of  the  products  [bdja^y,  [cJ]a3,  &«.  Now,  the  terms  added  to 
[vv]  in  the  second  member  of  the  equation  (119)  are  necessarily  very 
small,  and,  although  their  exact  value  cannot  be  determined,  we  may 
without  sensible  error  adopt  the  mean  values  of  the  several  terras  as 
here  determined,  so  that  the  equation  becomes 

[AA2  =  lm-]  +  ^e%  (120) 

H  being  the  number  of  unknown  quantitiea.  Therefore,  suv-c 
[ JJ]  =^  m^,  we  shall  have 


'^i^-^i^. 


J'-] 


(121) 


by  means  of  which  the  mean  ciTor  of  an  observation  whose  weight 
is  unity  may  be  determined.  When  /i^l,  this  equation  becomes 
identical  with  (30). 

For  the  determination  of  the  probable  errors  of  the  final  values  of 
the  unknown  quantities,  if  r  denotes  the  probable  error  of  an  obser- 
vation of  the  weight  unity,  we  have  the  following  equations: — 

r  =  0.67449 -\/-^, 

"'     ''  (122) 

>-.  =  ■>-.  r„^— -=,&c. 

Vp^  -       Vp^ 

145,  Tlic  formula;  which  result  from  the  theory  of  errors  according 
to  which  the  method  of  least  squai'es  is  derived,  enable  us  to  combine 
the  data  furnished  by  observation  so  as  to  overcome,  in  the  greatest 
degi'ee  possible,  the  effect  of  those  accidental  errors  which  no  refine- 
ment of  theory  can  successfully  eliminate.  The  problem  of  the  cor- 
rection of  the  approximate  elements  of  the  orbit  of  a  heavenly  body 
by  means  of  a  series  of  observed  places,  requires  the  application  of 
nearly  all  the  distinct  results  which  have  been  derived.  The  first 
approximate  elements  of  the  orbit  of  the  body  will  be  determined 
from  three  or  four  observed  places  according  to  the  methods  which 
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have  been  alreatly  explained.  In  the  ea^^e  of  a  planet,  if  the  inclina- 
tion 19  not  very  small,  the  method  of  three  geocentric  places  may  be 
employed,  but  it  will,  in  general,  afford  greater  accnracy  and  requii-e 
but  little  additional  labor  to  base  the  firet  determination  on  four 
observed  places,  according  to  the  process  already  illustrated.  In  the 
ease  of  a  comet,  the  first  assumption  made  is  that  the  orbit  is  a 
parabola,  and  the  elements  derived  in  accordance  witli  this  hypothesis 
may  be  successively  corrected,  until  it  is  apparent  wlietbor  it  is  ne- 
cessary to  make  any  further  assumption  in  regard  to  the  value  of  the 
eccentricity.  In  all  cases,  the  approximate  elements  derived  fi'om  a 
few  places  should  be  further  corrected  by  means  of  more  cxtcndei.1 
data  before  any  attempt  is  made  to  obtain  a  more  complete  dctcrnii- 
nation  of  the  elements.  The  various  methods  by  which  tliis  pi'e- 
liminaiy  correction  may  be  effected  have  been  already  sufficiently  de- 
veloped. 

Tiic  fundamental  places  adopted  as  the  basis  of  the  eoiTectioii  may 
be  single  observed  places  sejDarated  by  considerable  intervals  of  time; 
but  it  will  be  preferable  to  use  places  wliioh  may  be  regarded  as  the 
average  of  a  number  of  observations  made  on  the  same  day  or  during 
a  few  days  before  and  after  the  date  of  the  average  or  normai  place. 
The  opbomoris  computed  from  the  approximate  eleracuts  known  may 
be  assumed  to  represent  the  actual  path  so  closely  that,  for  an  interval 
of  a  fev.'  days,  the  difference  between  computation  and  ob.?ervation 
]uay  be  regarded  as  being  constant,  or  at  least  as  varying  proportion- 
ally to  the  time.  Let  n,  n',  n",  &c.  be  the  differences  bct'.vcen  com- 
putation and  observation,  in  the  case  of  either  spherical  co-ordinate, 
for  the  dates  t,  t',  t",  &c.,  respectively;  then,  if  the  intei'val  between 
the  extreme  obset'vations  to  be  combined  in  the  forlisi'tion '  of  the 
normal  place  is  not  too  great,  and  if  we  regard  the  observations  as 
equally  precif^e,  the  normal  difference  Ji,,  between  coiuputation  and 
observation  will  be  found  by  taking  the  arithmetical,  mean  of  the 
several  values  of  '-i,  and  this  being  applied  with  the  proper  sign  to 
the  computed  s])herical  co-ordinate  for  the  date  t„,  which  is  the  mean 
of  f,  i',  t",  &c.,  will  give  the  corresponding  normal  place.  But  when 
different  ^veights  p,  p',  f",  &c.  are  assigned  to  the  observations,  the 
value  of  H,  must  be  found  from 


__  njt  -|-  Ji'j;'  -|-  w"jj"  -f 

ukI  the  weight  of  this  va.lne  will  be  equal  to  the  sun 
p  +  P'  +  Jj"  -h  ■ .  ■  ■ . 


(123) 
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Tlu!  date  of  the  normal  place  will  be  determined  by 
^  __^pt+p'lf  +  p"i"  +  .... 
°  P  +!>'  +P"  + 

If  the  error  of  the  ephemeris  can  be  considered  as  nearly  constant, 
it  is  not  necessary  to  determine  („  with  groat  precision,  since  any  date 
not  differing  mucii  from  the  average  of  all  may  be  adopted  with  suf- 
ficient accuracy.  It  should  be  observed  further  that,  in  order  to 
obtain  the  greatest  accuracy  practicable,  the  spherical  co-ordinates  of 
the  body  for  the  date  t^  should  be  computed  directly  from  the  elements, 
so  that  the  resulting  normal  place  may  be  as  iroo  as  pos.sible  from  the 
effect  of  neglected  differences  in  the  interpolation  of  the  ephemeris. 

"When  the  differences  between  the  computed  and  the  observed 
places  to  "be  combined  for  the  formation  of  a  normal  place  cannot  bo 
considered  as  varying  proportionally  to  the  time,  we  may  derive  the 
error  of  the  ephemeris  from  an  equation  of  the  form  of  (o3)c,  namely, 

AC  ^  ^  +  -S-  +  C'■r^ 

the  coefficients  A,  B,  and  C  being  found  from  equations  of  condition 
formed  by  means  of  the  several  known  values  of  a.0  in  the  case  of 
each  of  the  spherical  co-ordinates. 

146.  In  thi:;  way  we  obtain  normal  plaees  at  eon^-enient  intervals! 
thronghont  the  entire  period  during  which  the  body  was  observed. 
From  three  or  more  of  these  normal  places,  a  new  system  of  elements 
should  be  computed  by  means  of  some  one  of  the  methods  which 
have  already  becji  given ;  and  these  fundamental  places  being  judi- 
ciously selected,  the  rosnltin'g^elements  will  furnish  a  pretty  close 
approximation  to  the  tnith,  so  tifttt  the  residuals  which  are  found  by 
comparing  them  witii  all  the  directi^^  observed  places  may  be  regarded 
as  indicating  very  nearly  the  actual  errore  of  those  places.  We  may 
then  proceetl  to  investigate  the  character  of  the  observations  mora 
fnlly.  But  since  the  observations  will  have  been  made  at  many  dif- 
ferent places,  bya4jffei'ent  obsei'vers,  with  instruments  of  diffoi'ent 
sizes,  and  undcr'a  variety  of  dissiniifeir  attendant  circumstances,  it 
may  be  easily.-understood  that  the  investigation  will  involve  much 
that  is  vague  and  uncertain. ., In  the  theory  of  errors  whieli  has  been 
developed  ^Jp  tt^- chapter,  it  has  been  assumed  that  all  constant 
errors  Iiave  been  duly  eliminated,  and  that  the  only  errors  wliich 
remain  are  those  accidental  errors  wliich  must  ever  continue  in  a 
greater  or  less  degree  undetermined.     The  greater  the  number  and 
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perfection  of  the  observations  employed,  the  more  nearly  will  these 
errors  be  determined,  and  the  more  nearly  will  the  law  of  their  dis- 
tribution conform  to  that  which  has  been  assumed  as  the  basis  of 
tlie  method  of  least  squares. 

When  all  known  errors  have  been  elimiuat«d,  there  may  yet  remain 
constant  errors,  and  also  other  errors  whose  law  of  distribution  is 
pecnJiar,  such  as  may  arise  from  the  idiosyncrasies  of  the  diffei'ent 
observers,  from  the  systematic  eiTors  of  the  adopted  star-places  in 
the  case  of  differential  observations,  and  from  a  variety  of  other 
sources;  and  since  the  observations  themselves  furnish  the  only  means 
of  arriving  at  a  knowledge  of  these  errors,  it  becomes  important  to 
discuss  them  in  such  a  manner  that  all  eri'ors  which  may  be  regarded, 
in  a  sense  more  or  less  extended,  as  regular  may  be  eliminated. 
When  this  has  been  accomplished,  the  residuals  which  still  remain 
will  enable  us  to  form  an  estimate  of  the  degree  of  accuracy  which 
may  be  attributed  to  the  different  series  of  observations,  in  order  that 
they  may  nob  only  be  combined  in  the  most  advantageous  manner, 
but  that  also  no  refinements  of  calculation  may  be  introduced  which 
are  not  ivarranted  by  the  quality  of  the  material  to  be  employed. 

The  necessity  of  a  preliminary  calculation  in  which  a  liigh  degree 
of  accuracy  is  already  obtained,  is  indicated  by  the  fact  that,  however 
conscientious  the  observer  may  be,  his  judgment  is  unconsciously 
warped  by  an  inherent  desire  to  produce  results  liarmonizing  well 
among  themselves,  so  that  a  limited  series  of  places  may  agree  to 
such  an  extent  that  the  probable  error  of  an  observation  as  derived 
from  the  relative  discordances  would  assign  a  weight  vastly  in  excess 
of  its  true  value.  The  combination,  however,  of  a  large  number  of 
independent  data,  by  exhibiting  at  least  an  approximation  to  the 
absolute  errors  of  the  observations,  will  indicate  nearly  what  the 
measure  of  precision  should  be.  As  soon,  therefore,  as  provisional 
elements  which  nearly  represent  the  entire  series  of  observations  have 
been  found,  an  attempt  should  be  made  to  eliminate  all  errors  which 
may  be  accurately  or  approximately  determined.  The  places  of  the 
comparison-stars  imed  in  the  observations  should  be  determined  with 
care  from  the  data  available,  and  should  be  reduced,  by  means  of  the 
proper  systematic  corrections,  to  some  standard  system.  The  reduc- 
tion of  the  mean  places  of  the  stars  to  apparent  places  should  also  be 
made  by  means  of  uniform  constants  of  reduction.  The  observations 
will  thus  be  uniformly  reduced.  Then  the  perturbations  arising  from 
the  action  of  the  planets  should  be  computed  by  means  of  formulai 
ivhich  will  be  investigated  in  the  next  chapter,  and  the  observed 
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places  should  be  freed  from  these  perturbations  so  as  to  give  the 
places  for  a  system  of  osculating  elements  for  a  given  date. 

147.  The  next  step  in  the  process  will  be  to  compare  the  pro- 
visional elements  with  the  entire  series  of  observed  places  thus  cor- 
rected; and  in  the  calculation  of  the  ephemeris  it  will  be  advan- 
tageous to  correct  the  places  of  the  sun  given  by  the  tables  whenever 
observations  are  available  for  that  purpose.  Then,  selecting  one  or 
more  epochs  as  the  origin,  if  we  compute  the  coefficients  A,  B,  C  in 
the  equation 

AO  =  A-\-JBT-i^  Ct\  (125) 

in  the  case  of  each  of  the  spherical  co-ordinates,  by  means  of  equa- 
tions of  condition  formed  from  all  the  observations,  the  standard 
ephemeris  may  be  corrected  so  that  it  may  be  regarded  as  representing 
the  actual  path  of  the  body  during  the  period  included  by  the  obser- 
vations^ When  the  number  of  observations  is  considerable,  it  will  be 
more  convenient  to  divide  the  observations  into  groups,  and  use  the 
differences  between  computation  and  observation  for  provisional 
normal  places  in  the  formation  of  the  equations  of  condition  for  the 
determination  of  A,  B,  and  C.  It  thus  appears  that  the  corrected 
ephemeris  which  is  so  essential  to  a  determination  of  the  constant 
errors  peculiar  to  each  series  of  observations,  is  obtained  without  first 
having  determined  the  most  probable  system  of  elements.  The  cor- 
rections computed  by  means  of  the  equation  (125)  being  applied  to 
the  several  residuals  of  each  series,  we  obtain  what  may  be  regarded 
as  the  actual  errors  of  these  observations.  The  arithmetical  or  pro- 
bable mean  of  the  correcte<l  i-esiduals  for  the  series  of  observations 
made  by  each  observer  may  be  regarded  as  the  average  error  of  obser- 
vation for  that  series.  The  mean  of  the  average  errors  of  the  several 
series  may  be  regarded  as  the  actual  constant  error  perfaiining  to  all 
the  observations,  and  the  comparison  of  this  final  mean  with  the 
means  found  for  the  different  series,  respectively,  furnishes  the  pro- 
bable value  of  the  constant  errors  due  to  the  peculiarities  of  the 
oliservers;  and  the  constant  correction  thus  found  for  each  observer 
should  be  applied  to  the  coiTesponding  residuals  already  obtained. 

In  this  investigation,  if  the  number  of  comparisons  or  the  number 
of  wires  taken  is  known,  relative  weights  proportional  to  the  number 
of  comparisons  may  be  adopted  for  the  combination  of  the  residuals 
for  each  series.  In  this  manner,  observations  which,  on  account  of 
the  peculiarities  of  the  observers,  are  in  a  certain  sense  heterogeneous, 
may  bo  rendered  homogcneons,  being  reduced  to  a  standard  which 
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approaches  the  absolute  in  proportion  as  the  number  and  perfection 
of  the  distinct  series  combined  are  increased,  Wliatever  constant 
error  remains  will  be  very  small,  and,  besides,  mil  afFeet  all  places 
alike. 

The  residuals  which  now  remain  must  be  regarded  as  consisting 
of  the  actual  errors  of  observation  and  of  the  error  of  the  adopted 
place  of  the  comparison-star.  Hence  they  will  not  give  the  probable 
error  of  observation,  and  will  not  serve  directly  for  assigning  the 
measures  of  precision  of  the  series  of  observations  by  each  observer. 
Let  us,  therefore,  denote  by  e,  tlie  mean  error  of  tlie  place  of  the 
comparison-star,  by  e,  the  mean  error  of  a  single  comparison;  tlien 
will  '—  be  the  m.ean  error  of  m.  comparisons,  and  the  mean  error  of 
the  resulting  place  of  the  body  will,  according  to  equation  (35),  be 
given  by 

s„=  =  ^^  +  C-  026) 

The  value  of  s,,,  in  the  case  of  each  series,  will  be  found  by  means  of 
the  residuals  finally  corrected  for  the  constant  errors,  and  the  value 
of  e,  is  supposed  to  be  determined  in  the  formation  of  the  catalogue 
of  stai'-places  adopted.  Hence  the  actual  mean  error  of  an  observa- 
tion consisting  of  a  single  comparison  will  be 

.,  =  >/™(V-0-  (127) 

The  value  of  e,  for  each  observer  having  been  found  in  accoi-dance 
with  this  equation,  the  mean  error  of  an  observation  consisting  of  m 
comparisons  will  be 

The  mean  error  of  an  observation  whose  weight  is  unity  being  de- 
noted by  e,  the  weight  of  an  observation  based  on  m  comparisons  will 
be 

p  =.  ^.  (128) 

The  value  of  t  may  be  arbitrarily  assigned,  and  we  may  adopt  for  it 
±  10"  or  any  other  number  of  seconds  for  which  the  resulting  values 
of  p  will  be  convenient  numbers. 

When  all  the  obsei'vations  are  differential  observations,  and  the  stars 
of  comparison  are  included  in  the  fundamental  list,  if  we  do  not  take 
into  account  the  number  of  comparisons  on  which  each  observed 
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place  depends,  it  will  uot  be  neeessiiry  to  consider  s„  and  we  may 
then  derive  s,  directly  from  tlie  residuals  corrected  for  constant  errors. 
Further,  in  the  ease  of  meridian  observations,  the  error  which  corre- 
sponds to  Sj  will  be  extvemely  small,  and  hence  it  is  only  when  these 
are  combined  with  equatorial  observations,  or  when  equatorial  obser- 
vations based  on  different  numbers  of  comparisons  are  combined,  that 
the  separation  of  the  errors  into  the  two  component  parts  becomes 
necessary  for  a  proper  determination  of  the  relative  weights. 

According  to  the  complete  method  here  indicated,  after  having 
eliminated  as  far  as  possible  all  constant  errors,  including  the  correc- 
tions assigned  by  equation  (125)  to  be  applied  to  the  provisional 
ephemeris,  wc  find  the  value  of  e,  given  by  the  equation 

»,-=[m,.]-[m].-.-,  (129) 

in  which  n  denotes  fclie  number  of  observations;  m,  m',  in",  &c.  the 
number  of  comparisons  for  the  respective  observations;  and  v,  v',  v", 
&c.  the  corresponding  residuals.  Then,  by  means  of  equation  (128), 
assuming  a  convenient  number  for  s,  we  compute  the  weight  of  each 
observation.  Thus,  for  example,  let  the  residuals  and  corresponding 
values  of  m  be  as  follows : — 


+  2".0 

6, 

-  r'.o 

-1  .8 

5, 

+  1  .6 

-0.4 

10, 

+  4.1 

-5.5 

6, 

0  .0 

Let  the  mean  error  of  the  place  of  a  comparison-star  be 

s.=  ±2".0; 

then  we  have  ?i  =  8,  and,  according  to  (129), 

8^,'  =  341.78  —  200,0, 
which  gives 

^,=  ±  4".  2. 

Let  us  now  adopt  as  t!ie  unit  of  weiglit  that  for  which  the  mean  erroi  is 

e  =  ±3".0: 

then  we  obtain  by  means  of  equation  (128),  for  the  weights  of  the 
observations, 

2.5,        2.5,        5.1,        2.5,        3.6,        2.5,        4.1,        2.5, 
respectively. 
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In  this  mannei'  the  weights  of  tlie  observations  in  the  series  made 
by  each  observer  must  be  determinedj  using  throughout  tlie  .same 
vahie  of  s.  Then  the  differences  between  the  places  computed  from 
the  provisional  elements  to  be  corrected  and  the  observed  places  cor- 
rected for  the  constant  error  of  the  observer,  must  be  combined  ae- 
cording  to  the  equations  (123)  and  (125),  the  adopted  values  of  p,  -p', 
f",  &c.  being  those  found  from  (128).  Thus  will  be  obtained  the 
final  residuals  for  the  formation  of  the  equations  of  condition  from 
which  to  derive  the  most  probable  value  of  the  corrections  to  be 
applied  to  the  elements.  The  relative  weights  of  these  normals  will 
be  indicated  by  the  sums  formed  by  adding  together  the  weights  of 
the  observations  combined  in  the  formation  of  each  normal,  and  the 
unit  of  weight  will  depend  on  the  adopted  value  of  e.  If  it  be  de- 
sired to  adopt  a  different  unit  of  weight  in  the  case  of  the  solution 
of  tlie  equations  of  condition,  such,  for  example,  that  the  weight  of 
an  equation  of  average  precision  shall  be  unity,  we  may  simply  divide 
the  weights  of  the  normals  by  any  number  f^  which  will  satisfy  the 
condition  imposed.  The  mean  error  of  an  observation  whose  weight 
is  unity  will  then  be  given  by 

the  value  of  e  being  tliat  used  in  the  determination  of  tlie  weights  f, 

148.  The  observations  of  comets  are  liable  to  be  affected  by  other 
errors  in  addition  to  those  which  are  common  to  these  and  to  planets 
ary  observations.  Different  observers  will  fix  upon  different  points 
as  the  proper  point  to  be  observed,  and  all  of  these  may  differ  from 
the  actual  position  of  the  centre  of  gravity  of  the  comet;  and  fur- 
ther, on  account  of  changes  in  the  physical  appearance  of  the  comet, 
the  same  observer  may  on  different  nights  select  different  points. 
These  circumstances  concur  to  vitiate  the  normal  places,  inasmuch  aa 
the  resulting  errors,  although  in  a  certain  sense  fortuitous,  are  yet 
such  that  the  law  of  their  distribution  is  evidently  different  from 
that  which  is  adopted  as  the  basis  of  the  method  of  least  squares. 
The  impossibility  of  assigning  the  actual  limits  and  the  law  of  dis- 
tribution of  many  errors  of  this  class,  renders  it  necessary  to  adopt 
empirical  methods,  the  success  of  which  will  depend  on  the  discrimi- 
nation of  the  computer. 

If  j(,  denotes  the  mean  error  of  an  observation  based  on  ni  com- 
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parisons,  and  e„  the  mean  error  to  be  feared  on  aflcount  of  the  pecu- 
liarities of  the  physical  appearance  of  tlie  comet, 

will  express  the  mean  error  of  the  residuals;  and  if  n  of  these 
residuals  are  combined  in  the  formation  of  a  normal  place,  the  mean 
error  of  the  norma!  will  be  given  by 

c„=z^M  +  ./.  (130) 

Tlie  value  of  e/  may  be  determined  approximately  from  the  data 
furnished  by  the  observations.  Thus,  if  the  mean  error  of  a  single 
compai'ison,  for  the  different  observers,  has  been  determined  by  means 
of  the  differences  between  single  comparisons  and  the  arithmetical 
mean  of  a  considerable  number  of  comparison^,  and  if  the  mean  error 
of  the  plaee  of  a  comparison-star  has  also  been  determined,  the 
et[uation  (126)  will  give  the  corresponding  value  of  e^^;  then  the 
actual  differences  between  computation  and  observation  obtained  by 
eliminating  the  error  of  the  ephemeris  and  sucli  constant  errors  as 
may  be  determined,  will  furnish  an  approximate  value  of  e„  by  means 
of  tlie  formula 


in  which  n  denotes  the  number  of  observations  combined. 

Sometimes,  also,  in  the  case  of  comets,  in  order  to  detect  the  opera- 
tion of  any  abnormal  force  or  cirenmstance  producing  different  cftbcta 
in  different  parts  of  the  orbit,  it  may  be  expedient  to  divide  the 
observations  into  two  distinct  groups,  the  first  including  the  observa- 
tions made  before  the  time  of  perihelion  passage,  and  the  other 
including  those  subsequent  to  that  epoch. 

149.  The  circumstances  of  the  problem  will  often  sugga^t  appro- 
priate modiiieations  of  the  complete  process  of  determining  the  rela- 
tive weights  of  the  observations  to  be  combined,  or  indeed  a  relaxa- 
tion from  the  requirements  of  the  more  rigorous  method.  Thus,  if 
on  account  of  the  number  or  quality  of  the  data  it  is  not  considered 
necessary  to  compute  the  relative  weights  with  the  greatest  precision 
attainable,  it  will  suffice,  when  the  discussion  of  the  observations  has 
been  carried  to  an  extent  sufficient  to  make  an  approximate  estimate 
of  the  relative  weights,  to  assume,  without  considering  the  number 
of  comparisons,  a  weight  1  for  the  observations  at  one  observatory,  a 
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weight  I  for  another  class  of  observations,  |  for  a  third  class,  and  so 
on.  It  should  be  observed,  also,  that  when  there  are  but  few  obser- 
vations to  be  combined,  the  application  of  the  formulse  for  the  mean 
or  probable  errors  may  be  in  a  degree  fallacious,  the  resulting  values 
of  these  eiTors  being  little  more  than  rude  approximations ;  still  the 
mean  or  probable  errors  as  thus  determined  furnish  the  most  reliable 
means  of  estimating  the  relative  weights  of  tlie  observations  made 
by  different  observers,  since  otherwise  the  scale  of  weights  would 
depend  on  the  arbitrary  discretion  of  the  computer.  Further,  in  a 
complete  investigation,  even  when  the  very  greatest  care  has  been 
taken  in  the  tlieoretical  discussion,  on  account  of  independent  known 
circumstances  connected  with  some  particular  observation,  it  may  be 
expedient  to  change  arbitrarily  the  weight  assigned  by  theory  to 
certain  of  the  normal  places.  It  may  also  be  advisable  to  reject 
entirely  those  observations  whose  weight  is  less  than  a  certain  limit 
which  may  be  regarded  as  the  standard  of  excellence  below  which 
the  observations  should  be  rejected;  and  it  will  be  proper  to  reject 
observations  which  do  not  afford  the  data  requisite  for  a  homogeneous 
combination  with  the  others  according  to  the  principles  already 
explained.  But  in  all  cases  the  rejection  of  apparently  doubtful 
observations  should  not  be  carried  to  any  considerable  extent  unless 
a  very  large  number  of  good  observations  are  available.  The  mere 
apparent  discrepancy  between  any  residual  and  the  others  of  a  series, 
is  not  in  itself  sufficient  to  warrant  its  rejection  unless  facts  are 
known  which  would  independently  assign  to  it  a  low  degree  of  pre- 
cision. 

A  doubtful  obsei'vation  will  have  the  greatest  influence  in  vitiating 
the  resulting  normal  place  when  but  a  small  number  of  observed 
places  are  combined ;  and  hence,  since  we  caunot  assume  that  the  law 
of  the  disti'ibution  of  errors,  according  to  which  the  method  of  least 
squares  is  derived,  will  be  complied  with  in  the  case  of  only  a  few 
observations,  it  will  not  in  general  be  safe  to  reject  an  observation  pro- 
vided that  it  surpasses  a  limit  which  is  fixed  by  the  adopted  theory 
of  errors.  If  the  number  of  observations  is  so  large  that  the  dis- 
tribution of  the  errors  may  be  assumed  to  conform  to  the  theory 
adopted,  it  will  be  possible  to  assign  a  limit  such  that  a  residual 
which  surpasses  it  may  be  rejected.  Thus,  in  a  series  of  m  observa- 
tions, according  to  the  expression  (19),  the  number  of  errors  greater 
than  nr  will  be 
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and  when  n  has  a  value  such  that  the  value  of  this  expression  is  less 
than  0.5,  the  eri'or  nr  wiU  have  a  greater  pi-obability  against  it  than 
for  it,  and  hence  it  may  be  rejected.  The  expression  for  finding  the 
limiting  value  of  n  therefore  becomes 


V- 


^f' 


dt=-.l- 


(131) 


By  means  of  this  equation  we  derive  for  given  values  of  m  the  cor- 
responding values  of  tihr  =  0.47694*1.,  and  hence  the  values  of  n. 
For  convenient  application,  it  will  be  preferable  to  use  e  instead  of  r, 
and  if  we  put  n'  =  0.67449w,  the  limiting  error  will  be  n's,  and  tlie 
values  of  n'  corresponding  to  given  values  of  m  will  be  as  exhibited 
in  the  following  table. 


„. 

., 

. 

11' 

. 

H' 

.„ 

It' 

6 

1.732 

20 

2.241 

55 

2.608 

90 

2.773 

8 

1.863 

■» 

2.326 

BO 

2.638 

95 

2.791 

111 

1.960 

30 

2.394 

6,1 

2.665 

1110 

2.807 

12 

2.037 

3.^^ 

2.450 

70 

2.690 

200 

3.020 

14 

2.100 

40 

2.498 

75 

2.713 

.31)11 

3.143 

1li 

2.164 

4.5 

2.639 

80 

2734 

41  111 

3.224 

18 

2.200 

m 

2.576 

8b 

2.754 

600 

3.289 

According  to  this  method,  we  first  find  the  mean  error  of  an  obser- 
vation by  means  of  all  the  residuals.  Then,  with  the  value  of  m  as 
the  argument,  we  take  from  the  table  the  corresponding  value  of  n', 
and  if  one  of  the  residuals  exceeds  the  value  n'e  it  must  be  rejected. 
Again,  finding  a  new  value  of  e  from  the  remaining  m  ~  1  residuals, 
and  repeating  the  operation,  it  will  be  seen  whether  another  observa- 
tion should  be  rejected;  and  the  process  maybe  continued  until  a 
limit  is  reached  which  does  not  require  the  further  rejection  of  ob- 
servations. Thus,  for  example,  in  the  case  of  50  observations  in 
which  the  residuals  — 11". 5  and  +V".8  occur,  let  the  sum  of  the 
squares  of  tJie  residuals  be 

[mi]  =  320.4. 

Then,  according  to  equation  (30),  we  shall  have 

e  =  ±  2".5e. 
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Corresponding  to  the  value  m  =  50,  the  tabic  gives  t 
tlie  limiting  value  of  the  error  becomes 


and  hence  the  residuals  — 11". 5  and  -j-7".8  are  rejected.     Eccom- 
puting  the  mean  error  of  an  observation,  we  have 


^     /  320.4 — 


In  the  formation  of  a  normal  place,  when  the  mean  error  of  an 
observation  has  been  inferred  from  only  a  small  number  of  obscrva^ 
tiona,  according  to  what  has  beea  stated,  it  will  not  be  safe  to  rely 
upon  the  equation  (131)  for  the  necessity  of  the  rejection  of  a  doubt- 
ful observation.  But  if  any  abnormal  influence  is  suspected,  or  if 
any  antecedent  discussion  of  observations  by  the  same  observer,  made 
under  similar  circumstances,  seems  to  indicate  that  an  error  of  a  given 
magnitude  is  highly  improbable,  the  application  of  this  formula  will 
serve  to  confirm  or  remove  the  doubt  already  created.  Much  will 
therefore  depend  on  the  discrimination  of  the  computer,  and  on  his 
knowledge  of  the  various  sources  of  error  which  may  conspire  con- 
tinuously or  discontinuously  in  the  production  of  large  apparent 
errors.  It  is  the  business  of  the  observer  to  indicate  the  circum- 
stances peculiar  to  the  phenomenon  observed,  the  instruments  em- 
ployed, and  the  methods  of  observation;  and  the  discussion  of  the 
data  thus  furnished  by  diffitrent  observers,  as  far  as  possible  in  ac- 
cordance with  the  strict  requirements  of  the  adopted  theory  of  errors, 
will  furnish  results  which  must  be  regarded  as  the  best  which  can  be 
derived  from  the  evidence  contributed  by  all  the  observations. 

150.  When  the  final  normal  places  have  been  derived,  the  difier- 
ences  between  tliese  and  the  corresponding  places  computed  fi'om  the 
provisional  elements  to  be  corrected,  taken  in  the  sense  computation 
minus  observation,  give  the  values  of  n,  n',  n",  &c.  which  are  the 
absolute  terms  of  the  equations  of  condition.  By  means  of  these 
elements  we  compute  also  the  values  of  the  diiferential  coefficients  of 
each  of  the  spherical  co-ordinates  with  respect  to  eacJi  of  the  elements 
to  be  corrected.  These  differential  coefficients  give  tlie  values  of  the 
coeflicients  a,  b,  c,  a',  b',  »fec.  in  the  equations  of  condition.  The 
mode  of  calculating  these  coefficients,  for  different  systems  of  co-or- 
dinates, and  the  mode  of  forming  the  equations  of  condition,  have 
been  fully  developed  in  the  second  chapter.     It  is  of  great  import- 
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ance  that  the  numerical  values  of  these  coefficients  should  be  Ciirc- 
fully  checked  by  direct  calculation,  assigning  variations  to  the  ele- 
ments, or  by  means  of  differences  when  this  test  can  be  successfully 
applied.  In  assigning  increments  to  the  elements  in  order  to  check 
the  formation  of  the  equations,  they  should  not  be  so  large  tliat  the 
neglected  tfirms  of  the  second  order  become  sensible,  nor  so  small  that 
they  do  not  afford  the  required  certainty  by  means  of  the  agreement 
of  the  corresponding  variations  of  the  spherical  co-ordinat-es  as 
obtained  by  substitution  and  by  direct  calculation. 

As  soon  as  the  equations  of  condition  have  been  thus  formed,  we 
multiply  each  of  them  by  the  square  raot  of  its  weight  as  given  by 
the  adopted  relative  weights  of  the  normal  places;  and  these  equa- 
tions will  thus  be  reduced  to  the  same  weight.  In  genera!,  the 
numerical  values  of  the  coefficients  will  be  such  that  it  will  be  con- 
venient, although  not  essential,  to  adopt  as  the  unit  of  weight  that 
which  is  the  average  of  the  weights  of  the  normals,  so  tliat  the 
numbers  by  which  most  of  the  equations  will  be  multiplied  will  not 
differ  much  from  unity.  The  reduction  of  the  equations  to  a  uniform 
measure  of  precision  having  been  effected,  it  remains  to  combine  them 
accoi-ding  to  the  method  of  least  squares  in  order  to  derive  the  most 
probable  values  of  the  unknown  qiiantities,  together  with  the  relative 
weights  of  these  values.  It  should  be  observed,  however,  that  the 
numerical  calculation  in  the  combination  and  solution  of  these  equa- 
tions, and  especially  the  required  agreement  of  some  of  the  checks  of 
the  calculation,  will  be  fecilitated  by  having  the  numerical  values  of 
the  several  coefficients  not  very  unequal.  If,  therefore,  the  coefficient 
a  of  any  unknown  qiiantity  x  is  in  each  of  the  equations  numerically 
much  greater  or  much  less  than  in  the  case  of  the  other  unknown 
quantities,  we  may  adopt  as  the  corresponding  unknown  quantity  to 
be  determined,  not  x  but  vx,  v  bein^  any  entire  or  fractional  number 
such  that  the  new  coefficients  -,  — ,  »&e.  shall  be  made  to  agree  in 
magnitude  with  the  other  coefficients.  The  unknown  quantity  whose 
value  will  then  be  derived  by  tlie  solution  of  the  equations  will  be 
vx,  and  the  corresponding  weight  will  be  that  of  vx.  To  find  the 
weight  of  o:  from  that  of  iJX,  we  have  the  equation 

p.  =  '->.,  (132) 

In  the  same  manner,  the  coefficient  of  any  other  unknown  quantity 
may  be  changed,  and  the  coefficients  of  all  the  unknown  quantities 
may  thus  be  made  to  agree  in  magnitude  within  moderate  limits,  the 
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advantage  of  which,  in  the  numerical  solution  of  the  equations,  will 
be  apparent  by  a  consideration  of  the  mode  of  proving  the  calcula- 
tion of  the  coefficiente  in  the  normal  equations.  It  will  be  expedient, 
also,  to  tahe  for  u  some  integral  power  of  10,  or,  when  a  fractional 
value  is  required,  the  con-esponding  decimal.  It  may  be  remarked, 
further,  that  tlie  introduction  of  f  is  generally  required  only  when 
the  coefficient  of  one  of  the  unknown  quantities  ia  very  large,  as 
frequently  happens  in  the  case  of  the  variation  of  the  mean  daily 
motion  ft. 

"When  the  coefficients  of  some  of  the  unknown  quantities  are 
extremely  small  in  all  the  equations  of  condition  to  be  combined,  an 
approximate  solution,  and  often  one  which  is  sufficiently  accurate  for 
the  purposes  required,  may  be  obtained  by  first  neglecting  these 
quantities  entirely,  and  afterwards  determining  them  separately.  In 
general,  however,  this  can  only  be  done  when  it  is  certainly  known 
that  the  influence  of  the  neglected  terms  is  not  of  sensible  magnitude, 
or  when  at  least  approximate  valnes  of  these  terms  are  already  given. 
When  we  adopt  the  approximate  plane  of  the  orbit  as  the  funda- 
mental plane,  the  equations  for  the  longitude  involve  only  four  ele- 
ments, and  the  coefficients  of  tlie  variations  of  these  elements  in  the 
equations  for  the  latitudes  are  always  very  small.  Hence,  for  an 
approximate  solution,, we  may  first  solve  the  equations  involving  four 
unknown  quantities  as  furnished  by  the  longitudes,  and  then,  substi- 
tuting the  resulting  values  in  the  equations  for  the  latitudes,  they 
will  contain  but  two  unknown  quantities,  namely,  those  which  give 
the  corrections  to  be  applied  to  SI  and  i. 

151.  When  the  number  of  equations  of  condition  is  large,  the 
computation  of  tlie  numerical  values  of  the  coefficients  in  the  normal 
equations  will  entail  considerable  labor;  and  hence  it  is  desirable  to 
arrange  the  calculation  in  a  convenient  form,  applying  also  the  checks 
which  have  been  indicated.  The  most  convenient  arrangement  will 
be  to  write  the  logarithms  of  the  absolute  terms  n,  n',  n",  &q.  in  a 
horizontal  line,  directly  under  these  the  logarithms  of  the  coefficients 
«,  a',  a",  &c.,  then  tlie  logarithms  of  b,  h',  h",  &c.,  and  so  on.  Then 
writing,  in  a  coiTesponding  form,  the  values  of  logn,  logn',  &c.  on  a 
slip  of  paper,  by  bringing  this  successively  over  each  line,  the  sums 
[mi],  [em],  \bn\,  &c  will  be  readily  formed.  Again,  writing  on 
another  slip  of  paper  the  logarithms  of  a,  a',  a",  &c.,  and  placing 
this  slip  successively  over  the  lines  containing  the  coefficients,  we 
derive  the  values  [tra],  [a6],  [(to],  &<i.     The  multiplication  by  b,  o,  <i, 
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&C.  suceeasively  is  effected  in  a  similar  manner;  and  thus  will  be 
derived  [bb'],  [6e],  [bd],  &c.,  and  finally  \_ff^  in  the  case  of'six  un- 
known quantities.  In  forming  these  sums,  in  the  cases  of  sums  of 
positive  and  negative  quantities,  it  is  convenient  as  well  as  conducive 
to  accuracy  to  write  the  positive  values  in  one  vertical  column  and 
the  negative  values  in  a  separate  column,  and  take  the  diiference  of 
the  sums  of  the  numbere  in  the  respective  columns.  The  proof  of 
the  calculation  of  the  coefficients  of  the  normal  equations  is  effected 
by  introducing  s,  s',  s",  &o.,  the  algebraic  sums  of  all  the  coefficients 
in  the  respective  equations  of  condition,  and  treating  these  as  the 
coefldcients  of  an  additional  unknown  quantity,  thus  forming  directly 
the  sums  [s)i],  [as],  [bs],  [es],  &c.  Then,  according  to  the  equations 
(76)  and  (77),  the  values  tlius  found  should  agree  with  those  obtained 
by  taking  the  corresponding  sums  of  the  coefficients  in  the  normal 
equations. 

The  normal  equations  being  thus  derived,  the  next  step  in  the 
process  is  the  determination  of  the  values  of  the  auxiliary  quantities 
necessary  for  the  formation  of  the  equations  (74).  An  examination 
of  the  equations  (54),  (55),  &c.,  by  means  of  which  these  auxiliaries 
are  determined,  will  indicate  at  once  a  convenient  and  systematic 
arrangement  of  the  numerical  calculation.  Thus,  we  first  write  in  a 
horizontal  line  the  values  of  [nn],  [ci6],  [ae], . . .  [a«],  [ow],  and  di- 
rectly under  them  the  corresponding  logarithms.  Next,  we  write 
under  these,  commencing  mth  [at],  the  values  of  [bb],  [bo],  [bd], 
■  •  [ba],  [bn];  then,  adding  the  logarithm  of  the  factor  ^ — ^  to  the 
logarithms  of  [cfh],  [ac],  &c.  successively,  we  write  the  value  of 
p — i  [a6]  under  [bb],  that  of  r — r  [ae]  under  [he],  and  so  on.  Sub- 
ti'aeting  the  numbers  in  this  line  from  those  in  the  line  above,  the 
differences  give  the  values  of  [66.1],  [6c.l], , . ,  [6s.l],  [6w.l],  to  be 
written  in  the  next  line,  and  the  logarithms  of  these  we  write  directly 
under  them.  Then  we  write  in  a  horizontal  line  the  values  of  [ce], 
[cd], . .  [os],  [en],  placing  [cc]  under  [6c.l],  and,  having  added  the 
logarithm  of  = — ^  to  the  logarithms  of  [oe],  [ad],  &o.  in  succession, 
we  derive,  accordiug  to  the  equations  (55)  and  (58),  the  values  of 
[eel],  [od.l], . .  [cs.l],  [e».l],  which  are  to  be  placed  under  the  cor- 
responding quantities  [cc],  [cd],  &c.  Next,  we  subtract  from  these, 
respectively,  the  products 

[bc.l] 
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and  thus  derive  the  values  of  [cc.2],  [crf.2], . ,  [cs.2],  [cJi.2],  which 
ai-e  to  be  written  in  the  next  horizontal  line  and  under  them  their 
logarithms.  Then  we  introduce,  in  a  similar  manner,  the  coefiicieiita 
[rfd],  [f^e], ..  [dn],  writing  [dd]  imder[cd,2];  and  from  each  of  these 
in  succession  we  subtract  the  products 

thus  finding  the  values  of  [t^c^.l],  [de.l], . .  [dn  .  1].  From  these  we 
subtract  the  products 

IhdAJ  U>dA}  [MA} 

[66.1]  '■'^  ■  ■■'  [M.l]  ^      ^'  ■  ■  [66.1]  ^       ■•' 

respectively,  which  operation  gives  the  values  of  [dd.S],  [(7e.2], . . . 
[ff/i.2].     From  these  results  we  subtract  the  products 

and  derive  [dd.3],  [de.3], . ,  [dn.S]  under  which  we  write  the  cor- 
responding logarithms.     Then  we  introduce  [ee],  [ejf],  [es],  and  [en], 

writing  [ee]  under  [de.3].     First,  subtracting  - — -  [ae],  ^ — :r  [of], . . 

p^[«w],  we  get  [ee.I],  [e/'.l],  [es.l],  and  [ew.l];  then  subtracting 

from  these  the  products 

[66.1]  ^        ^'  [W.l]  '■■'-''        [66.1] '-        ■■' 

we  obtain  tlie  values  of  [66.2],  [e/.2],  [es.2],  and  [e)i.2].  Again, 
subtracting 

we  have  the  values  of  [ee.3],  {e/.S],  [es.3],  [m.S];  and  finally,  sub- 
tracting from  tliese  the  products 


[d..3]  [d£^ 

[dd.'SJ  ^    ^  ^'  [tid.S] 


[rf/.3], . 


we  derive  the  results  for  [ce.4],  [e/.4],  [es.4],  and  [en. 4] ;  under  which 
the  corresponding  logarithms  are  to  be  written. 

If  there  are  six  unknown  quantities  to  be  determined,  we  must 
further  write  in  a  horizontal  line  the  values  of  [jj^],  [/s],  and  [/»], 
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placing  [_ff'\  under  [e/^.4},  aad  by  means  of  five  successive  subtrac- 
tions entirely  analogous  to  what  precedes,  and  as  indicated  by  the 
remaining  equations  for  the  auxiliaries,  we  obtain  the  values  of  [jO^.5], 
[>.5],  md  [/».6]. 

The  values  of  [is.l],  [cs.l},  [cs.2],  &c.  serve  to  check  the  calcula- 
tion of  the  successive  auxiliary  coefficients.     Thus  we  must  have 

[M.l]  +  [6c.l]  +  [_bdA-\  +  [6e.l]  +  [S/l]  =  [fis.l] 
[&C.1]  +  [ec.l]  +  [cdl]  +  [C6.1]  +  [qf.l]  =  [os-l],  &c., 
[cc.2]  +  [cd.2-]  +  ice.2}  +  [./.2]  =  [c3.2], 
[cd.2]  +  [(irf.2]  +  [«fe.2]  +  [rf/.2]  =  [ds.^],  &e. 

Hence  it  appears  that  when  the  numerical  calculation  is  arranged  as 
above  suggested,  the  auxiliary  containing  s  must,  in  each  line,  be 
equal  to  the  sum  of  all  the  terms  to  the  left  of  it  in  the  same  line 
and  of  those  terms  containing  the  same  distinguishing  numeral  found 
in  a  vertical  column  over  the  last  quantity  at  the  left  of  tliis  line. 

There  will  yet  remain  only  the  auxiliaries  which  are  derived  from 
[sji]  and  [«n]  to  be  determined.  These  additional  auxiliaries  will 
be  found  by  means  of  the  form\iliB 

_l>t3r,.51  [sn.4]  =  [m.3]  —  ISt3  r, 

[,».5]  =  :.».4]  -  !g9j!  [«.4],        [»..6]  =  [.».6]  ~  "g^  [/,.6], 

and  the  equations  (81)  and  (83).  The  arrangement  of  the  numerical 
process  should  be  similar  to  that  already  explained. 

The  values  of  [sji.l],  [^i.2],  &c,  check  the  accuracy  of  the  results 
for  [6ji.1],  [cti.1],  [en. 2],  [dn.Sj,  &c.  by  means  of  the  equations 

[ta.i:  +  [«».!]  +  Idn.l-j  +  [<>».l]  +  [>.l]  =  [n.l], 
[o».2J  +  [<i».2]  +  [m.2]  +  [/».2]  =  [».2], 

[dn.S]  +  [«n.3:  +  |>.3]  =  [a.S],       (134) 
[.n.4]  +  |>.4]  =  [m.4], 
[/«.5]  =  [,m,.5]. 

It  appears  further,  that,  in  the  ease  of  six  unknown  quantities,  since 
[/s.6]  =  [/f.s],  ive  have  [m.6]  =  0. 

Having  thus  determined  the  numerical  values  of  the  auxiliaries 
required,  we  are  prepared  to  form  at  once  the  equations  (74),  by  means 
of  which  the  values  of  the  unknown  quantities  will  be  determined 
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by  successive  substitution,  first  finding  t  from  the  last  of  these  equa- 
tions, then  substituting  this  result  in  the  equation  next  to  the  last 
and  thus  deriving  the  value  of  w,  and  so  on  until  all  the  unknown 
quantities  have  been  determined.  It  will  be  observed  that  the  loga- 
ritiims  of  the  coefficients  of  the  unknown  quantities  in  these  equa- 
tions will  have  been  already  found  in  the  computation  of  the  aux- 
iliaries. 

If  we  add  together  the  several  equations  of  (74),  first  clearing  tliem 
of  fractions,  we  get 

0  -  [««]  X  +  (C«6]  +  [66.1]) y  -H  (M  +  [6c.l]  +  K2])  . 
+  ([«<?]  +  [6*^-1]  +  Lcd.22  +  idd.Z})  u 
+  (C«a]  +  [6e.l]  +  [ce.2]  +  [rfe.S]  +  ieeA})w  (135) 

+  ([«/]  +  [6/1]  +  [«/2]  +  [#3]  +  [«/.4]  +  lff.5})t 
+  [an]  +  [5«.l]  +  [c«.2]  +  [d«.3]  +  [e«.43  +  i>.5] ; 

and  this  equation  must  be  satisfied  by  the  values  of  x,  y,  z,  &c.  found 
from  (74). 

152,  Example, — The  arrangement  of  the  calculation  in  the  caao 
of  any  other  number  of  unknown  quantities  is  precisely  similar;  and 
to  illustrate  the  entire  process  let  us  take  the  following  equations, 
each  of  which  is  already  multiplied  by  tlie  square  root  of  its  weight : — 

0,707ar  +  2.05%  —  2.372a  —  0.221m  -|-  6".58  ^  0, 
0.471.-C  +  \Mty  — 1.7153  —  0.08&W  +  1  .63  =  0, 
0.260a;  +  0.770J/  —  0.35fe  +  0.483u  —  4  .40  =  0, 
0.092.1;  +  OMSy  +  0.2353  +  0.469w  —  10  .21  =  0, 
0,414a;  +  1.20%  —  I.6O63  —  0.205m  +  3  ,99  =  0, 
0.0403;  +  O.lSOy  -f-  0.1043  +  0.206m  —   4  .34  =  0. 

Fii'st,  we  derive 

[lire]  =  204.313, 

;]:=:+   4.815,  [on]  =  -1-0.971, 
■&»]  =  -I- 12.961,  [ab]  =  +  2.821,  [66]  =  +  8.208, 

.]=  — 25.697,  [(«:]  =  — 3.175,  [6c]=  — 9,168,  [cc]  = -\- lims, 
:(k]=  — 10.218,  [a(i]  =  -0.104,  [6iJ]  =  — 0.251,  [cd]  =  4-0.938,  [_dd]  =  +  C>.5U, 
sn]  ^-18.139,  [as]  ^  +  0.513,  [6s]  =  +  1.610,  [cs]  =  —  0.377,  [*]  =-|- 1.177. 

The  values  of  [sn],  [as],  [6s],  [cs],  and  [(&],  found  by  taking  the 
sums  of  the  normal  coefficients,  agree  exactly  with  the  values  com- 
puted dii-eotly,  thus  proving  the  calculation  of  these  cooiHcients, 
The  normal  equations  are,  therefore, 
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0.971.1!  +  2.821^  —   3.175s  — 0.104?t+    4.815^0, 
2.821,t  +  8.208?;  —   9.1682  —  0.251m  +  12.961  =  0, 

—  3.175a:  —  9.1681/  +  11.028^  +  0.938t(  —  25.697  =  0, 

—  0.104.^■  —  0.251J/  +    0.9383  +  0.594m  —  10.218  :=  0. 

It  will  be  observed  that  the  coefficients  in  these  equations  are  nii- 
foerieally  greater  than  in  the  equations  of  condition;  and  this  will 
generally  be  the  ease.  Henee,  if  we  use  logarithms  of  five  decimals 
in  forming  the  normal  equations,  it  will  be  expedient  to  use  tables 
of  six  or  seven  decimals  in  the  solution  of  these  equations. 

Arranging  the  process  of  elimination  in  the  most  convenient  form, 
the  successive  results  are  as  follows : — 


[6,H]=+0XIS82, 

[M,J]  =  +  O.Mll, 

[6J.1]  -  4-  0.1196, 

[i«.l]=-  1.0278, 

[cc.l]  =  +  C.6«3, 

[a!.I]  =  +0.69J9, 

[5!.1]=+1.300J, 

[™.l] 9.952S, 

[00^]* +  0^895, 

[ai.2]=  +  0.S6M, 

[cs.cn  —  +  0-'63S. 

[«i.2]=-  6.2567, 

[<id.l]==  + 0.5829, 

[dj.l]  = +  1.2319, 

[d«.l] 9.7028, 

[dd.2]=+ 03706, 

[d!.2J  = +0.1360, 

[&,.2]  =  -  BAS2S, 

[dd^]=+ 0.0397, 

[&.3]  =  + 0.0297 

[41.31=-  0.5143, 

[jm.l]".  180.438, 

[m.1]  =-20.6838, 

[nnS]=  M.66!!, 

[m,2]=- 10.8889, 

[nHal=  23.«38, 

[8115]=—   0,5143, 

[««.4]=    14,808, 

[m.4]  =  0. 

The  several  checks  agree  completely,  aud  only  the  value  of  [nn.4] 
remains  to  be  proved.     The  equations  (74)  therefore  give 

X  +  2.9052y  —  3.26982  —  0.10717*  +   4.9588  =  0, 

y  +  4.5601s  +  4.1545«  —  83.6610  =  0, 

z  +  O.nSQu  — 13.4960  =  0, 

IS  — 17.3165  =  0, 

and  from  tlieae  we  get 

u  =  -{-  17".316,    ■    z  =  ~ 2".705,       y=  +  23".977,       x^  —  81".0O8. 

Then  tlie  equation  (135)  becomes 

0  =  +  0.9710.7;  +  2.8333;/  —  2.72933  +  0.3412«  —  1.9838, 

which  is  satisfied  by  tlie  preceding  values  of  the  unknown  quantities. 
If  we  substitute  these  values  of  x,  y,  s,  and  u  in  the  equations  of 
condition  already  reduced  to  the  same  weight  by  multiplication  by 
the  square  roots  of  their  weights,  we  obtain  the  residuals 

+  0".67,        — 1".34,        +2".17,       —  2".01,       —  0".40,       —  0".72, 

The  sura  of  the  squares  of  these  gives 

M  =  [»».'l]=  11.872, 

and  the  ditfcrence  between  tliis  I'esult  and  tlie  value  14,698  already 
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found  is  due  to  the  decimals  neglected  in  the  computation  of  the 
numerical  values  of  the  several  auxillariea.  The  sum  of  all  the 
equations  of  condition  gives  generally 

[«]  ^  +  my  +  I'^l^  + 1^1^^  +  ■■■■  +  M  =  l^l       (13S) 

which  may  be  used  to  checU  the  substitution  of  the  numencal  values 
in  the  determination  of  v,  v',  &c.  Thus,  we  have,  for  the  values 
here  given, 

1.984a;  +  5.8665^  —  5.610^  +  0.647m  —  6.75  =  [«]  =  —  l."63. 

It  remains  yet  to  determine  the  relative  weights  of  the  resulting 
values  of  the  unknown  quantities.  For  this  purpose  we  may  apply 
any  of  the  various  methods  already  given.  The  weights  of  u  and  z 
may  be  found  directly  from  the  auxiliaries  whose  values  have  been 
computed.    Thus,  we  have 

p^  =  [drf.3]  =  0.0297,  p.  =  [^  K2]  =  0.0312. 

If  we  now  completely  reverse  the  order  of  elimination  from  the 
normal  equations,  and  determme  x  first,  we  obtain  the  values 

[66.2]  =  +  0.0425,  [<ta.2]  =  +  0.0033, 

[«<..3]  =  +  0.00056,  [)Mi.4]  =  14.665, 

and  also 

x  =  -~  82.'750,       y  =  -\-  24."365,       %  =  —  2."699,      w  =  +  17."272. 

The  small  differences  between  the.se  results  and  those  obtained  by  the 
first  elimination  arise  from  the  decimals  neglected.  This  second 
elimination  furnishes  at  once  the  weights  of  x  and  y,  namely, 

P^  =  [aa.3]  =  0.00056,  p  ^  [?~^^  [bb.2']  =  0.0072. 

We  may  also  compute  the  weights  by  means  of  the  equations  (96). 
Thus,  to  find  the  weight  of  y,  we  have 

[_dd.2\  =^  ldd.l^  —  £^i  [ocJ.l]  =  +  0.02977, 


The  equations  (103)  and  (108)  are  convenient  for  the  determination 
of  the  values  and  weights  of  the  imknown   quantities   separately. 
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Thus,  by  means  of  the  values  of  the  auxiliaries  obtained  in  the  first 
elimination,  we  find  fi-om  the  equations  (100),  (101),  and  (102), 

A'  =  —  2.9052,  A"  =  +  16.5442,  A'"  =  —  3.3012, 

_B"  =  — 4.5691,  £'"  =  +    0.1202,  C"' =  — 0.9356, 

and  then  tlie  equations  (103)  and  (108)  give 

x  =  —  81"  Sm,  y  =  +  23".9T7,  t  =  —  2".705,  u=+  17".316, 
p^  =  0.00057,         Pj,  =  0.0074,  y.  =  0.0312,        p„  =  0.0297, 

agreeing  witli  the  results  obtained  by  means  of  the  other  methods. 
The  weights  are  ao  small  that  it  may  be  inferred  at  once  that  the 
values  of  x,  y,  e,  and  u  are  very  uncertain,  although  they  are  those 
which  best"  satisfy  the  given  equations.  It  will  be  observed  that  if 
we  multiply  the  first  normal  equation  by  2.9,  the  resulting  equation 
will  differ  very  little  from  the  second  normal  equation,  and  hence  we 
have  nearly  the  case  presented  in  which  the  number  of  independent 
relations  is  one  less  than  the  number  of  unknown  quantities. 

The  uncertainty  of  the  solution  will  be  further  indicated  by  deter- 
mining the  probable  errors  of  the  results,  although  on  account  of  the 
small  number  of  equations  the  probable  or  mean  errors  obtained  may 
be  little  more  than  rude  approximations.  Thus,  adopting  the  value 
of  \m\  obtained  by  direct  substitution,  we  have 

=  2.416, 


wliich  is  the  probable  eiTor  of  the  absohite  term  of  an  equation  of 
condition  whose  weight  ia  unity,     Then  the  equations 

give 

r^ --=  ±  68".25,         r^=±  18".94,        r^^  ± 9".22,         r„  =  ±:  9"A5. 

It  thus  appears  that  the  probable  error  of  z  exceeds  the  value  obtained 
for  the  quantity  itself,  and  that  although  the  sum  of  the  squares  of 
the  residuals  is  reduced  from  204.31  to  11.67,  the  resnlts  are  still 
quite  uncertain. 

153.  The  certainty  of  the  solution  will  be  greatest  when  the  coet- 
ficients  in  the  equations  of  condition  and  aho  in  the  normal  equations 
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differ  very  considerably  botli  in  magnitude  and  in  sign.  In  the  cor- 
rection of  the  elements  of  tlie  orbit  of  a  planet  when  the  observa- 
tions extend  only  over  a  short  interval  of  time,  the  coefficients  will 
generally  change  value  so  slowly  that  the  equations  for  the  direct 
determination  of  the  corrections  to  be  applied  to  the  elements  will 
not  afford  a  satisfactory  solution.  In  such  cases  it  will  be  ex2>edient 
to  form  the  equations  for  the  determination  of  a  less  number  of 
quantities  from  which  the  corrected  elements  may  be  subsequently 
derived.  Thus  we  may  determine  the  corrections  to  be  applied  to 
two  assumed  geocentric  distances  or  to  any  other  quantities  which 
afford  the  required  convenience  in  the  solution  of  the  problem, 
various  formulte  for  which  have  been  given  in  the  preceding  chapter. 
The  quantities  selected  for  correction  should  be  known  functions  of 
the  elements,  and  such  that  the  equations  to  be  solved,  in  order  to 
combine  all  the  observed  places,  shall  not  be  subject  to  any  uncer- 
tainty in  the  solution.  But  when  the  observations  extend  over  a  long 
period,  the  most  complete  determination  of  the  corrections  to  be 
applied  to  the  provisional  elements  will  be  obtained  by  forming  the 
equations  for  these  variations  directly,  and  combining  them  as  already 
explained.  A  complete  proof  of  the  accuracy  of  the  entire  calcula- 
tion will  be  obtained  by  computing  the  normal  places  directly  from 
the  elements  as  finally  corrected,  and  comparing  the  residuals  thus 
derivefl  with  those  given  by  the  substitution  of  the  adopted  values 
of  the  unknown  quantities  in  the  original  equations  of  condition. 

If  the  elements  to  be  corrected  differ  so  much  from  the  true  values 
that  the  squares  and  products  of  tlie  corrections  are  of  sensible  mag- 
nitude, so  that  the  assumption  of  a  linear  form  for  the  equations  does 
not  aiford  the  required  accuracy,  it  will  be  nece^ary  to  solve  the 
equations  fii-st  provisionally,  and,  having  applied  the  resulting  cor- 
rections to  the  elements,  we  compute  the  plaoes  of  the  body  directly 
from  the  con-ected  elements,  and  the  differences  between  these  and 
the  observed  places  furnish  new  values  of  n,  n',  n",  &c.,  to  be  used 
in  a  repetition  of  the  solution.  The  corrections  which  result  from 
the  second  solution  will  be  small,  and,  being  applied  to  the  elements 
as  corrected  by  the  first  solution,  will  furnish  satisfiietory  results.  In 
this  new  solution  it  will  not  in  general  be  necessary  to  recompute  the 
coefficients  of  the  unknown  quantities  in  the  equations  of  condition, 
since  the  variations  of  the  elements  will  not  be  large  enough  to  affect 
sensibly  the.  values  of  their  differential  coefficients  with  respect  to 
the  observed  spherical  co-ordinates.  Cases  may  occur,  however,  in 
which  it  may  become  necessary  to  recompute  the  coefficients  of  one 


stsd  by  Google 


CORRECTION    OF   THE    ELEJIENTS.  423 

or  more  of  the  unknown  quantities,  but  only  when  these  coefBcieiits 
are  very  considerably  changed  by  a  small  variation  in  the  adopted 
values  of  the  elements  employed  in  the  calculation.  In  such  cases 
the  residuals  obtained  by  substitution  in  the  equations  of  condition 
will  not  agree  with  those  obtained  by  direct  calcniation  unless  the 
corrections  applied  to  the  corresponding  elements  are  very  small.  It 
may  also  be  remarked  that  often,  and  especially  in  a  repetition  of  the 
solution  so  as  to  include  terms  of  the  second  order,  it  will  be  suffi- 
ciently accurate  to  relax  a  little  the  rigorous  requirements  of  a  com- 
plete solution,  and  use,  instead  of  the  actual  coefficients,  equivalent 
numbers  which  are  more  convenient  in  the  numerical  operations  re- 
quired. Although  the  greatest  confidence  should  be  placed  in  the 
accuracy  of  the  results  obtained  as  far  as  possible  in  strict  accordance 
with  the  requirements  of  the  theory,  yet  the  uncertainty  of  the  deter- 
mination of  the  relative  weights  in  the  combination  of  a  series  of 
observations,  as  well  as  the  effect  of  uneliminated  constant  errors, 
may  at  least  warrant  a  little  latitude  in  the  numerical  application, 
provided  that  the  weights  of  the  results  ai'e  not  thereby  much  affected. 
A  constant  error  may  in  feet  be  regarded  as  an  unknown  quantity  to 
be  determined,  and  since  the  effect  of  the  omission  of  one  of  the 
unknown  quantities  is  to  diminish  the  probable  errors  of  the  resulting 
values  of  the  others,  it  is  evident  that,  on  account  of  the  existence  of 
constant  errors  not  determined,  the  values  of  the  variables  obtained 
by  the  method  of  least  squares  from  different  corresponding  series  of 
observations  may  differ  beyond  the  limits  which  the  probable  errors 
of  the  different  determinations  have  assigned.  Further,  it  should  be 
observed  that,  on  aoconnt  of  the  unavoidable  uncertainty  in  the  esti- 
mation of  the  weights  of  the  observations  in  the  preliminary  combi- 
nation, the  probable  error  of  an  observed  place  whose  weight  is 
unity  as  determined  by  the  final  residuals  given  by  tlie  equations  of 
condition,  may  not  agree  exactly  with  that  indicated  by  the  prior 
discussion  of  the  observations. 

154.  In  the  case  of  very  eccentric  orbits  in  which  the  corrections 
to  be  applied  to  certain  elements  are  not  indicated  with  certainty  by 
tlie  observations,  it  will  often  become  necessary  to  make  that  whose 
weight  is  very  small  the  last  in  the  elimination,  and  determine  the 
other  corrections  as  functions  of  this  one;  and  whenever  the  coeffi- 
cients of  two  of  the  unknown  quantities  are  nearly  equal  or  have 
nearly  the  same  ratio  to  each  other  in  all  the  different  equations  of 
condition,  this  method  is  indispensable  unless  the  difficulty  is  rcme- 
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died  by  other  meaus,  such  as  the  introduction  of  different  elements  or 
different  combinations  of  the  same  elements.  The  equations  (113) 
furnish  the  values  of  the  unknown  quantities  when  we  neglect  that 
which  is  to  be  determined  independently;  and  then  the  equations 
(114)  give  the  required  expressions  for  the  complete  values  of  these 
quantities.  Thus,  when  a  comet  has  been  observed  only  during  a 
brief  period,  the  eiliptieity  of  the  orbit,  however,  being  plainly  indi- 
cated by  the  observations,  tlie  determination  of  the  correction  to  be 
applied  to  the  mean  daily  motion  as  given  by  the  provisional  ele- 
ments, in  connection  witli  the  corrections  of  the  other  elements,  will 
necessarily  he  quite  uncertain,  and  this  uncertainty  may  very  greatly 
affect  all  the  results.  Hence  the  elimination  will  be  so  ari-anged  that 
a;/  sliall  be  the  last,  and  the  other  corrections  will  be  determined  as 
functions  of  this  quantity.  The  substitution  of  the  results  thus 
derived  in  the  equations  of  condition  will  give  for  each  residual  an 
expression  of  the  following  form : — ■ 

Therefore  we  shall  have 

V^V\  -  K«„]  -L  2  [v]  AA.  +  [j-r]  AA.',  (137) 

which  may  be  applied  more  conveniently  in  the  equivalent  form 

The  most  probable  value  of  a//  will  be  tliat  which  renders  [wu]  a 
minimum,  or 

.,^-M  (139, 

and  the  corresponding  value  of  the  sum  of  the  squares  of  the 
residuals  is 

W  =  h»J-[^[w]-  ("0) 

The  correction  given  by  equation  (139)  having  been  applied  to  /(, 
the  result  may  be  regarded  as  the  most  probable  value  of  that  ele- 
ment, and  the  corresponding  values  of  the  coiTectiona  of  the  other 
elements  as  determined  by  the  equations  (114)  having  been  also  duly 
applied,  we  obtain  the  most  probable  system  of  elements.  These, 
however,  may  still  be  expressed  in  the  form 

9.  +  ^„Aft  i  +  B„Ap,  ^  -I-  (7„a/>.,  &e. 
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the  coefficients  A^,  B^,  C^,  &c.  being  those  given  by  the  equations 
(114),  and  thus  the  elements  may  be  derived  which  correspond  to  any 
assumed  value  of  fx  differing  from  its  most  probable  value.  The 
unknown  quantity  a/i  will  also  be  retained  in  the  values  of  the 
residuals.  Hence,  if  we  assign  small  increments  to  ft,  it  may  easily 
be  seen  how  much  this  element  may  differ  from  its  most  probable 
value  without  giving  results  for  the  residuals  which  are  incompatible 
with  the  evidence  furnished  by  the  observations. 

If  the  dimensions  of  the  orbit  are  expressed  by  means  of  the  ele- 
ments 3  and  e,  it  may  occur  that  the  latter  will  not  be  determined 
with  certainty  by  the  observations,  and  hence  it  should  be  treated  as 
suggested  in  the  case  of  [i;  and  we  proceed  in  a  similar  manner  when 
the  correction  to  be  applied  to  a  given  value  of  the  seml-trajisverse 
axis  a  is  one  of  the  unknown  quautities  to  be  determined. 
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155.  We  have  thus  fiir  considered  the  circumstances  of  the  undis- 
turbed motion  of  the  heavenly  bodies  in  their  orbits;  but  a  com2>let€ 
determination  of  the  elements  of  the  orbit  of  any  body  revolving 
around  the  sun,  requires  that  we  should  determine  the  alterations  in 
its  motion  due  to  tlie  action  of  the  other  bodies  of  the  system.  For 
this  purpose,  we  shall  resume  the  general  equations  (18)i,  namely, 


■'  dx' 


de 


which  determine  the  motion  of  a  heavenly  body  relative  to  the  sun 
wJieii  subject  to  the  action  of  the  other  bodies  of  the  system.  We 
have,  further, 

which  is  called  the  pei'turbiiig  fundion,  of  which  the  partial  diilereii- 
tial  coefficients,  with  respSct  to  the  co-ordinates,  are 

dil  to'     //  — «       «■!    ,      to"    la!'~x       a>"  \    ,    . 

and  ill  which  m',  m",  &c.  denote  the  ratios  of  the  masses  of  the 
several  disturbing  plajiets  to  the  mass  of  the  sun,  and  m  the  ratio  of 
the  mass  of  the  disturbed  planet  to  that  of  the  sun.  These  partial 
differential  coefficients,  when   multiplied  by  }^{l-\-m),  express  the 
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sum  of  the  components  of  the  disturbing  force  resolved  in  dii 
parallel  to  the  three  rectangular  axes  respectively. 

When  we  neglect  the  consideration  of  the  perturbations,  the 
equations  of  Jiiotion  become 

the  complete  integration  of  which  furnishes  as  arbitraiy  constants  of 
integration  the  six  elements  which  determine  the  orbitual  motion  of  a 
heavenly  body.  But  if  we  regai-d  these  elements  as  representing  the 
actual  orbit  of  the  body  for  a  given  instant  of  time  t,  and  conceive 
of  the  effect  of  the  disturbing  forces  due  to  the  action  of  the  other 
bodies  of  the  system,  it  is  evident  that,  on  account  of  the  change 
arising  from  the  force  thus  introduced,  tlie  body  at  another  instant 
different  from  the  first  will  be  moving  in  an  orbit  for  which  the 
elements  are  in  some  degree  different  from  those  which  satisfy  the 
original  equations.  Altiiough  the  action  of  the  disturbing  force  is 
continuous,  we  may  yet  regai-d  the  elements  as  unchanged  during  the 
element  of  time  dt,  and  as  varying  only  after  each  inteiwal  dt.  Let 
ua  now  designate  by  t^  the  epoch  to  which  the  elements  of  the  orbit 
belong,  and  let  these  elements  be  designated  by  M^,  7Z„,  SJ,,,  i„,  e^,  and 
a,,;  then  will  the  equations  (3)  be  exactly  satisfied  by  means  of  the 
expressions  for  the  co-ordinates  in  terms  of  these  rigorously-constant 
elements.  These  elements  will  express  the  motion  of  the  body  sub- 
ject to  the  action  of  the  disturbing  forces  only  during  the  infinitesimal 
interval  dt,  and  at  the  time  t^-\-  di\t  will  commence  to  describe  a 
new  orbit  of  which  the  e)ement-s  will  differ  from  these  constant  ele- 
ments by  increments  which  are  called  ths  perturbations. 

According  to  the  principle  of  the  variation  of  parameters,  or  of 
tlie  constants  of  integration,  the  differential  equations  (1)  will  be 
satisfied  by  int^rals  of  the  same  form  as  those  obtained  when  the 
second  members  are  put  equsil  to  zero,  provided  only  that  the  arbitraiy 
constants  of  the  latter  integration  are  no  longer  regarded  as  pure 
constants  but  as  subject  to  variation.  Consequently,  if  we  denote  the 
variable  elements  by  M,-r:,  fi,  i,  e,  and  a,  they  will  be  connected 
with  the  constant  elements,  or  those  which  determine  the  orbit  at  the 
instant  (,,,  by  the  equations 
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mente  depending  on  the  disturbing  forces.  When  these  differential 
coefficients  are  known,  we  may  determine,  by  simple  quadrature,  the 
perturbations  SM,  Sn,  &o.  to  be  added  to  the  constant  elements  in 
order  to  obtain  those  corresponding  to  any  in&tant  for  which  the 
place  of  the  body  is  required.  These  differential  coefficients,  however, 
are  functions  of  the  partial  differential  coefficients  of  J2  with  respect 
to  the  elements,  and  before  the  integration  can  be  performed  it 
becomes  necessary  to  find  the  expressions  for  these  partial  difFerentiai 
coefficients.  For  this  purpose  we  expand  the  function  S  into  a  con- 
verging series  and  then  differentiate  each  term  of  this  series  relativt'ly 
to  the  elements.  This  function  is  usually  developed  into  a  converg- 
ing series  arranged  in  reference  to  tlie  ascending  powers  of  the  eccen- 
tricities and  inclinations,  and  so  as  to  include  an  indefinite  number 
of  revolutions;  and  the  final  integration  will  then  give  what  are 
called  the  ahsolvie  or  general  perturbations.  When  the  eccentricities 
and  inclinations  are  very  great,  as  in  the  case  of  the  comets,  this 
development  and  analytical  int^ration,  or  quadrature,  becomes  no 
longer  possible,  and  even  when  it  is  possible  it  may,  on  account  of 
the  magnitude  of  the  eccentricity  or  inclination,  become  so  difficult 
that  we  are  obliged  to  determine,  instead  of  the  absolute  perturbations, 
what  are  called  tlie  special  pertwrhaimis,  by  methods  of  approxima^ 
tion  known  as  meohanioal  quadratures,  according  to  which  we  deter- 
mine the  variations  of  the  elements  from  one  epoch  i,,  to  another 
epoch  t.  This  method  is  applicable  to  any  ease,  and  may  be  advan- 
tageously employed  even  when  the  determination  of  tlie  absolute 
perturbations  is  possible,  and  especially  when  a  series  of  observations 
extending  through  a  period  of  many  years  is  available  and  it  ia 
desired  to  determine,  for  any  instant  <(,  a  system  of  elements,  usually 
called  osoulatmg  ekmmts,  on  which  the  complete  theory  of  the  motion 
may  be  based. 

Instead  of  computing  the  variations  of  the  elements  of  the  orbit 
directly,  we  may  find  the  perturbations  of  any  known  functions  of 
these  elements;  and  the  most  direct  and  simple  method  is  to  deter- 
mine the  variations,  due  to  the  action  of  the  disturbing  forces,  of 
any  system  of  three  co-ordinates  by  means  of  which  the  position  of 
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the  body  or  the  elements  themselves  may  be  found.  We  shall,  there- 
fore, derive  vai-iona  formulae  for  this  purpose  before  iiive.stigatijig  the 
formulae  for  the  direct  variation  of  the  elements. 

166.  Let  a;„,  y,,,  %  be  the  rectangular  co-ordinates  of  the  body  at 
the  time  t  computed  by  means  of  the  osculating  elements  M„,  tt^,  JJ,,, 
&c,,  corresponding  to  the  epoch  tg.  Let  x,  y,  %  be  the  actual  co-ordi- 
natea  of  the  disturbed  body  at  the  time  i;  and  we  shall  have 

x  =  x^-\-  Sx,  y  =  y„J^dy,  a  =^ »„  +  ^^, 

Sx,  dy,  and  8z  being  the  perturbations  of  the  rectangular  co-ordinates 
from  the  epoch  („  to  the  time  (.  If  we  substitute  these  values  of  a:, 
y,  and  z  in  the  equations  (1),  and  then  subtract  from  each  the  corre- 
sponding one  of  equations  (3),  we  get 

Let  us  now  put  »■  —  »■„+  5r;  then  to  terms  of  the  order  Si^,  which  is 
equivalent  to  considering  only  the  first  power  of  the  disturbing  force, 
we  have 


-^-^l''- 

-3»*), 

r' 
and  hence 

-i:-^'- 

X). 

-=s\ 

We  have  also  from 

r-  =  t'  +  ,'  +  i- 

neglecting  terras  of  the  second  order. 

(6) 


Sr  =  ^S:c  +  ^Sy  +  \  fe  (7) 
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The  integration  of  the  equations  (6)  wi!l  give  the  perturbations  3x, 
Sy,  and  &  to  be  applied  to  the  rectangular  co-ordinates  x^  y^,  ^o  com- 
puted by  means  of  the  osculating  elements,  in  order  to  find  the  actual 
co-ordinates  of  the  body  for  the  dat-e  to  which  the  int^ration  belongs. 
But  since  the  second  membei's  contain  tlie  quantities  Sx,  Sy,  Ss  which 
are  sought,  the  integration  must  be  effected  indirectly  by  successive 
approximations;  and  from  the  manner  in  which  these  are  involved 
in  the  second  members  of  the  equations,  it  will  appear  that  this  inte- 
gration is  possible. 

If  we  consider  only  a  single  disturbing  planet,  according  to  (he 
equations  (2),  we  shall  have 

and  these  forces  we  will  designate  by  X,  Y,  and  Z  respectively;  then, 
if  in  these  expressions  we  neglect  the  terms  of  the  order  of  the 
square  of  the  disturbing  force,  writing  %  y^,  Zp  in  place  of  x,  y,  z, 
the  equations  ((J)  become 


wliieli  are  the  equations  for  computing  the  perturbations  of  the  rec- 
tangular co-ordinates  with  reference  only  to  the  first  power  of  the 
masses  or  disturbing  forces.     We  have,  further, 

p'^iaf-  xy  4-  (2/  -  yr  +  C^"  -  ^r,  (10) 

in  which,  wlien  terms  of  the  second  order  are  neglected,  we  use  the 
values  a.'„,  i/^  z^  for  x,  y,  and  z  respectively. 

167.  From  the  values  of  Sx,  3y,  and  3z  computed  with  regard  to 
the  first  power  of  the  masses  we  may,  by  a  repetition  of  part  of  the 
<si!eulation,  take  into  account  the  squares  and  products  and  even  the 
higher  powers  of  the  disturbing  forces.  The  equations  (5)  may  be 
written  thus: — 
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T— ^^  (>-.*)«-'■' 


in  which  nothing  is  neglected.  In  tlie  application  of  these  formulfe, 
as  soon  as  dx,  dy,  and  &  have  been  found  for  a  few  successive  inter- 
vals, we  may  readily  derive  approximate  values  of  these  quantities 
for  the  date  next  following,  and  with  these  find 

and  hence  the  complete  values  of  the  forces  X,  Y,  and  Z,  by  means 
of  the  equations  (8),     To  find  an  expression  for  the  factor 


which  ^viil  be  convenient  in  the  numerical  calculation,  we  have 
r"-  =  (x,  +  Sxy  +  (y,  +  SyT  +  (.,  +  S,y 

=  r^'  +  23;„fa  +  2)/,%  +  2z^d3  +  Sx'  +  Sf+  Sz\ 
and  tlierefore 

^  =  1  J.  2  (^  +  jto)  8x  +  (y„  +   ■  %)  Sy  +  (z„  +  hSz)  dz 

Let  us  now  put 

,  =  '-  +.i'"  fa  +  »•-+-.»  >,  +  -^  fe,  (12) 

and 

then  we  shall  have 

/=3(l-|j  +  |-;|,-~|^«'  +  &.),  (13) 

and  the  values  of/  may  be  tabulated  with  the  argument  q.     The 
equations  (11)  therefore  become 

5=l'+'^(/»-%),  (14) 


-(/«=- &)• 


BiBd  by  Google 


432  TIIEORETIOAL    ASTRONOMY. 

The  coefficients  of  8x,  Sy,  and  Sz  \a  equation  (12)  may  be  found  at 
once,  with  sufficient  accuracy,  by  means  of  the  approximate  values 
of  these  quantities;  and  having  found  the  value  of  / corresponding 
to  the  resulting  value  or  q,  the  numerical  values  oi  -^^  —r^,  and 
--J3-,  which  include  the  squares  and  products  of  the  masses,  will  be 
obtained.  The  integration  of  these  will  give  more  exact  values  of 
Sx,  %,  and  3z,  and  then,  recomputing  q  and  the  other  quantities  which 
require  correction,  a  still  closer  approximation  to  the  exact  values  of 
the  perturbations  will  result. 

Table  XVII.  gives  the  values  of  log/  for  positive  or  negative 
values  of  q  at  intervals  of  0.0001  from  q  =  Otoq  =  0.03.  Unless 
the  perturbations  are  very  large,  q  will  be  found  within  the  limits  of 
this  table;  and  in  those  cases  in  which  it  exceeds  the  limits  of  the 
table,  the  value  of 

may  be  computed  directly,  using  the  value  of  r  in  terms  of  »■„  and 
dx,  di/,  8z. 

In  the  application  of  the  preceding  formula,  the  positions  of  the 
disturbed  and  disturbing  bodies  may  be  referred  to  any  system  of 
rectangular  co-ordinates.  It  will  be  advisable,  however,  to  adopt 
either  the  plane  of  the  equator  or  that  of  the  ecliptic  as  the  funda- 
mental plane,  the  positive  axis  of  x  being  directed  to  the  vernal 
equinox.  By  choosing  the  plane  of  the  elligtic  orbit  at  the  time  t^ 
as  the  plane  of  xy,  the  co-ordinate  z  will  be  of  the  order  of  the  per- 
turbations, and  the  calculation  of  this  part  of  the  action  of  the  dis- 
turbing force  will  be  very  much  abbreviated;  but  unless  the  inclina- 
tion is  very  large  there  will  be  no  actual  advantage  in  this  selection, 
since  the  computation  of  the  values  of  the  components  of  the  dis- 
turbing forces  will  require  more  labor  than  when  either  the  equator 
or  the  ecliptic  is  taken  as  the  fundamental  plane.  Tlie  perturbations 
computed  for  one  fundamental  plane  may  be  converted  into  those 
referred  to  another  plane  or  to  a  different  position  of  the  axes  in  the 
same  plane  by  means  of  the  formulae  which  give  the  transformation 
of  the  co-ordinates  directly. 

158.  We  shall  now  investigate  the  formulse  for  the  integration  of 
the  linear  differential  equations  of  the  second  order  which  express  the 
variation  of  the  co-ordinates,  and  generally  the  formulte  for  finding 
the  integrals  of  expressions  of  tlie  form   j  f{x)  dx  and   j  j  f{x)  <h? 
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when  the  values  of /(a;)  ai'e  eompiited  for  successive  values  of  x  in- 
creasing in  arithmetical  progression.  First,  therefore,  we  shall  find 
the  integral  of  f(x)  dx  within  given  limite. 

Within  the  limits  for  which  x  is  continuous,  we  have 

f(x)  =  ^  +  0x  +  r^'+dx'+j^+....;  (15) 

and  if  we  consider  only  three  terms  of  this  series,  the  resulting  equa- 

f(_X)r=c+^X+rX' 


is  that  of  the  common  parabola  of  which  the  abscissa  is  x  and  the 
ordinate /(a;),  and  the  integral  of /{a?)  dx  is  the  area  included  by  the 
abscissa,  two  ordinates,  aiid  the  included  arc  of  this  curve.  Gene- 
i-ally,  therefore,  we  may  consider  the  more  complete  expression  for 
f(x)  as  the  equation  of  a  parabolic  curve  whose  degree  is  one  less 
than  the  number  of  terms  taken.  Hence,  if  we  take  n  terms  of  the 
series  as  the  value  of /{ic),  we  shall  derive  the  equation  for  a  parabola 
whose  degi-ee  is  )i  —  I,  and  which  has  n  points  in  common  with  the 
curve  represented  by  the  exact  value  of  f{x). 

If  we  multiply  equation  (15)  by  dx  and  int^rate  between  the 
limits  0  and  x',  we  get 

Jf(x>  dx  =  ».^'  +  ■■/5.^■''  +  ir^^'  +  J&"  +  . . . .  (16) 

If  now  the  ^ilnc-,  tt  /(t)  foi  dilfeicnt  \ilue's  of  x  from  0  to  a:'  are 
.  known,  eatli  of  these,  bj  mems  ol  equitiin  (15),  will  furnish  an 
equation  for  the  determination  of  a,  j3,Y,&,  ;  and  the  number  of 
terms  which  mav  be  taken  will  be  equal  to  the  number  of  different 
known  values  of  f{x).  As  soon  as  a,  ^,  y,  &c.  have  thus  been  found, 
the  equation  (16)  will  give  the  integral  required. 

If  the  values  of /(a;)  are  computed  for  values  of  x  at  equal  inter- 
vals and  we  integrate  between  the  limits  a;^^0,  and  a?  =  nd^,  Aa; 
being  the  constant  interval  between  the  successive  values  off^a;j  and 
n  the  number  of  intervals  from  the  beginning  of  the  integraaon,  we 
obtain 

ff{x)  dx  =  MiLx  +  ^jS/i^Aa'  +  irn?iix''  -\-  &a. 


Let  us  now  suppose  a  quadratic  parabola  to  pass  through  the  points 
of  the  curve  represented  by  f{x),  corresponding  to  x=^0,  x  =  Aa^, 
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and  X  =  2a:c;  then  will  tlic  area  included  by  the  are  of  this  parabola, 
the  extreme  ordinates,  and  the  axis  of  abscissas  be 

f/Ca,-)  dx  =  ^z  (2a  +  2,3AK  +  li-Aa^O- 

The  equation  of  the  curve  gives,  if  we  designate  the  oi'diiiates  of  the 
three  successive  points  by  y^,  y^,  and  ij^, 


and  hence  wc  derive 


Jf(.x)dx^-^Ax(%+iy,  +  y,). 


In  a  similar  manner,  the  area  included  by  the  ordinates  y^  and  y^, — 
corresponding  to  a;  =  2ax  and  x  ^^  4:&x, — the  axis  of  abscissas,  and 
the  parabola  passing  through  the  three  points  corresponding  to  y.^,  y^ 
and  ^y  is  found  to  be 

and  hence  we  have,  finally, 

fjix}dx  =  -li>.x(y,_,  +  iy„^,  +  y:). 

The  sum  of  all  these  gives 

fZu^  (17) 

by  means  of  which  the  approximate  value  of  the  integral  within  the 
given  hmits  may  be  found. 

If  we  consider  the  curve  which  passes  through  four  points  corre- 
sponding to  yo,  yi,  y^  and  y^,  we  have 

y=fix-)  =  ^  +  fix  +  rx'  +  ^^ 

for  the  equation  of  the  curve,  and  hence,  giving  to  x  the  values  0, 
i*,  2^x,  and  Saa;,  successively,  we  easily  find 
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"=65;  '^»'  -  -'H'  +  ^'!''  -  "'''>• 
r  =  2jji  (—  J.  +  %■  —  %,  +  2j.), 
'  =  5^j  (?.-%,  + %,-!/.). 
Therefore  we  shall  have 

J/M<is  =  |u(!..  +  %.  +  35,  +  y.).  (18) 

In  like  mannerj  by  taking  successively  an  additional  tenn  of  the 
series,  we  may  derive 


//M  *  =  -^  (7y.  +  32j,  +  12j,  +  32y,  +  7},), 

//W  i  =  III-  (1%.  +  75!/,  +  6%.  +  60s.  +  7%.  +  19j.). 


(19) 


This  process  may  be  continued  so  as  to  include  the  extreme  values  of 
a;  for  wliicli/(a;)  is  known;  but  in  the  calculation  of  perturbations  it 
will  be  more  convenient  to  use  the  finite  differences  of  the  function 
instead  of  the  function  itself  directly.  We  may  remark,  further, 
that  the  intervals  of  quadrature  when  the  function  itself  is  used, 
may  be  so  determined  that  the  degree  of  approximation  will  be  much 
greater  than  when  these  intervals  are  uniform, 

169.  Lei  us  put  Aa:  =■  «j,  and  let  the  value  of  x  for  which  Tt  ^=  0 
be  designated  by  a;  then  will  the  general  value  be 

/(..)=/(<.+».), 

to  being  the  constant  interval  at  which  the  values  of /(«)  are  given. 
Hence  we  shall  have 

d:X  ^^  lodn, 
p(x)dx  =  v>p{a  +  nu,)dn. 

If  we  expand  the  function  f{a  -\-  nei),  we  have 

/(,+«)./(.)+„.^+»-:^.^+^V^+*-(») 
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aad  heiic« 

C  being  tlie  constant  of  integration.     The  equations  (54)^  give 

» ^  =/  w  -  kf"  (•) + A/'  («)  ~  iferw  +  ■  ■ . , 
"'  ^  =-f' '»'  -  A-''"'"^  +  "•''"  w  -  »■•■''""  <»)  +  •■■■ 

da' 


(21) 


=/"(•) -|/"C«)  +  3lu/""C«) -■ 


=/"(«)-J/™  (<■)  +  •. 


in  which  the  functional  symbols  in  the  second  members  denote  the 
different  orders  of  finite  differences  of  the  function.   Hence  we  obtain 

ff(_a  +  n«.)dn  =  C+nfia) 

+  inVW  -  ^/"(«)  +  5V'C«)  -  TiB/"'(«)  +  ■  ■  ■) 

+  K(/" W  -  ry"W  +  ^V" W  -  5b/'"'(«)  ■!-...) 

+  ^^n*{f"'(a)-ir{a)  +  ^hria)  - . . .) 

+  ih^HrW  - !/"(«)  +  .^./-^c^)  -  ■  ■  ■)  ^^'^' 

If  we  take  tlie  integral  between  the  limits  — n'  and  -hn',  the  terms 
containing  the  even  powers  of  n  disappear.  Further,  since  the  values 
of  the  function  are  supposed  to  be  known  for  a  series  of  vahies  of  n 
at  intervals  of  a  unit,  it  will  evidently  be  convenient  to  determine 
the  integral  betweai  the  required  limits  by  means  of  the  sum  of  a 
series  of  integrals  whose  limits  are  successively  increased  by  a  unit, 
such  that  the  difference  between  the  superior  and  the  inferior  limit 
of  each  integral  shall  be  a  unit.  Hence  we  take  the  first  integral 
between  the  limite  — J  and  +i,  and  the  equation  (23)  gives,  after 
reduction, 
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+  i 
'L.  (34) 

It  is  evident  that  by  writing,  in  suceession,  a-\-  o>,  a-\-  2(u, .... 
a  +  id  in  place  of  a,  wo  simply  add  1  to  each  limit  aueceasively,  so 
that  we  have 

ff(a  +  no,)  dn  =J/((a  +  ia,)  +  (n-i)o.)din~  i) 
But  since 

i+i  i  i  i+i 

ff(a  +  no,)  dn  =J/(a  +  no,)  dn  +J/(a  ^no,)dn +j7(«+««.)  dn, 

if  we  give  to  i  successively  the  values  0,  1,  2,  3,  &c.  in  the  preceding 
equation,  and  add  the  results,  we  get 

jf{a  +  n^)  dn  -  ^f^a  +  no.)  +  Jj  Jj/"  (a  +  m>) 
"■  "^l.,  "^^  „„.  (26) 

-  i-^l«_2-'''°^''  +  '^'"^  +  ^m^^^P'i^  +  '^-)  -&c. 

Let  us  now  consider  the  functions  /(a),  f{a  +  ko>),  &c.  as  being 
themselves  the  finit«  differences  of  other  functions  symbolized  by  '/, 
the  first  of  which  is  entirely  arbitrary,  so  that  we  may  put,  in  accord- 
ance with  the  adopted  notation, 

/(.)  =  '/{<. +  4") -'/(»-!«), 

/(.+")=y("+»-y(«+5«), 

/(a  +  «)  =  '/(■«  +  („  +  1)  „)-■/(.+  („_  j)  „). 
Therefore  we  shall  have 

^/(o  +  ~)  =  ■/(.  +  (i  +  J) »)  -  '/(a  -  J»), 
and  also 

J]r  (« +«.)=/  (o  +  (.■+ B  -)-/  (o  -  », 

^/" (.  +  „)  =/" (<.  +  (.■  +  » -)  -/'"  («  -  J»),  &o. 
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Further,  since  tlie  quantity  'f{a  ~  ^)  is  entirely  arbitrary,  we  may 
assign  to  it  a  value  such  that  the  sum  of  all  the  terms  of  the  equation 
which  have  the  argument  a.  —  Jw  shall  be  zero,  namely, 

(26) 
Substituting  these  values  in  (25),  it  reduces  to 

a  +  «  +  «<o  i  +  i 

«-i™  -S  (27) 

In  the  calculation  of  the  perturbations  of  a  heavenly  body,  the 
dates  for  which  the  values  of  the  function  are  computed  may  be  so 
arranged  that  for  n^=  —  J,  corresponding  to  the  inferior  limit,  the 
integral  shall  be  equal  to  zero,  the  epoch  of /(«  — |o))  being  that  of 
tlie  osculating  elements.  It  will  be  observed  that  the  equation  (26) 
expresses  this  condition,  the  constant  of  integration  being  included 
in  'f{a  —  ^oj).  If,  instead  of  being  equal  to  zero,  the  integral  iias  a 
given  value  when  n  =  —  Jj  it  is  evidently  only  neccssaiy  to  add  this 
value  to  '/{a  —  Jw)  as  given  by  (26). 

160.  The  interval  a  and  the  arguments  of  the  function  may  always 
be  ao  taken  that  the  equation  (27)  will  furnish  the  required  integral, 
either  directly  or  by  interpolation ;  but  it  will  often  be  convenient  to 
integrate  for  other  limits  directly,  thus  avoiding  a  subsequent  inter- 
polation. The  derivation  of  the  required  formulfe  of  integration 
may  be  effected  in  a  manner  entirely  analogous  to  that  already  indi- 
cated. Thus,  let  it  be  required  to  find  the  expression  for  the  integral 
taken  between  the  Kmits  —J  and  i. 

The  general  formula  (23)  gives 

ff(a  + ,»)  in  =  J/W  +  If  C«)  +  A/'  W  -  ,J,r  (.)  -  tA'h/"  w 

+  jSSIi/'W  +  Tjifl«ll/"(«)  -&C.i 

anfll  siiicej  according  to  the  notation  adopted, 

/W  =  J(/'C«-|")+/'(«  +  l-)) 

=/'(«  + J»)     -i/"(o),  „8i 

r(.)=r(.+j.)  -5/n.),  ^  ' 
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this  becomes 

//(«+»«)  ■j«=s/w+j/  («+j")-Ar  w-35,r  c«+j")    (29) 

Thei-efore  we  obtain 

'  -,i,r(«+(i+i)-)+TH,/"(<.+-)+,sa,/'(<.+«+B«)  ^'- 

Now  wc  have 

J/(.  +  »)  i»  =J/(<.  +  ~)  *,  ~j7(«  +  «.)<;»; 

and  if  we  substitute  the  values  already  fouud  for  the  terms  in  the 
second  member,  and  also 

.     /(.  +  ;.)=  •/(„  +  (;  +  !).)-  '/(c  +  Oi-s).), 
/" {.  +  i.)  =  /(«  +  (i  + 1) „)  _  /(.  +  (i  - .) .), 

/"(.  +  i.)=/'(a+(i  +  5)»)-/-(.  +  (i-l)»),&o. 
we  get 

jr^r<!x =.//(. +.")*.  ^^^^ 

=-!l'/C«+(''+a'»)+l'/C«  +  tf-l)-)-A/' (<.  +  (•■+»'-) 

-A/(»+(i-i)»)+TH./"'(«+C>'+l)")+TH./"'(»+(i-5)-) 

-TiV,'n/-(»+W+»»)-T3V.Wr(»  +  W-l»  +  fc!, 

which  is  the  required  integral  between  the  limits  — ^  and  i. 

161.  The  methods  of  integration  thus  far  considered  apply  to  the 
cases  in  which  but  a  single  integration  is  required,  and  when  applied 
to  the  int^ration  of  the  differential  equations  for  the  variations  of 
the  co-ordinates  on  account  of  the  action  of  disturbing  bodies,  they 

will  only  give  the  values  of  -tt->  -tt'  and  -tt'  and  another  integration 
becomes  necessary  in  order  to  obtain  the  values  of  dx,  dy,  and  dz. 
Wo  will  therefore  proceed  to  derive  formnlse  for  the  determination 
of  the  double  integral  directly. 
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Foi-  the  double  integral  fff{x)  dx^  we  have,  since  dx'  =  ai^dn^, 

The  value  of  the  function  designated  by  f{a)  being  so  taken  that 
when  n^  —  |, 

the  equation  (23)  gives 

C=-Jf(a  +  na>)d7i. 

Therefore,  the  general  equation  is 

Jj{a  +  nu.)  dn  =J/(«  +  no>)  dn  +  nf(_a) 

the  values  of  a,  ^,  y, . . .  being  given  by  the  equations  (22).  Multi- 
■  plying  this  by  dn,  and  integrating,  we  get 

Jj/(a  +  no>)  dn^  ^  C  +  nffia  -H  ft-)  du  +  ^njia) 
-i 

+  g""-'  +  31J5«-'  +  rior"-'  +  &c., 

C"  being  the  new  constant  of  integration.  If  we  take  the  integral 
between  the  limits  —  J  and  H-  J,  we  iind 

fJficL  +  n^)dn'  =Jfia  +  n«>)  dn  +  -^\a  +j^'^^r  +  t^i^s^^  +  &e. 

From  the  equation  (32)  we  get,  for  i  =  0, 

J/(«  +  no,)  dn  =  '/(a)  -  J^f  («)  +  .'JJ'"  C«)  -  a  J?^ii/'  («)  +  &".  (33) 

Substituting  this  value,  and  also  the  values  of  a,  y,  s,  &e., — which 
are  given  by  the  second  members  of  the  equations  (22), — in  the  pre- 
ceding equation,  and  reducing,  we  get 

JJ/C«4-«»)<i,'='/(,.)-T,'./(a)+,H,r(«)-T.»M./'(»)+*«-(3« 
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Hence 

jJ/(«  +  n^)  dn'  = '/(«  +  io>)  ~  .L/'  t«  +  W) 

+  Tihf'i-^  +  *-)  -  T^Ws  J'(«  +  *-)  +  'fee. 
and 

-'  .;-"  '"\_,  (35) 

+ Tih'^r  (• + »»)  -  T,w,,'^r  («+  »«>) + *«. 

We  may  evidently  consider  '/(ra  —  Joj),  y(ffl  +  jo*),  &c.  as  tlie  diifer- 
ences  of  other  functions,  the  firat  of  whieh  is  arbitrary,  so  that  we 
have 

y w      =  i'/c« +;•)  +  i'/c-  -  3-) = J7(« + ")  -  y"  (■"--). 

'/(«  +  »)  =  i'/(o  +  |»)  +  57(«  +  J.)  =  J"/(<.  +  2»)  -  s/"  (•), 

'/(«+-)=!'/(«+  (»+5)")  +  !'/(«+  C«—})<")=-r/(«+  ("+!)<«) 

-r/(«+(»-i)»)- 

Therefore 

Jj'/(«+««)=i"/(.+(i+i)<.)+r/(«+-)-r/(«)-i7  («-«•)■ 
'JJ/  («+«»)=y  (<.+(i+i).)+5/(<.+~)-yc<.)-u(«-»), 
Jjrc<.+~)=j/"(»+(i+i)»)+ir(«+~)-s/"(<')-i/"(«— ), 

^/■(<.+i-)=J/"(o+(i+l)")+-S/t<>+<'»)-S/'t«)-if"(«-»),&o. 
Substituting  these  values  in  equation  (35),  and  observing  that 

7(-)  +  7(«  -  ")  =  2"/(«  -«)+'/(«-  ^"). 

/(•)  +  /(•  -  »)  =    2/(<.)  -/(—», 

/"  («)  +/" («  -  »)  =  2/"  («)  -/"(o  -  J.),  &., 

'/C<■^■•)=-,'I/(«-W+lH./"'(•-5•)-lAV../■(«-J•')  +  .■.■ 

and  that,  since  "/(ra  —  w)  is  arbitrary,  we  may  put 

7(«  -  ■>)  =  A/(«)  -  .«t  (2/"  (•)  +  /"  (<•-»)) 


+  ,i,V„WM  +  2/"(<i  ~  ■"))  ~  &e. 


(36) 
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tlie  integral  becomea 

°~'"=-'sr/(»+(i+i)»)+r/(»+-)-A/(«+('+i)")  C37) 

-A/C«+~)+,4h/"  («+('■+!)  ")+iiKi/"  (»+") 

-..v;,j'  («+(i+i)")-j.'AV/'  (<.+i")+ic  i 

which  13  the  oipre^sion  for  the  double  iiitegnl  between  the  hmita 
-J  and  i  +  i. 

The  value  of '^(rt  —  (j)  gi\Ln  by  tquituii  (Sf )  ih  in  ircndinte 
with  the  siippo'iitioii  that  lor  n  ^  —  i  the  double  integral  is  equil  to 
zero,  and  this  cmdition  la  fulfilled  in  the  calculition  ot  the  peitni 
bations  when  tlie  aigument  a  — ioj  coiresponds  to  the  date  for  which 
the  osculating  elements  aie  given  If,  foi  n=— i,  neitha  the  single 
nor  the  double  integral  is  to  be  taken  equal  to  zero,  it  is  only  neces- 
sary to  add  the  given  value  of  the  single  integral  for  this  argument 
to  the  value  of  'f{a  —  Jm)  given  by  equation  (26),  and  to  add  the 
given  value  of  the  double  integral  for  the  same  argument  to  the  value 
of  "/{«-«.)  given  by  (36). 

162.  In  a  similar  manner  we  may  find  the  expressions  for  the 
double  integral  between  other  limits.  Thus,  let  it  be  required  to 
find  the  double  integral  between  the  limits  ^^  and  i. 

Between  the  limits  0  and  ^  we  have 

i  0 

Jj/(a  +  nc.)dn'  -  iff  (a  +  ,yo)dn  +  ^/(a)  +  -/g* 

+  -d^l^  +  swivr  +  ^shv^  +  &<=■ 
which  gives 

Jffia+nu,)  dn^=i'J(a)+Uia)^^\f  (a)+^hf"  (a)+.,Uof"'  («)  (gg) 

and  this  again,  by  means  of  (28),  gives 

jJ/{a  +  ,.»)<i»'=J.'/(«  +  (i  +  l)«)-S/(a  +  i.)-A/'(»  +  (i+4)") 
+,fc/"(«+-)+i,Jh/"(«+C<+l)»)-TAW(«+") 

— 35¥DW(«+(*^-2)'")+3HWBVGB/°'(«+w)+&C■ 
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Therefore,  since 


'/(«  +  (i  +  4)  -)  =  "/(»  +  (i  +  1 J  -.)  -  "f(a  +  ia,-). 
/'"  («  +  (i  +  ^)  »)  -/"  («  +  (^  +  i;  <«)  -/"  (a  +  vo),  &c. 
we  shall  have 

^•i-^  ''^i  (39) 

which  gives  the  required  integral  between  the  limits  — J  and  i. 

163.  It  will  be  observed  that  the  coefficients  of  the  several  terms 
of  the  fovmulse  of  integration  converge  rapidly,  and  hence,  by  a 
proper  selection  of  the  inta'val  at  which  the  values  of  the  function 
are  computed,  it  will  not  be  necessary  to  consider  the  terms  which 
depend  on  the  fourth  and  higher  orders  of  differences,  and  rarely 
those  which  depend  on  the  second  and  third  differences.  The  value 
assigned  to  tlie  interval  to  must  be  such  that  we  may  interpolate  with 
certainty,  by  means  of  the  values  computed  directly,  all  values  of  the 
function  intermediate  to  the  extreme  limits  of  the  integration;  and 
hence,  if  the  fourth  and  higher  orders  of  differences  are  sensible,  it 
will  be  necessary  to  extend  the  direct  computation  of  the  values  of 
the  function  beyond  the  limits  which  would  otherwise  be  required, 
in  order  to  obtain  correct  values  of  the  differences  for  the  beginning 
and  end  of  the  integration.  It  will  be  expedient,  therefore,  to  take 
to  so  small  that  the  fourth  and  higher  differences  may  be  neglected, 
but  not  smaller  than  is  necessary  to  satisfy  this  condition,  since  other- 
wise an  unnecessary  amount  of  labor  would  be  expended  in  the 
direct  computation  of  the  values  of  the  function.  It  is  better,  how- 
ever, to  have  the  interval  (o  smaller  than  what  would  appear  to  be 
strictly  required,  in  order  tliat  there  may  be  no  uncertainty  with 
respect  to  the  accuracy  of  the  integration.  On  account  of  the  rapidity 
with  which  the  higher  orders  of  differences  decrease  as  we  diminish 
(o,  a  limit  for  the  magnitude  of  the  adopted  interval  will  speedily  be 
obtained.  The  magnitude  of  the  interval  will  therefore  be  suggested 
by  the  rapidity  of  the  change  of  value  of  the  function.    In  the  com- 
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putation  of  the  perturbations  of  the  group  of  small  planets  between 
Mars  and  Jupiter  we  may  adopt  uniformly  an  interval  of  forty  days; 
but  in  the  determination  of  the  perturbations  of  comets  it  will  evi- 
dently be  necessary  to  adopt  different  intervals  in  different  parts  of 
the  orbit.  When  the  comet  is  in  the  neighborhood  of  its  perihelion, 
and  also  when  it  is  near  a  disturbing  planet,  the  interval  must  neces- 
sarily be  much  smaller  than  wlien  it  is  in  more  remote  pai'ta  of  ita 
orbit  or  ferther  from  the  disturbing  body. 

It  will  be  observed,  further,  that  since  the  double  integral  contains 
the  factor  ai',  if  we  multiply  the  computed  values  of  the  function  by 
aP',  this  factor  will  be  included  in  all  the  differences  and  sums,  and 
hence  it  will  not  appear  as  a  &ctor  in  the  formulie  of  integration. 
If,  however,  the  values  of  the  function  are  already  multiplied  by  o?, 
and  only  the  single  integral  is  sought,  the  result  obtained  by  the 
formula  of  integration,  neglecting  the  factor  u?,  will  be  ru  times  the 
actual  integral  required,  and  it  must  be  divided  by  at  in  order  to 
obtain  the  final  result. 

1 64.  In  the  computation  of  the  pei-turbations  of  one  of  the  asteroid 
planets  for  a  period  of  two  or  three  years  it  will  rarely  be  necessary 
to  take  into  account  the  effect  of  the  terms  of  the  second  order  with 
respect  to  the  disturbing  force.  In  this  case  the  numerical  values  of 
the  expressions  for  the  forces  will  be  computed  by  using  tlie  values 
of  the  co-ordinates  computed  from  the  osculating  elements  for  the 
beginning  of  the  integration,  instead  of  the  actual  disturbed  values 
of  these  co-ordinates  as  required  by  the  formuhe  (8),  The  values  of 
the  second  differential  coefficients  of  dx,  %,  and  dz  with  respect  to 
the  time,  will  be  determined  by  means  of  the  equations  (9).  If  the 
interval  to  is  such  that  the  higher  orders  of  differences  may  be  neg- 
lected, the  values  of  the  forces  must  be  computed  for  the  successive 
dat^  separated  by  the  interval  «>,  and  commencing  with  the  date 
^  —  \to  corresponding  to  the  argument  a  —  ia,tg  being  the  date  to 
which  the  osculating  elements  belong.     Then,  since  the  last  terms 

dp     dt^  dp 

are  the  quantities  sought,  the  subsequent  determination  of  the  differ- 
en^al  coefficients  must  be  performed  by  successive  trials.  Since  the 
integral  must  in  each  case  be  equal  to  zero  for  the  date  f^,  it  will  be 
admissible  to  assume  first,  for  the  dates  (q  —  |<u  and  t^  -{-  Joi  corre- 
sponding to  the  arguments  a  —  (o  and  a,  that  dx  =  0,  %  ^  0,  and 
3z  =  0,  and  hence  that  the  three  differential   coefficients,  for  each 
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date,  are  respectively  equal  to  X^,  F^,  and  2|,,  We  may  now  by  inte- 
gration derive  tlie  actual  or  the  very  approximate  values  of  tlie 
variations  of  the  co-ordinates  for  these  two  dates.  Thus,  in  the  case 
of  each  co-ordinate,  we  compute  the  value  of  '/(a  —  Ito)  by  means 
of  the  equation  (26),  using  only  the  first  term,  and  tlie  value  of 
"/(«  —  (u)  from  (36),  using  in  this  ease  also  only  the  first  term.  The 
value  of  the  next  function  symbolized  by  "/  will  be  given  by 

Then  the  formula  (39),  putting  first  i  =  —  1  and  then  i  =  0,  and 
neglecting  second  differences,  will  give  the  values  of  the  variations 
of  the  co-ordinates  for  the  dates  a  —  <u  and  a.  These  operations  will 
be  performed  in  the  case  of  each  of  the  three  co-ordinates;  and,  by 
means  of  the  results,  the  corrected  values  of  the  differential  coeffi- 
cients will  be  obtained  from  the  equations  (9),  the  value  of  dr  being 
computed  by  means  of  (7).  With  the  corrected  values  thus  derived 
a  new  table  of  integration  will  be  commenced;  and  the  values  of 
'f(a  —  Ico)  and  "f(a  —  to)  will  also  be  recomputed.  Then  we  obtain, 
also,  by  adding  '/(a  —  Jw)  to  /(a),  the  value  of  '/(a  + 1<^))  and,  by 
adding  this  to  "f{a),  the  value  of  "/(a  +  «»). 

An  approximate  value  of  f(a  +  a>)  may  now  be  readily  estimated, 
and  two  terms  of  the  equation  (39),  putting  i=l,  will  give  an  ap- 
proximate value  of  the  integral.  This  having  been  obtained  for 
each  of  the  co-ordinates,  the  corresponding  complete  values  of  the 
differential  coefficients  may  be  computed,  and  these  having  been 
introduced  into  the  table  of  integration,  the  process  may,  in  a  similar 
manner,  be  carried  one  step  farther,  so  as  to  determine  first  approxi- 
mate values  of  8x,  Sy.,  and  8z  for  the  date  represented  by  the  argu- 
ment a  4"  2(0,  and  then  the  corresponding  values  of  the  differential 
coefficients.  We  may  thus  by  successive  partial  integrations  deter- 
mine the  values  of  the  unknown  quantities  near  enough  for  the  cal- 
culation of  the  series  of  differential  coefficients,  even  when  the  inte- 
grals are  involved  directly  in  the  values  of  the  diiferential  coefficients. 
If  it  be  found  that  the  assumed  value  of  the  function  is,  in  any  case, 
much  in  error,  a  repetition  of  the  calculation  may  become  necessary ; 
but  when  a  few  values  have  been  found,  the  course  of  the  function 
will  indicate  at  once  an  approximation  sufficiently  close,  since  whfit- 
ever  error  remains  affects  the  approximate  integral  by  only  one- 
tweiffch  part  of  the  amount  of  this  error.  Furthei',  it  is  evident 
that,  in  cases  of  this  kind,  when  the  determination  of  the  values  of 
the  differential  coefficients  requires  a  preliminary  approximate  inte- 
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gratioD,  it  is  necessary,  in  order  to  avoid  the  effect  of  the  errors  in 
the  values  of  the  higher  ordera  of  differences,  that  the  interval  co 
should  be  smaller  than  when  the  successive  values  of  the  function  to 
be  integrated  are  already  known.  In  the  case  of  the  small  planets 
an  interval  of  40  days  will  afford  the  required  facility  in  the  approxi- 
mations; but  in  the  case  of  the  comets  it  may  often  be  necessary  to 
adopt  an  interval  of  only  a  few  days.  The  necessity  of  a  change  in 
the  adopted  value  of  o)  will  be  indicated,  in  the  numerical  applica- 
tion of  the  formnliB,  by  the  manner  in  which  the  successive  assump- 
tions in  regard  to  the  value  of  the  function  are  found  to  agree  with 
the  corrected  results. 

The  values  of  the  differential  coefficients,  and  hence  those  of  the 
integrals,  are  conveniently  expressed  by  adopting  for  unity  the  unit 
of  the  seventh  decimal  place  of  their  values  in  terms  of  the  unit  of 
spaee. 

165.  Whenever  it  is  considered  necessary  to  commence  to  take  into 
account  the  perturbations  due  to  the  second  and  higher  powers  of  the 
disturbing  force,  the  complete  ec^uations  (14)  must  be  employed.  In 
this  case  the  forces  X,  F,  and  Z  should  not  be  computed  at  once  for 
the  entire  period  during  which  the  perturbations  are  to  be  determined. 
The  values  computed  by  means  of  the  osculating  elements  ml!  be 
employed  only  so  long  as  simply  the  first  power  of  the  disturbing 
force  is  considered,  aiid  by  means  of  the  approximate  values  of  3a!, 
Sy,  and  Sz  which  would  be  employed  in  computing,  for  the  next  place, 
the  last  terms  of  the  equations  {9},  we  must  compute  also  the  cor- 
rected values  of  X,  Y,  and  Z.  These  will  be  given  by  the  second 
members  of  (8),  using  the  values  of  x,  y,  and  s  obtained  from 

We  compute  also  q  from  (12),  and  then  from  Table  XVII.  find  the 
corresponding  value  of/.  The  corrected  values  of  —jjT'  ~Jp~'  ^'^^ 
—^  will  be  given  by  the  equations  (14),  and  these  being  introduced, 
in  the  continuation  of  the  table  of  integration,  we  obtain  new  values 
of  8x,  Sy,  and  Sz  for  the  date  under  cortsideration.  If  these  differ 
much  from  those  previously  assumed,  a  repetition  of  the  calculation 
will  be  necessary  in  order  to  secure  extreme  accuracy.  In  this  repe- 
tition, however,  it  will  not  be  necessary  to  recompute  the  eoefiicients 
of  3x,  By,  and  Sz  in  the  formula  for  q,  their  values  being  given  with 
sufficient  accuracy  by  means  of  the  previous  assumption;  and  gene- 
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rally  a  repetition  of  the  calculation  of  X,  Y,  and  Z  will  not  be 
required. 

Next,  the  values  of  dx,  Sy,  and  dz  may  be  determined  approxi- 
mately, as  already  explained,  for  the  following  date,  and  by  means 
of  these  the  corresponding  values  of  the  forces  X,  Y,  and  Z  will  be 
found,  and  also/  and  the  remaining  terms  of  (14),  after  which  the 
integration  will  be  completed  and  a  new  trial  made,  if  it  be  con- 
sidered necessary.  In  the  final  int^ration,  all  the  terms  of  the  for- 
raulse  of  integration  which  sensibly  affect  the  result  may  be  taken 
into  account.  By  thus  performing  the  complete  calculation  of  each 
successive  place  separately,  the  determination  of  the  perturbations  in 
the  values  of  the  co-ordinates  may  be  eifected  in  reference  to  all 
powers  of  the  masses,  provided  that  we  regard  the  masses  and  co-or- 
dinates of  the  disturbing  bodies  as  being  accurately  known;  and  it  is 
apparent  that  this  complete  solution  of  the  problem  requires  very 
little  more  labor  than  the  determination  of  the  perturbations  when 
only  the  first  power  of  the  disturbing  force  is  considered.  But 
although  the  places  of  the  disturbing  bodies  as  given  by  the  tables 
of  their  motion  may  be  regarded  as  accurately  known,  there  are  yet 
the  errors  of  the  adopted  osculating  elements  of  the  disturbed  body 
to  detract  from  the  absolute  accuracy  of  the  computed  perturbations; 
and  hence  the  probable  en-ors  of  these  elements  should  be  constantly 
kept  in  view,  to  the  end  that  no  useless  extension  of  the  calculation 
may  be  undertaken.  "When  the  osculating  elements  have  been  cor- 
rected by  means  of  a  very  extended  series  of  observations,  it  will  be 
expedient  to  determine  the  perturbations  with  all  po.?sible  rigor. 

When  there  are  several  disturbing  planets,  the  forces  for  all  of 
these  may  be  computed  simultaneously  and  united  in  a  single  sum, 
so  that  in  the  equations  (14)  we  shall  have  2'X,  SY,  and  Z'2' instead 
of  X,  Y,  and  Z  respectively;  and  the  integration  of  the  expressions 

for  — j^,  "jp'  ^n*!  "ja"  ^vill  ^^Ti  give  the  perturbations  due  to  the 
action  of  all  the  disturbing  bodies  considered.  However,  when  the 
interval  (i>  for  the  different  disturbing  planets  may  be  taken  differently, 
it  may  be  considered  expedient  to  compute  the  perturbations  sepa- 
rately, and  especially  if  the  adopted  values  of  the  masses  of  some  of 
the  disturbing  bodies  are  regarded  as  uncertain,  and  it  is  desired  to 
separate  their  action  in  order  to  determine  the  probable  corrections 
to  be  applied  to  the  values  of  m,  »i',  &c.,  or  to  determine  the  effect 
of  any  subsequent  change  in  these  values  without  repeating  the  cal- 
culation of  the  perturbations. 
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166.  Example. — To  illustrate  the  numerical  application  of  the 
formuiEe  for  the  computation  of  the  perturbations  of  the  rectangular 
co-ordinates,  let  it  be  required  to  compute  the  perturbations  of 
Euryncnne  @  arising  from  the  action  of  Jwpiter  ivom  1864  Jan.  1.0 
Berlin  mean  time  to  1865  Jan.  15.0  Berlin  mean  time,  assuming  the 
osculating  elements  to  be  the  following: — 

Epoch  ^=  1864  Jan.  1.0  Berlin  mean  time. 
JWo  =     V  29'    5".65 
^„=   44    17  12.17")  „  ,.    . 
a„  =  206    39     5.69  I  Wic  and  Mean 
i=      4    36  52.11J     Eq^'nox  1860.0 
n=    11    15   51  .02 
log  a„  =  0.3881319 
/i„=928"..^5745. 
From  these  elements  we  derive  the  following  values: — 


Berlin  Mean  Time. 

^ 

So 

^ 

H'-o 

1863  Dec. 

12.0 

+■1.53616 

+  1.23012 

-  0.03312 

0.294084, 

1864  Jan. 

21.0 

1.15097 

1.59918 

0.07369 

0.294837, 

March 

.    1.0 

0.69518 

1.87033 

0.10978 

0.300674, 

April 

10.0 

+  0.19817 

2.03141 

0.13936 

0.310864, 

May 

20.0 

-0.31012 

2.08092 

0.16134 

0.324298, 

June 

29.0 

0.80326 

2.02602 

0.17623 

0.389745, 

Aug. 

8.0 

1.26055 

1,87959 

0.18122 

0.356101, 

Sept. 

17.0 

1.66729 

1.65711 

0.17990 

0.372469, 

Oct. 

27.0. 

2.01414 

1.37473 

0.17209 

0.388214, 

Dec. 

6.0 

2.29597 

1.04766 

0.15870 

0.402894, 

i865  Jan. 

15.0 

—  2.61077 

+  0.68978 

—  0.14066 

0.416240. 

The  adopted  interval  is  <o  =  40  days,  and  the  co-ordinates  are  re- 
fa'i'ed  to  the  ecliptic  and  mean  equinox  of  1860.0.  The  first  date, 
it  will  be  observed,  corresponds  to  („  —  \iu,  and  the  integration  is  to 
commence  at  1864  Jan.  1.0. 

The  places  of  JupUer  derived  from  the  tables  give  the  following 
values  of  the  co-ordinates  of  tliat  planet,  with  which  we  write  also 
tlie  distances  of  Eurynome  from  JupUer  computed  by  means  of  the 
formula 

P''  =  W-  .t)'  +  (y'  -  yy  +  (_z-  ~  2^. 

Berlin  Mejm  Time.  x'                     y'  ^              log  r'  log  p 

]863Doe.     12.0  —4.09683—3.55184  -f  0.10533  0.73425  0.86866, 

1864  Jan.     21.0  3.89630       3.76053  0.10152  0.73368  0.86713, 

jllarch    1.0  3.68416       3.95803  0.09744  0.73305  0.86292, 

April   10.0  —3.46098  —4.14366  +0.09304  0.73237  0.85622, 
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Berlui  Mean  Time!  7/  y'  a'  logr'              logc 

1864  May  20.0  —3.22739  —4.31684  4-0.08839  0.73164  0.84732, 
June  29.0  2.98405  4.47693  0.08346  0.73086  0.83656, 
Aug.  8.0  2.73162  4.62343  0.07827  0.73003  0.82428, 
Sept.  17.0  2.47085  4.75576  0.07284  0.72915  0.81077, 
Oct.  27.0  2.20247  4.87345  0.06720  0.72823  0.79628, 
Dec.     6.0  1.92728  4.97606  0.06134  0.72726  0.78098, 

1865  Jan.  15.0  —1.64600  —5.06301  +0.05531  0.72625  0.76498. 

These  co-ordinates  are  also  referred  to  the  ecliptic  and  mean  equinox 
of  1860.0. 

If  we  neglect  the  mass  of  Eurynoine  and  adopt  for  the  mass  of 
■Tnpiter 

^'  ^  1047.819' 

we  obtain;  in  units  of  the  seventh  decimal  place, 

<«V/(^  =  4518.27, 

and  the  equations  (9)  become 

df  \ 

..*|  =  4618.27(!^--i)+M'_|M./3».fr„„s),    (40) 

Sr  —  t^j  I 

Substituting  for  the  quantities  in  th  e  first  term  of  the  second  member 
of  each  of  these  equations  the  valaes  already  found,  we  obtain 


Li-gument. 

Date. 

"^^0 

w-'r„ 

<^'Z„ 

1863  Dec. 

.12.0 

+  53.00 

+  47.09 

- 1.43, 

a 

1864  Jan. 

21.0 

53.71 

46.31 

0.91, 

March 

.    1.0 

54.23 

45.18  - 

—  0.37, 

«  +  2«. 

April 

10.0 

54.69 

43.59- 

+  0.22, 

a  +  S^ 

May 

20.0 

55.23 

41.M 

0.70, 

a +  40. 

June 

29.0 

56.06 

S8.96 

1.19, 

a +  50. 

Aug. 

8.0 

57.30 

35.92 

1.66, 

a +  6^ 

Sept. 

17.0 

59.0f 

32.47 

2.08, 

a  +  7o, 

Oct. 

27.0 

61.55 

28.60 

2.43, 

a  +  8^ 

Dee. 

6.0 

64.85 

24.34 

2.69, 

«  +  9«- 

1865  Jan. 

15.0 

+  69.09 

+  19.78 

+  2.83,- 

which  are  expressed  in  units  cf  the  seventh  decimal  place. 

We  now,  for  a  first  approximation,  regard  the  perturbations  i 
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being  equal  to  zero  for  the  dates  Dec.  12.0  and  Jan.  21.0,  and,  in  the 
case  of  the  variation  of  x,  we  compute  first 

7(«  -  5")  =  -  sV/'  (•  - 1")  =  -  A  (63-n  -  53.00)  =  -  0.03, 

"/(,-«,)    =,.,/(.)  =  + ^  =  +  2.24, 
and  the  approximate  (able  of  integration  becomes 

/(«)  ^  +  53.71-'^''     ^^  "/('')         -+2.21. 

Then  the  formula  (39),  putting  first  i=  —  l,  and  then  i  =  0,  gives 

Dec.  12.0 
Jan.  21.0 

In  a  similar  manner,  wc  find 

Dec.  12.0  '\j  =--  +  5.85  Ss  =  -~  0.16, 

Jan.  21.0  :'  =  +  5.82  Ss  =  —  0.14. 

By  means  of  these  results  we  compute  the  complete  values  of  the 
second  membei'S  of  equations  (40),  3r  being  found  from 


and  thus  we  obtain 


Dec.  12.0        +53.86        +47.76        —1.46        +8.85, 
Jan.  21.0        +34.23        +47.25        —0.%        +8.63. 

We  now  commence  anew  the  table  of  integration,  namely, 

/            7          "^  f           '!           "S          f          7        "f 

+53.86  _  0  02  +  2-2k  +47.76  ,    a  o2  +  ^■^^'  "^'^^  -0  02  -'^■^^' 

+54.23  ,  .,■  T  +  2.24,  ■  S47.25  T17  97  +  T--^  -0.96     .■  .  -0.06, 

+^*-^^  +56.45,  +^^-^^  +49.26,             "^'^^  -1.04, 

the  formation  of  which  is  made  e\i>-1ent.^  what  precedes. 

We  may  next  assume  for  approxidiate  values  of  the  differential 
coefGcient«,  for  the  date  March  l.O,  +54.6,  +46.7,  and  —0.5, 
respectively;  and  these  give,  for  this  cJate, 
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dx^ 

--  +  56,45  + 

54.6 
12 

+  61,00, 

Sy  = 

=  +  49.26  + 

46.7 
12   ~ 

+  53.15, 

H^ 

.-   1,04- 

0.5 
12   ^ 

—   1.08. 

By 

resu  . . . 

means 
Llts:— 

of  these   approximate 

values 

we   obtain 

the 

foil 

owing 

1864  March  1.0 

=  +  55.01, 

df 

=  +  53.86,  '^ 

^_ 

-1.00, 

St  =  -\-  71.03. 

Int. 

:odiTcin 

g  these  .into  the  table  of 

Integra 

.tiou,  H'C  find 

,  for  the 

eorre- 

spending  values  of  the  integnils, 

Sx  =  +  61.03,  3y  =  +  53,75,  fe  =  — 1.12. 

These  results  differ  so  little  from  those  already  derived  from  the 
assumed  values  of  tlie  function  that  a  repetition  of  the  calculation  is 
unnecessary.     This  repetition,  however,  gives 

.*==  +  .5.04,         .^  =  +  53.,         ..4?  =  -l.««. 

Assuming,  again,  appioximate  values  of  the  differential  coefficients 
for  April  10  0,  and  computing  the  corresponding  values  of  dx,  dy, 
and  Sz,  we  deiive,  for  this  date, 

.."i=  +  4a06,        ,.■!?*  =  +  63.19,        „..'J'i  =  -1.54. 
dP         '  dl?  df 

Introducing  these  into  the  table  of  int^i-ation,  and  thus  deriving 
approximate  values  of  dx,  dy,  and  3z  for  May  20,  we  carry  tho  pro- 
cess one  step  further.  In  this  manner,  by  successive  approximationsj 
we  obtain  the  following  results: — 


Dftte. 

"'  dt'> 

-1? 

"'^ 

1863  Dec.      12.0 

+  53.86 

+  47.76 

- 1.45, 

1864  Jan.     21.0 

54.23 

47.25 

0.96, 

March    1.0 

55.04 

53.91 

1.00, 

April   10.0 

48.06 

63.19 

1.54, 

May      20.0 

32.85 

65.40 

2.07, 

June     29.0 

16.74 

54.48 

1.75, 

Aug.      8.0 

8.62 

31.39 

Sept.     17.0 

+  14.20 

+    2.09 

+  1.86^ 
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i4  Oct. 

27.0 

+    34.84 

—  26.32 

Dec. 

6.0 

68.79 

47.87 

!5  Jan. 

15.0 

+  112.64 

—  58.39 

The  complete  integration  may  now  be  effected,  and  we  may  use  botli 
equation  (37)  and  equation  (39),  the  former  giving  tlie  integral  for 
tlie  dat-es  Jan.  1.0,  Feb.  10.0,  March  21.0,  &c.,  and  the  latter  the 
integrals  for  the  dates  in  the  foregoing  table  of  values  of  the  function. 
The  final  results  for  tlie  perturbations  of  the  rectangular  co-ordinates, 
expressed  in  units  of  the  seventh  decimal  place,  are  thus  found  to  be 
the  following: — 


Berlin  Mean  Time. 

<!^ 

t. 

ds 

1863  Dcu. 

12.0 

+  6.7 

+  5.9 

-0.2, 

1S64  Jan. 

1.0 

0.0 

0.0 

0.0, 

21.0 

+  0.8 

5.9 

0.1, 

Feb. 

10.0 

27.1 

23.5 

0.5, 

March    1.0 

61.0 

63.7 

1.1, 

21.0 

108.9 

97.4 

2.0, 

April 

10.0 

169.7 

166.7 

3.1, 

30.0 

242.7 

220.9 

4.7, 

May 

20.0 

325.7 

320.3 

6.7, 

Janu 

9.0 

417.1 

427.2 

9.3, 

29.0 

614.6 

649.1 

12.3, 

July 

19.0 

616.1 

684.9 

15.7, 

Aug. 

8.0 

720.8 

831.4 

19.6, 

28.0 

827.4 

986.0 

23.4, 

Sept. 

17.0 

936.8 

1144.6 

27.0, 

Oct. 

7.0 

1049.4 

1303.8 

30.2, 

27.0 

1168.2 

1460.0 

32.6, 

Not. 

16.0 

1295.4 

1609.4 

33.9, 

Dec. 

6.0 

1435.6 

1749.6 

33.8, 

26.0 

1592.8 

1877.6 

82.0, 

1865  Jan.      15.0        +1772.6        +1992.3        —28.2. 

During  tlie  interval  included  by  these  perturbations,  the  terms  of 
the  second  order  of  the  disturbing  forces  will  have  no  sensible  effect; 
but  to  illustrate  the  application  of  the  rigorons  formulae,  let  us  com- 
mence at  the  date  1864  Sept.  17.0  to  consider  the  perturbations  of 
the  second  order. 

In  the  first  place,  the  components  of  the  disturbing  force  must  be 
computed  by  means  of  the  equations 
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^  —  z      /V 


\     I'-  r-r 

The  approximate  values  of  3x,  By,  and  Ss  for  Sept.  17.0  given  imme- 
diately by  the  table  of  integration  extended  to  this  date,  will  suffice 
to  furnish  the  required  values  of  the  disturbed  co-ordinates  by  means 
of 

and  to  find  p  =  i^o  +  ^p,  we  have 

5p  =  —  -.^ix  —  l ISy  ~- ^&, 


5  log  c  =  - -^  ((./ -  a.)  & -H  Q/' ~  1/)  Jy -H  (^  -  s)  H 

in  which  1^  is  the  modulus  of  the  system  of  logarithms.     Thus  ^ 
obtain,  for  8ept.  17.0, 

5  !og^  =  + 0.0000084, 
<«=X=+ 59.09,  <«=F=-t- 32.48,  <u'2=+2.08, 

which  require  no  further  correction. 
Next,  we  compute  the  values  of 


which  also  will  not  require  any  further  correction,  and  thus  we  form, 
according  to  (12),  the  equation 

g  ^  —  0.29996fla;  -f-  0.298155),  —  0.03237& 

The  approximate  values  of  St:,  dy,  and  &  being  substituted  in  this 
equation,  we  obtain 

q  =  +  0.0000061, 

corresponding  to  which  Table  XVII.  gives 

log/ =  0.477 115. 
Henee  we  derive 

-■";¥  ik^  -  ^'^  =  -  44.87,        -J^  (fqy  -Sv)  =  ~  30.40, 

^(fo  — fe)  =  — 0.21, 
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and  the  ec[uatioiis  (14)  give 

=  +  2,08, 


^-  -  +  14.22,        -  -^  -  -r  --,        ^  -^jv 


These  values  being  introduced  into  the  table  of  int^ration,  the 
resulting  values  of  the  integrals  are  changed  so  little  that  a  repetition 
of  the  calculation  is  not  required. 

We  now  derive  approximate  values  of  3x,  3y,  and  8z  for  Oct.  27.0, 
and  in  a  similai'  manner  we  obtain  the  corrected  values  of  the  diifer- 
ential  coefficients  for  this  date ;  and  thus  by  computing  the  forces  for 
each  place  in  succession  from  approximate  values  of  the  perturbations, 
and  repeating  the  calculation  whenever  it  may  appear  neceasaiy,  we 
may  determine  the  perturbations  rigorously  for  all  powers  of  the 
mas» 
ing;- 


The  results  in 

the  case  under  consideration  are  the  follow- 

,d=fe 

,d''b 

,rf^J. 

Date. 

w^-— 

"  rfi' 

"'^ 

1864  Sept.  17.0 

+    14.22 

+   2.08 

+  1.87, 

Oct.   27.0 

34.84 

—  26.31 

4.44, 

Dec.     6.0 

68.77 

47.86 

6.86, 

1865  Jan.  15.0 

+  112.60 

—  58.39 

+  8.68. 

Introducing  these  results  into  the  table  of  intiigration,  the  integrals 
for  Jan.  15.0  are  found  to  be 

5a;  =  +  1772.6,         i?y  =  + 1992.3,         ^s  =  —  28.2, 

agreeing  exactly  with  those  obtained  when  terms  of  the  order  of  the 
square  of  the  disturbing  forces  are  neglected. 

If  the  perturbations  of  the  rectangular  co-ordinates  referred  to  the 
equator  are  required,  we  have,  whatever  may  be  the  magnitude  of  the 
perturbations, 

dx,  ~  to, 

Hy.^COS.Sy  —  sm^Sz,  (41) 

&,  =  sinsdy  +  cose  fe, 

x„  y„  z,  being  the  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane.     Thus  wo  obtain,  for  1865  Jan.  15.0, 

Sx,  =  +  1772.6,        Sy,  =  +  1838.9,        8^,  =  +  767.2. 

These  values,  expressed  in  seconds  of  arc  of  a  circle  whose  radius  is 
the  unit  of  space,  are 

Sx,  =  +  36".562,        Sy,  =  +  37".930,        Sz,  =  +  15".825. 
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The  approximate  geocenti'ic  place  of  the  planet  for  the  same  date  is 

a  =  183°  28',        S  =  —  5''S9',  log  A  =0.3229, 

and  hence,  neglecting  terms  of  the  second  order,  we  derive,  by  means 
of  the  equations  (8)2,  for  the  perturbations  of  the  geocentric  right 
ascension  and  declination, 

Aa  =  —  17".03,  a5  =  +  5".G7. 

167.  The  values  of  3x,  d-i/,  and  dn,  computed  by  means  of  the  co- 
ordinates referred  to  the  ecliptic  and  mean  equinox  of  the  date  t,  must 
be  added  to  the  co-ordinates  given  by  the  undisturbed  elements  and 
referred  t-o  the  same  mean  equinox.  The  co-ordinates  referred  to  the 
ecliptic  and  mean  equinox  of  (  may  be  readily  transformed  into  those 
referred  to  the  ecliptic  and  mean  equinox  of  another  date  t'.  Thus, 
let'  d  denote  the  longitude  of  the  descending  node  of  the  ecliptic  of  (' 
on  that  of  t,  measured  from  the  mean  equinox  of  /,  and  let  ij  be  the 
mutual  inclination  of  these  planes;  then,  if  we  denote  by  x',  y',  z' 
the  co-ordinates  refei'red  to  the  ecliptic  of  (  as  the  fundamental  plane, 
the  positive'  axis  of  x,  however,  being  directed  to  the  point  whose 
longitude  la  6,  we  shall  have 

iB"  =:  3!  cos  ^  +  y  sin  8, 

^  =  —  «  sin  fl  4- )/  cos  S,  (42) 

^  =  :s. 

Jjet  us  now  denote  by  x",  y",  %"  the  co-ordinates  when  the  ecliptic 
of  f  is  the  plane  of  a,T/,  tlie  axis  of  x  remaining  the  same  as  in  the 
system  of  x' ,  y',  z'.    Then  wc  shall  have 


a"  ^:y  sinij  4-  ^  cos  15. 

Finally,  transforming  these  so  that  the  axis  of  %  remains  unchanged 
while  the  positive  axis  of  a;  is  directed  to  the  mean  equinox  of  t,  and 
denoting  the  new  co-ordinates  by  x„  y„  z„  we  get 

x,  =  x"ea(i{0-\-p)  — /'sin((?-|-^), 

y,  =  ^'  sin  (fl  -f  p)  +  f  cos  {0  +  p),  (44) 


in  which  J)  denotes  the  precession  during  the  interval  t' —  t.  Elimi- 
nating x",  y"y  and  z"  from  these  equations  by  means  of  (43)  and  (42), 
observing  that,  since  1^  is  very  small,  we  may  put  cos  :f  ^  1,  we  get 
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w,  =  x  aa&p  —  y  sin^  -\-  -zi\a(d  -\-p), 

y,^x  smp  -j-  y  Gosp  —  -  a;  cos  (C  +  p),  (45) 

in  which  s  =  206264.8,  y  being  supposed  to  be  expressed  in  seconds 
of  arc.     If  we  neglect  terms  of  the  order  p',  these  equations  become 

;'-  =  !'- J?;' +  r^-!(<iosfl^£_sin 0)3,  (46) 

ass  ^ 

z,  =^z  —  -  a:  sin  P  -|-  -  y  cos  C. 

These  formiilie  give  the  co-ordinates  referred  to  the  ecliptic  and  mean 
equinox  of  one  epoch  when  tliose  referred  to  the  ecliptic  and  mean 
equinox  of  another  date  are  known.  For  the  values  of  f,  rj,  and  d, 
we  have 

p  ^  (50".2U29  +  0".0002442966r)  (('  —  i), 
,  ==(  0".48892  — 0".000006143-t-)  (f  — t), 
0  =  351"  36'  10"  +  39".79  ((  —  1750)  —  5".21  (*'  — .(), 
in  which  T  =  l{t'  —  t)  —  1750,  (  and  t'  being  expressed  in  years  from 
the  beginning  of  the  era.     If  we  add  tlie  nutetion  to  the  value  of  p, 
the  co-ordinates  will  be  derived  for  the  true  equinox  of  ('. 

The  equations  (45)  and  (46)  serve  also  to  convert  the  values  of  Sx, 
dy,  and  Sz  belonging  to  the  co-ordinates  referred  to  the  ecliptic  and 
mean  eqninox  of  (  into  those  to  be  applied  to  the  co-ordinates  re- 
feiTcd  to  the  ecliptic  and  mean  equinox  of  ('.  For  this  purpose  it 
is  only  necessary  to  write  §x,  Sy,  and  &  in  place  of  x,  y,  and  z  re- 
spectively, and  similarly  for  x„  y„  z,. 

In  the  computation  of  the  pertiirbatious  of  a  heavenly  body  during 
a  period  of  several  years,  it  will  be  convenient  to  adopt  a  fixed  equi- 
nox and  ecliptic  throughout  the  calculation;  but  when  the  perturba- 
tions are  to  be  applied  to  the  co-ordinates,  in  the  calculation  of  an 
ephemeris  of  the  body  taking  into  account  the  perturbations,  it  will 
be  convenient  to  compute  the  co-ordinates  directly  for  the  ecliptic 
and  mean  equinox  of  the  beginning  of  tlie  year  for  which  the 
ephemeris  is  required,  and  the  values  of  Sx,  3y,  and  Sz  must  be 
reduced,  by  means  of  the  equations  (45),  as  already  explained,  from 
the  ecliptic  and  mean  equinox  to  which  they  belong,  to  the  ecliptic 
and  mean  equinox  adopted  in  the  case  of  the  co-ordinates  required. 
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In  a  similar  manner  we  inay  derive  formula  for  the  transformation 
of  the  co-ordinates  or  of  their  variations  referred  to  the  mean  equinox 
and  equator  of  one  date  into  those  referred  to  the  mean  equinox 
and  equator  of  anotlier  date;  but  a  transformation  of  this  land  will 
rarely  be  required,  and,  whenever  required,  it  may  be  effected  by  first 
eonvertiug  the  co-ordinates  referred  to  the  equator  into  those  referred 
to  the  ecliptic,  reducing  these  to  the  equinox  of  ('  by  means  of  (45) 
or  (46),  and  finally  converting  them  into  tlie  values  referred  to  the 
equator  of  ('.-  Since,  in  the  computation  of  an  epheraeris  for  the 
comparison  of  observations,  the  co-ordinates  are  generally  required 
in  reference  to  the  equator  as  the  fundamental  plane,  it  would  appear 
preferable  to  adopt  this  plane  as  the  plane  of  xy  in  the  computation 
of  the  perturbations,  and  in  some  cases  this  method  is  most  advan- 
tageous. But,  generally,  since  the  elements  of  the  orbit  of  the  dis- 
turbed planet  as  well  as  the  elements  of  the  orbits  of  the  disturbing 
bodies  are  referred  to  the  ecliptic,  the  calculation  of  the  perturbations 
will  be  most  conveniently  performed  by  adopting  the  ecliptic  as  the 
fundamental  plane.  The  consideration  of  the  change  of  the  position 
of  the  fundamental  plane  from  one  epoch  to  another  is  thus  also  ren- 
dered more  simple.  Whenever  an  epheraeris  giving  the  geocentric 
right  ascension  and  declination  is  required,  the  heliocentric  co-ordi- 
nates of  the  body  referred  to  the  mean  equinox  and  equator  of  the 
beginning  of  the  year  will  be  computed  by  means  of  the  osculating 
elements  corrected  for  precession  to  that  epoch,  and  the  perturbations 
of  the  co-ordinates  referred  to  the  ecliptic  and  mean  equinox  of  any 
other  date  will  be  first  corrected  according  to  the  equations  (46),  and 
then  converted  into  those  to  be  applied  to  the  co-ordinates  refen.'ed  to 
the  mean  equinox  and  equator.  If  the  perturbations  are  not  of  con- 
siderable magnitude  and  the  interval  t'  —  ^  is  also  not  very  large,  the 
correction  of  Sx,  8y,  and  8z  on  account  of  the  change  of  the  position 
of  the  ecliptic  and  of  the  equinox  will  be  insignificant;  and  the 
conversion  of  the  values  of  these  quantities  referred  to  the  ecliptic 
into  the  corresponding  values  for  the  equator,  is  effected  with  great 
fiicility. 

In  the  determination  of  the  perturbations  of  comets,  ephemerides 
being  required  only  during  the  time  of  describing  a  small  portion  of 
their  orbits,  it  will  sometimes  be  convenient  to  adopt  the  plane  of  the 
undisturbed  orbit  as  the  fundamental  plane.  In  this  case  the  posi- 
tive axis  of  X  should  be  directed  to  the  ascending  node  of  this  plane 
on  the  ecliptic,  and  the  subsequent  change  to  the  ecliptic  and  equinox, 
whenever  it  may  be  required,  will  be  readily  effected. 
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168.  The  perturbations  of  a  heavenly  body  may  thus  be  deter- 
mined rigorously  for  a  long  period  of  time,  provided  that  the  oscu- 
lating elements  may  be  regarded  as  accurately  known.  Tlie  peculiar 
object,  however,  of  such  calculations  is  to  facilitate  the  correction  of 
the  assumed  elements  of  the  orbit  by  means  of  additional  observa- 
tions according  to  the  methods  which  have  already  been  explained; 
and  when  the  osculating  elements  have,  by  successive  corrections, 
been  determined  with  great  precision,  a  repetition  of  the  calculation 
of  the  perturbations  may  become  necessary,  since  changes  of  the  ele- 
ments which  do  not  sensibly  affect  the  residuals  for  the  given  differ- 
ential equations  in  the  determination  of  the  most  probable  corrections,' 
may  have  a  much  greater  iniluence  on  the  accuracy  of  tlie  resulting 
values  of  the  perturbations. 

When  the  calculation  of  the  perturbations  is  carried  forward  for  a 
long  period,  using  constantly  the  same  osculating  elements, — and 
those  which  are  supposed  to  require  no  correction, — the  secular  per- 
turbations of  the  co-ordinates  arising  from  the  secular  variation  of 
the  elements,  and  the  perturbations  of  long  period,  will  constantly 
aifect  tlie  m^nitude  of  the  resulting  values,  so  that  Sx,  §y,  and  Sz 
will  not  again  become  simultaneously  equal  to  zero.  Hence  it 
appears  that  even  when  the  adopted  elements  do  not  differ  much 
from  their  mean  values,  the  numerical  amount  of  the  perturbations 
may  be  very  greatly  increased  by  the  secular  perturbations  and  by 
the  large  perturbations  of  long  period.     But  when  the  perturbatious 

are  large,  the  calculation  of  the  complete  values  of  ~nr'  "jS"'  "■1*^ 

--jrj-  (which  is  effected  indirectly)  cannot  be  performed  with  facility, 

requiring  often  several  repetitions  in  order  to  obtain  the  required 
accuracy,  since  any  error  in  the  value  of  the  second  differential  coeffi- 
cient produces,  by  the  double  integration,  an  error  increasing  propor- 
tionally to  the  time  in  the  values  of  the  integral.  Errors,  therefore, 
in  the  values  of  the  second  differential  coefficients  which  for  a  mode- 
rate period  would  have  no  sensible  effect,  may  in  the  course  of  a  long 
period  produce  large  errors  in  tlie  values  of  the  perturbations,  and  it 
is  evident  that,  both  for  convenience  in  the  numerical  calculation  and 
for  avoiding  the  accumulation  of  error,  it  will  be  necessary  from  time 
to  time  to  apply  the  perturbations  to  the  elements  in  order  tliat  the 
integrals  may,  in  the  case  of  each  of  the  co-ordinates,  be  again  equal 
to  zero.  The  calculation  will  then  be  continued  until  another  change 
of  the  elements  is  required, 
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The  transformation  from  a  syatem  of  osculating  elements  for  one 
epoch  to  that  for  another  epoch  is  very  easily  effected  by  means  of 
the  values  of  the  perturbations  of  the  co-oi-dinates  in  connection 
■with  the  corresponding  values  of  the  variations  of  the  velocities 


,  dz 


second  differential  coefficients  by  means  of  a  single  integration  ac- 
cording to  the  equations  (27)  and  (32).  Thus,  in  the  case  of  the 
example  given,  we  obtain  for  the  date  1865  Jan.  15.0,  by  means  of 
(32),  in  units  of  the  seventh  decimal  place, 


0^  = 


+  214.6, 


=  +  9.7. 


The  velocities  in  the  case  of  the  disturbed  orbit  will  be  given  by  the 
formulas 


dt        dt  ^  dt' 


' ~dt  '^'dP         dt     '  dt  ~^  dl' 


To  obtain  the  expressions  for  the  components  of  the  velocity 
resolved  parallel  to  the  co-ordinates,  wc  have,  according  to  tlie  equa- 
tions [6)2, 


.6„os(£  +  .)* 
»(C+.)* 


These  equations  are  applicable  in  the  case  of  any  fundamental  plane, 
if  the  auxiliaries  sin  a,  sin  b,  sin  c,  A,  B,  and  C  are  determined  in 
reference  to  that  plane.     To  transform  them  still  further,  we  have 


dr  _^  Wl  +  'n 


Vp 


■  e  sin  (u  —  c). 


dv  _  kVp(l+m)  _  kVl  +7) 
dt  T  |/^ 


(l  +  e  COS  («-»)), 


in  which  w  denotes  the  angular  distance  of  the  perihelion  from  the 
ascending  node.     Substituting  .th^e  values,  we  obtain,  by  reduction, 


stsd  by  Google 


dt  \/p 

dy  _  hVT+^ 
dt  -[/p 

d%  _M/r+K 


Let  ua  now  put 


THEORETICAL   ASTRONOMY. 

((e  COS  lu  -j-  COS  w)  COS  ^  —  (e  sin  lu  +  sin  w)  sin  A)  sin  a, 
((e  cos  «>  +  cos  n)  cobB  —  (e  sin  w  +  siuw)  siu5)  sin  h, 
■  ((e  cos  v  -\-  cos  m)  cos  C  —  (e  sin  w  -f  sin  ^0  sin  C)  sin  c. 


■^  =  7sin6cos(S+t7),  (49) 

f  =  7sin.co«(C+C7). 

These  equations  determine  the  components  of  the  velocity  of  a  hea- 
venly body  resolved  in  directions  parallel  to  the  co-ordinate  axes, 
and  for  any  fundamental  plane  to  which  the  auxiliaries  A,  B,  &q. 
belong.     When  the  ecliptic  is  the  fundamental  plane,  we  have 

sinc  =  sini  C=0. 

The  sum  of  the  sqiiaces  of  the  equations  (48)  gives 

and  hence  it  appears  that  Fis  the  linear  velocity  of  the  body. 

The  determination  of  the  osculating  elements  corresponding  to  any 
date  for  which  the  perturbations  of  the  co-ordinates  and  of  the  veloci- 
ties have  been  found,  is  therefore  effected  in  the  following  manner; — 

First,  by  means  of  the  osculating  elements  to  which  the  perturba- 
tions belong,  we  compute  accurate  values  of  r^,  x^,  y^,  z^,  and  by 

dx 
means  of  the  eq^uations  (48)  and  (49)  we  compute  the  values  of  -^, 

-TT,  and  -^-     Then  we  apply  to  these  the  values  of  the  perturba- 
tions, and  thus  find  x,  y,  z,  — j-,  -,4,  and  -^-    These   having   been 
'  ^        dt    dt  at 
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found,  the  equations  (32)^  will  furnish  the  values  of  Si,  h  and  p; 
and  the  remaining  elements  may  be  determined  as  explained  in  Art. 
112.     Thus,  from 

Vr  sin  4„  =  kVp  (1  +  m), 

-,.  dx    ,       dy    ,      dz 

we  obtain  Vr  and  i^^,  and  from 

raiiiM  =  (— a;sin  S3  +ycos  SJ)HCci, 
rcosu  =  xcosSl  +ysinQ„ 

Ave  dei'ive  r  and  v,;  and  hence  Ffrom  the  value  of  Vr.  When  i  is 
not  very  small,  we  may  use,  instead  of  the  preceding  expression  for 
)■  sin  u, 

r  sin  It  ^  s  coaec  i. 

Next,  we  compute  a  from 


and  from 

2ae  sin  w  =  —  {2a  —  r)  sin  C24.„  +  h)  —  r  sin  «, 
2«e  cos  w  ^  —  (2«  —  r)  cos  (24r„  -j-  m)  —  r  cos  «, 

we  iind  a)  and  e.  The  mean  daily  motion  and  the  mean  anomaly  or 
the  mean  longitude  for  the  epoch  will  then  be  determined  by  means 
of  the  usual  formulse. 

In  the  case  of  a  very  eccentric  orbit,  after  r  and  u  have  been  found, 
dr 


dl 


will  be  given  by  equations  (48)6,  ^^^  ^^  values  of  e  and  v  wUl 
be  given  by  the  equations  (49)^,  Then  the  perihelion  distance  will 
be  found  from 


and  the  time  of  perihelion  passage  will  bo  found  from  v  and  e  by 
means  of  Table  IX.  or  Table  X. 

,  „„.+.^  _,  _  , 

must  be  retained  than  in  the  values  of  the  co-ordinates,  and  enough 
must  be  retained  to  secure  the  required  accuracy  of  the  solution.  If 
it  be  considered  necessary,  the  different  parts  of  the  calculation  may 
be  checked  by  means  of  various  formulse  which  have  already  been 
given.     Thus,  the  values  of  ^  and  i  must  satisfy  the  equation 
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scosi—  J  gin  (COS  SI  +xsmism'. 

have  also 

y-mHirnt 

l^=X^+f+.\ 

z  =  r^mu&ini, 

which  must  be  satisfied  by  the  resulting  values  of  F,  )■,  aud  u;  and 
the  values  of  a  and  e  must  satisfy  the  equation 


169.  When  the  plane  of  the  undisturbed  orbit  is  adopted  as  the 
fundamental  plane,  we  obtain  at  once  the  perturbations 

S(rmsu),  d(rsinu),  Ss, 

and  from  these  the  perturbations  of  the  polar  co-ordinates  are  easily 
derived.  There  are,  however,  advantt^es  which  may  be  secured  by 
employing  formulje  which  give  the  perturbations  of  the  polar  eo-or- 
dinates  directly,  retaining  the  plane  of  the  orbit  for  the  date  t^,  as  the 
fundamental  plane. 

Let  w  denote  the  angle  which  the  projection  of  the  disturbed 
radins-vector  on  the  plane  of  xy  makes  with  the  axis  of  x,  and  ^  the 
latitude  of  the  body  with  respect  to  the  plane  of  xyj  then  we  shall 
have 

a;  =  r  cos  1^  cos  w, 

y^rco^^sinw,  (50) 


Let  us  now  denote  by  X,  Y,  and  Z,  respectively,  the  forces  which  are 
expressed  by  tlie  second  members  of  the  equations  (1),  and  tlie  first 
two  of  tliese  equations  give 


4-'t=/('''~^'''"+« 


0  hdng  the  constant  of  integration.     The  equations  (50)  give 
dx  _  d(rcosli)  .       dw 


^_ 


and  hence 


rfw         dx        ,      ,  ^d 
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Therefore  we  have 

r'  C09=  /5  ~  =Ji  Yx  —  Xy)  dt  +  G. 

If  we  denote  by  Sg  the  component  of  the  disturbing  force  In  a  direc- 
tion perpendicular  to  the  disturbed  radiu.s-vector  and  parallel  with 
the  plane  of  an/,  we  shall  have 

X  =  —  S,  sin  w,  Y=  S,  cos  w, 

and 

Yx  —  Xy^.%rmsi3. 
Therefore 

r'  cos'  (3  ~  =J8^  r  cos  ^dt+0. 

In  the  undisturbed  orbit  we  have  /9  ^=  0,  and 


"   dt  ~ 
and  thus  the  preceding  equation  b 

r'  cos'  ^  ^^  ==fSo  >■  C03  f*  ^*  +  'tv'Pod-f™)-  (51) 

The  equations  (1)  also  give 

_ _ + _ -X-+  Y-  +  Z-.        (52) 

If  we  denote  by  R  the  component  of  the  disturbing  force  in  the 
direction  of  the  disturbed  radius-vector,  we  have 

R  =  xl-\-  Y^  +  Zt  (53) 

We  have,  also, 

zd'is  +  y^y  -\-  ^d'z  ^=  d  (xdx  +  ydy  +  zdz')  —  {dx'  -\-  dy'  -\-  dz'') 
=  d(rdr)  ■ —  (dr'  -\-  r'dv^)  =  rrfV  —  iMv% 

V   denoting  the   true   anomaly   in    the   disturbed    orbit,   or,   since 
dv^^^cos^lidiii'  +  dl?, 

xd'x  4-  ydh/  -f-  zd^z  =  rd'r  —  r^  cos'  (J  dv?  —  rH^. 

Hence  the  equation  (52)  becomes 
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170.  The  equations  (51)  and  (54),  in  connection  with  the  last  of 
equations  (1),  completely  represent  the  motion  of  a  heavenly  body 
about  the  sun  when  acted  upon  by  disturbing  forces,  and,  when  com- 
pletely integrated,  they  will  give  the  values  of  w,  r,  and  s  for  any 
point  of  the  orbit;  but,  since  they  cannot  be  integrated  directly,  we 
must,  as  in  the  case  of  the  rectangular  co-ordinates,  find  the  equations 
which  give  by  integration  the  values  of  dvj,  Sr,  and  z.  In  the  ease 
of  the  undisturbed  orbit,  we  have 


If  we  denote  by  Sw  the  variation  of  w  arising  from  the  action  of  the 
disturbing  force,  we  have  v)^=w^-\-  3w;  and  hcuee  we  easily  find, 
from  (51), 


^=^f^o-os^<fe-(l-^)^:Ki^4±^^.  (56) 
dt         r'  cos^  fiJ     "  \  r'  cos'  j5  /  r' 


We  have,  further, 
which  gives 

Let  us  now  put 

r' 

'  =  .•.■  +  2r,Sr  +  Jr- 

•/-{'•t.^" 

». 

•^--'Wh  -f 

and  we  have 

'        1  +  2?' 

w"-.      A'  = 


Tlio  equation  (56),  tliereforo,  becomes 
in  winch  we  put 


(60) 


If  we  substitute  r^  +  Sr  for  r  in  equation  (54),  and  combine  the 
result  with  tlie  second  of  equations  (55),  we  get 


J+i-(i  +  ».)(i-i), 
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e  put 

r    J-    I  ill-  r  ' 


Finally,  we  liave,  from  the  last  of  equations  (1), 

5  =  Z_^!fl+J!).,  (64) 

at'  ^  ' 

by  means  of  wliicli  the  value  of  s  may  be  found,  since,  iti  the  ease  of 
tlie  undisturbed  motion,  we  have  Sj  =  0. 

The  values  of/'  corresponding  to  different  values  of  q'  .may  be 
tabiilated  with  the  argument  q',  and,  since  the  equation  (62)  is  of  the 
same  form  as  (58),  the  same  table  will  give  the  value  of/"  when  q" 
is  used  as  the  argument.  Table  XVII.  gives  the  values  of  log/'  or 
log/'  corresponding  to  values  of  q'  or  q"  from  —  0.03  to  +  0,03. 
Beyond  the  limits  of  this  table  the  required  quantities  may  be  com- 
puted directly. 

171.  When  we  consider  only  terms  of  the  first  order  with  respect 
to  the  disturbing  force,  we  have 

/Y  =f  1  =  — . 
and  the  equations  become 

at         r^J     °  *'o 

«:  =  JS  +  |.J-«.,.„  +  (?^yi+i?)_3,.),,,  (65) 

dh  _         g'l  +  m) 

In  determining  tlie  perturbations  of  a  heavenly  body,  we  first  con- 
sider only  tbe  terms  depending  on  the  fii^t  power  of  the  disturbing 
force,  for  which  these  equations  will  be  applied.     The  value  of  Sr 
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will  be  obtaineiS  from  the  second  equation  by  an  indirect  process,  as 
already  illustrated  for  the  case  of  the  variation  of  the  rectangular 
co-ordinates.  Then  Sw  will  be  obtained  directly  from  the  first 
equation,  and,  finally,  z  indirectly  from  the  last  equation.  Each  of 
the  integrals  is  equal  to  zero  for  the  date  t^,  to  which  the  osculating 
elements  belong. 

When  the  magnitude  of  the  perturbations  is  such  that  the  terms 
depending  on  the  squares  and  products  of  the  masses  must  be  con- 
sidered, the  general  equations  (59),  (63),  and  (64)  will  be  applied. 
The  values  of  the  perturbations  for  the  dates  preceding  that  for 
which  the  complete  expressions  are  to  be  used,  will  at  once  indicate 
approximate  values  of  dw,  3r,  and  z;  and  with  the  values 

r  =  r^-\-  Sr,  w  =  w„  -|-  Sw,  sin  fi  =  % 


the  components  of  the  disturbing  force  will  be  computed.  M/'e  compute 
also  q'  from  the  first  of  equations  (67),  and  q"  from  the  first  of  (61) ; 
then,  by  means  of  Table  XVII.,  we  derive  the  corresponding  values 
of  log/'  and  log/".  The  coefficients  of  Sr  in  the  expressions  for 
2''and  q"  will  be  given  with  sufficient  accuracy  by  means  of  the 
approximate  values  of  Sr  and  sin  (9,  and  will  not  require  any  further 
correction.     Then  we  compute  S^r  cos/S,  and  find  the  integral 


p. 


isfidt; 


and  the  complete  value  of  —jr-  will  be  given  by  (59).  The  value 
of  -^  will  then  be  giveu  by  equation  (63).  The  term  »'  { -^  I  will 
always  be  small,  and,  imless  tlie  inclination  of  the  orbit  of  the  dis- 
turbed body  Is  lat^e,  it  may  generally  be  neglected.   Whenever  it  shall 

be  required,  we  may  put  it  equal  to  - 1  "jT  )  ■  The  corrected  values 
of  the  differential  coefiicieiits  being  introduced  into  the  table  of  inte- 
gration, the  exact  or  veiy  approximate  values  of  8w,  Sr,  and  z  will 
be  obtained.  Should  these  results,  however,  differ  much  from  the 
corresponding  values  already  assumed,  a  repetition  of  the  calculation 
may  become  necessary.  In  this  manner,  by  computing  each  place 
separately,  the  terms  depending  on  the  squai-es,  products,  and  higher 
powers  of  the  disturbing  forces  may  be  included  in  the  results.  It 
will,  however,  be  generally  possible  to  estimate  the  values  of  Siv,  5r, 
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and  s  for  two  or  three  iutervals  in  advance  to  a  degree  of  approxi- 
mation sufficient  for  the  computation  of  the  forces  for  these  dates. 

In  order  tliat  the  quantity  <i>,  representing  the  interval  adopted  iu 
the  calculation  of  the  perturbations,  may  not  appear  in  tlie  integra- 
tion, we  should  introduce  it  into  the  equations  as  in  the  case  of  the 
variation  of  the  rectangular  co-ordinates.  Thus,  in  the  determina- 
tion of  3w  we  compute  the  values  of  "'~jT''  ^^^  since  the  second 
member  of  the  equation  contains  the  integral  )  S^rcmji^,  if  we 
introduce  the  factor  o>^  under  the  sign  of  integration,  this  integral, 
omitting  the  factor  a>  in  tlie  formulae  of  integration,  will  become 
toi  S^rcys^dt,  as  requh'ed.  The  last  term  of  the  equation  (vill  l)e 
multiplied  by  o,.  ^^_ 

In  the  case  of  Sr,  each  term  of  the  equation  for  — r—  must  contain 

the  factor  or'.  If  the  second  of  equations  (65)  is  employed,  the  first 
and  third  terms  of  the  second  member  will  be  multiplied  by  w^;  but 
since  the  value  of  ^p  is  supposed  to  be  already  multiplied  by  co^,  the 
second  term  will  only  be  multiplied  by  id. 

The  perturbations  may  be  conveniently  determined  either  in  units 
of  the  seventh  decimal  place,  or  expressed  in  seconds  of  ai'c  of  a 
circle  whose  radius  is  unity.  If  they  are  to  be  expressed  in  seconds, 
the  &ctor  s  =  206264.8  must  be  introduced  so  as  to  preserve  the 
homogeneity  of  the  several  terms,  and  finally  dr  and  8z  must  be  con- 
verted into  their  values  in  terms  of  the  unit  of  space. 

172,  It  remains  yet  to  derive  convenient  formuhe  for  the  deter- 
mination of  the  forces  S^i  -^j  ^^^  ^-  For  this  purpose,  it  first  becomes 
necessary  to  determine  the  position  of  the  orbit  of  the  disturbing 
planet  in  reference  to  the  fuudameiital  plane  adopted,  namely,  the 
plane  defined  by  the  osculating  elements  of  the  disturbed  orbit  at  the 
instant  ((,.  Let  i'  and  £J'  denote  the  inclination  and  the  longitude  of 
the  ascending  node  of  the  disturbing  body  with  respect  to  the  ecliptic, 
and  let  /denote  the  inclination  of  the  orbit  of  the  disturbing  body 
with  respect  to  the  fundamental  plane.  Further,  let  N  denote  the 
longitude  of  its  ascendmg  node  on  the  same  plane  measured  from  the 
ascending  node  of  this  plane  on  the  ecliptic  or  from  the  point  whose 
longitude  is  Sic  ""^^  '^^  ^'  ^^  ^^  angular  distance  between  the  as- 
cending node  of  the  orbit  of  the  disturbing  body  on  the  ecliptic  and 
the  ascending  node  on  the  fundamental  plane  adopted.  Then,  from 
the  spherical  ti-iangle  formed  by  the  intersection  of  the  plane  of  the 
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ecliptic,  the  fuiidameutal  plane,  and  the  plane  of  the  orbit  of  the  dis- 
turbing body  with  the  celestial  vault,  we  have 


sin  ^  Jam  l (if  +  ^')  =  sin  ^ £3'  —  £Jo)  sin 
sin  ^J-eo8K-^+ ■^)  =  cosKSJ' ~  fi„)  sin 
cos^Isin^CJ/' — iV')  =sin^(SJ'—  SJ,,)  cos 
co8|JcosKJV- JV')  =coaKSJ'- SJo)  cos 


(i'  +  ii 


from  whieh  to  find  N,  N',  and  /. 

Let  ^'  denote  the  heliocentric  latitude  of  the  disturbing  planet 
with  respect  to  the  fundamentel  plane,  w'  it3  longitude  in  this  plane 
measured  from  the  axis  of  x,  as  in  the  case  of  w,  and  m/  the  argu- 
ment of  the  latitude  with  i-espect  to  this  plane.  Then,  according  to 
the  equations  (82)i,  we  have 

tan  (:u/  —  N)=  tan  <  cos  I, 

tan ,?  =  tan  Jsin  (w'  —  N).  '•** '  ■' 

If  II,'  denotes  the  argument  of  the  latitude  of  the  distui-bing  planet 
with  respect  to  the  ecliptic,  we  have 

u^^u-^N'.  (6S) 

This  formula  will  give  the  value  of  Ug,  and  then  w'  and  (9'  will  be 
found  from  (67).     We  have,  also, 

cos  Mj'  =  COS  /5'  cos  (w'  —  iV), 

which  will  serve  to  indicate  the  quadrant  in  which  m/  —  N  must  be 
taken. 

The  relations  here  derived  are  evidently  applicable  to  the  ca^e  in 
which  the  elements  of  the  orbits  of  the  disturbed  and  disturbing 
planets  are  referred  to  the  equator,  the  signification  of  the  quantities 
involved  being  properly  considered. 

The  co-ordinates  of  tlie  disturbing  planet  in  reference  to  the  plane 
of  the  disturbed  orbit  at  the  instant  t^  as  the  fundamental  plane  will 
be  given  by 

a,''7=r'cos;3'cosM', 

/^/cos/S'suni/,  (69) 

s'=)^smj9'. 

To  find  the  force  B,  we  have 

E  =  X-^+  yI  +  Z-, 
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Substituting  in  these  the  valuea  of  x',  y',  z'  given  by  (69),  and  the 
corresponding  values  of  x, )/,  z  given  by  (50),  and  putting 

h  =  \  —  \,  (70) 

P        1 
we  get 

R  =  m'k'  i  h  r'  cos  ^  cos  ;S  cos  (w'  —  w)  +  h  r'  sin  ^  sin  ^'  —  -^  V  (71) 

The  equation 

gives 

S„  ^  m'k'  h  /  cos  iS'  sin  (w'  —  w),  (72) 

from  which  to  Kad  >%.     Finally,  we  have 

Z=m'-t=(/i,r'sin/r—  -\,  (7^) 

from  which  to  find  Z. 

When  we  determine  the  perturbations  only  with   respect  to  the 
first  power  of  the  disturbing  force,  the  expressions  for  R,  8^,  and  Z 


B^m'kH  ht^  cos ^C03(v/  —  w,) \   , 

\  Pa  I  (74) 

^  =  m,TA/cos,?'siu(w'  — n). 

To  compute  the  distance  p,  we  have 

p^  =  Qc'  -  xy  -\-  (y'  -  yT  +  {/  -  s)', 
which  gives 

p»  =  r'^  +  r''  —  2r  r'  cos  (5  cos  jT  cos  (w'  —  ic)  —  2r  r'  sin  p  sin  ,5',  (75) 

and,  if  we  neglect  terms  of  the  second  order,  we  have 

p^  =  r"  +  ?■„=  —  2r„  t'  cos  j?  cos  (i«'  —  w)„).  (76) 

)s  /■  —  cos  &  COS ;?'  cos  (w'  —  w)  ~i-  sin  ^  sin  ,5',  (77) 


If  we  put 
we  have 


=  i'^  sinV  -\-  ij  —  r'  cos  yf ; 
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and  hence  we  may  readily  find  p  from 


the  exact  value  of  the  angle  n,  however,  not  being  required. 
Introducing  j  into  the  expression  for  R,  it  hccomcs 

E  ^  m'h'  {  h  r'  cos  r —  "X  (79) 

by  means  of  which  R  may  be  conveniently  determined. 

173.  When  we  neglect  the  terms  depending  on  the  squares  and 
higher  powers  of  the  masses  in  the  computation  of  the  perturbations, 
the  forces  R,  i%,  and  Z  will  be  computed  by  means  of  the  equations 
(74),  f>g  being  found  from  (76)  or  from  (78),  when  we  put 

cos  ^  :=  cos  J?  cos  (w'  —  W„). 

But  when  the  terms  of  the  order  of  the  square  of  the  disturbing 
force  are  to  be  taken  into  account,  the  complete  equations  must  be 
used.  Thus,  we  find  f>  from  (78),  8^  from  (72),  ^from  (73),  and  R 
from  (71)  or  (79).  The  values  of  dto,  8r,  and  %,  computed  to  the 
point  at  which  it  becomes  necessary  to  consider  the  terms  of  the 
second  order,  will  enable  us  at  once  to  estimate  the  values  of  the 
perturbations  for  two  or  three  intervals  in  advance  to  a  degree  of 
approximation  sufficient  for  the  calculation  of  the  forces;  and  the 
values  of  R,  8^,  and  Z  thus  found  will  not  require  any  further  cor- 
rection. 

When  the  places  of  the  disturbing  planet  are  to  be  derived  from 
an  ephemeris  giving  the  heliocentric  longitudes  and  latitudes,  the 
values  of  JJ'  and  i'  will  be  obtained  from  two  places  separated  by  a 
considerable  interval,  and  then  the  values  of  u'  will  be  determined 
by  means  of  the  first  of  equations  (82)i  or  by  means  of  (85)i,  When 
the  inclination  i'  is  very  small,  it  will  be  sufficient  to  take 

u'zi^r—  fj'  +  stan'^i'sin2(r—  Q,''), 

in  which  s  =  206264.8.  But  when  the  tables  give  directly  the  lon- 
gitude in  the  orbit,  m'+  Q',  by  subtracting  SI'  from  each  of  these 
longitudes  we  obtain  the  required  values  of  u'. 

It  should  be  observed,  also,  that  the  exact  determination  of  the 
values  of  the  forces  requires  that  the  actual  disturbed  values  of  r', 
w',  and  ^'  should  be  used.     The  disturbed  radius-vector  r'  will  be 
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given  immediately  by  the  tables  of  the  motion  of  the  disturbing 
body,  but  the  determination  of  the  actual  values  of  w'  and  j3'  re- 
quii'es  that  we  should  use  the  actual  values  of  N',  N,  and  /  in  the 
solution  of  the  eqnitions  (68)  and  (67).  Hence  the  disturbed  values 
of  Q  ind  I  should  be  used  in  the  determination  of  these  quantities 
f  r  each  dite  b^  means  of  (b6).  It  will,  however,  generally  be  the 
ci&e  thtt  foi  a  moderate  period  the  variation  of  Q,'  and  i'  may  be 
neglected  and  whenever  the  variation  of  cither  of  these  has  a  sensi- 
ble effect,  «e  miy  compute  new  values  of  N,  N',  and  /from  time  to 
time,  by  means  of  which  the  true  values  may  be  readily  interpolated 
foi  each  dite  AiV  e  may  also  determine  the  variations  of  N,  N',  and 
I  an  ing  from  the  viiiation  of  Q,'  and  i',  by  means  of  differentia! 
foimulse  Thus  the  reHtions  will  be  similar  to  those  given  by  the 
equttions  (71)^  lo  tliit  we  ha\e 


sin(ft'— Q„) 
SI   =miN'  smi'  SQ'  -\- 

fi-om  which  to  find  SN',  SN,  and  dl. 

When  the  perturbations  are  computed  only  in  reference  to  the  first 
power  of  the  mass,  the  change  of  Q,'  and  i'  may  be  entirely  neg- 
lected; but  when  the  perturbations  are  to  be  computed  for  a  long 
period  of  time,  and  the  terms  depending  on  the  squares  and  products 
of  the  disturbing  forces  are  to  be  included,  it  will  be  advisable  to 
take  into  aecoiint  the  values  of  3N,  SN',  and  dl,  and,  using  also  the 
value  of  u'  in  the  actual  orbit  of  the  disturbing  body,  compute  the 
actual  values  of  w'  and  j9'. 

In  the  case  of  several  disturbing  bodies,  the  forces  will  be  deter- 
mined for  each  of  these,  and  then,  instead  of  R,  S^,  and  Z,  in  the 
formiilffi  for  the  differential  coefficients,  SR,  l'S„,  and  i'2'will  be  used. 

174,  By  means  of  the  values  of  dw,  dr,  and  z,  the  heliocentric  or 
the  geocentric  place  of  the  disturbed  planet  may  be  readily  found. 
Thus,  let  the  positive  axis  of  x  be  directed  to  the  ascending  node  of 
the  osculating  orbit  at  the  instant  i^  on  the  plane  of  the  ecliptic; 
then,  in  the  undisturbed  orbit,  we  shall  have 


!(  denoting  the  argament  of  the  latitude.     Let  x,,  y„  z,  bo  the  co-or- 

Hostsd  by  Google 


472  THEOEETICAt,    ASTRONOMY. 

dinates  of  the  body  referred  to  a  system  of  rectangular  co-ordinates 
in  which  the  ecliptic  is  the  plane  of  xy,  and  in  which  the  positive 
axis  of  X  is  directed  to  the  vernal  equinox.     Then  we  shall  have 


01%  introducing  the  values  of  x  and  y  given  by  (50), 

y,  ^  r  cos  jS  cos «>  sin  £J,  +  r  cos ,? sin  w  cos i:„  cos  S3„  -  2  sin  ^  cos  So,  (81) 
z,  =rcoS(?sinw8ini„  +  2C08V 

Introducing  also  the  auxiliary  constants  for  the  ecliptic  according  to 
the  equations  (94)i  and  (96)i,  we  obtain 

a:,  ^  r  cos  ^9  sin  a  sia  (A-^-w^-^zaoa  a, 
y,-rcos^sin&sin(_B+w)+^cos6,  (82) 

s,  =rcos^sini„sin™  +3cosv 

by  means  of  which  the  heliocentric  co-ordinates  in  reference  to  the 
ecliptic  may  be  determined. 

If  the  place  of  the  disturbed  body  is  required  in  reference  to  the 
equator,  denoting  the  heliocentric  co-ordinates  by  a;,,,  y,„  s,,,  and  the 
obliquity  of  the  ecliptic  by  s,  we  have 
x„  ^  X, 

y„  ^^  y,  cos  s  —  z,  sin  s, 

^'1  =  Vi  sin  £  +  3,  cos  £. 

Substituting  for  x„  y„  %,  their  values  given  by  (81),  and  introducing 

the  auxiliary  constants  for  the  equator,  according  to  the  equations 

(99)i  and  (101),,  we  get 

ar„  ^  )■  cos  (S  sin  a  sin  (^  +  w) -!- 3  cos  «, 

y„  ^  J-  cos  (5  sm  5  sin  (B  +  mj)  +  s  cos  h,  (83) 

The  combination  of  the  values  derived  from  these  eqiiations  with  the 
corresponding  values  of  the  co-ordinates  of  the  sun,  will  give  the 
required  geocentric  places  of  the  disturbed  body.  These  equations 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
the  auxiliary  constants  a,  A,  b,  B,  &c.  are  determined  with  respect 
to  that  plane.  In  the  numerical  application  of  the  formulae,  the 
value  of  to  will  be  found  from 


sted  by  Google 


VARIATION    OF    POLAE   CO-ORDINATES,  473 

u^  being  the  argtinient  of  the  latitude  for  the  fundamental  osculating 
elements,  and  care  must  be  taken  that  the  proper  algebraic  sign  is 
assigned  to  cos o,  cos 6,  and  cose. 

If  the  values  of  jr„,  ft^,  and  »„  used  in  the  calculation  of  the  per- 
turbations are  referred  to  the  ecliptic  and  mean  equinox  of  the  date 
t/,  and  the  rectangular  co-ordinates  of  the  disturbed  body  are  required 
in  reference  to  the  ecliptic  and  mean  equinox  of  the  date  t,/',  the 
value  of  w  must  be  found  from 

w  =  v„  +  m„  +  Sw, 

the  value  of  m^  referred  to  the  ecliptic  of  t^'  being  reduced  to  that  of 
to",  by  means  of  the  first  of  equations  {115),.  Then  Q„  and  i^  should 
be  reduced  from  the  ecliptic  and  mean  equinox  of  t^,'  to  the  ecliptic 
and  mean  equinox  of  t^"  by  means  of  the  second  and  third  of  the 
equations  (115)i,  and,  using  the  values  thus  found  in  the  calculation 
of  the  auxiliary  constants  for  the  ediptic,  the  equations  (82)  will 
give  the  required  values  of  the  heliocentric  co-ordinates.  If  the  co- 
ordinates referred  to  the  mean  equinox  and  equator  of  the  date  t^" 
are  to  be  determined,  the  proper  corrections  having  been  applied  to 
Jij  and  %  the  mean  obliquity  of  the  ecliptic  for  this  date  will  be 
employed  m  the  determination  of  the  auxiliary  constants  a,  A,  &c. 
with  respect  to  the  equator,  and  the  equations  (83)  will  then  give 
the  required  values  of  the  co-ordinates. 

If  we  differentiate  the  equations  (83),  we  obtain,  by  reduction. 


-f  (cos  a  —  tan  ;S  sin  a  sin  {A-'f-  u 


dt 


—£  ^=  r  cos  j3  sin  c  cos  (  (? 


(£+ 

"'^r  +  ' 

leoiSsiEisinC-B+m 

'1 

+  (co,6- 

--tan /3b 

in  6  »„(i) +»))-§, 

(C  + 

-^t^' 

ec  ;9  sin  e 

sin(C+«.) 

dr 
'■  dt 

-ftoose- 

-toii/Ssiii<.siii{C  + 

"•))^. 

by  means  of  which  the  'components  of-  the  velocity  of  tlie  di'^turbed 
body  in  directions  parallel  to  the  co-ordinate  axes  may  be  determined. 

The  values  of  ~j-  and  -rr  will  be  obtained  from  -j^  and  ^  by  a 

single  integration,  and  then  we  have 
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dt  ~        iv   "         dt'  dt'^     t/"    '^" ^'" ^^  "^  "*;"'   ^    ' 

from  which  to  find  -rr  and  -rr' 

175.  Example. — In  order  to  illustrate  the  calculation  of  the  per- 
turbations of  r,  w,  and  z,  let  us  take  the  data  given  in  Art.  166,  and 
determine  these  perturbations  instead  of  those  of  the  rectangular  co- 
ordinates. 

In  the  first  place,  wg  derive  from  the  tables  of  the  motion  of 
r  the  values 


SI'  =  98°  58'  22".7,  i'  ^  ]  °  18'  40".5, 

which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0.  We  find, 
also,  from  the  data  given  by  the  tables  the  values  of  u'  measured 
from  tlie  celiptie  of  1860.0.  Then,  by  means  of  the  formulje  (66), 
using  the  values  of  Slo  ^^nd  i^  given  in  Art.  166,  we  derive 

N=  194"  C  49".9,  N'  =  301°  38'  31".7,  J=  5'  9'  i)6".4. 

The  value  of  %'  is  given  by  equation  (68),  and  then  w'  and  j9'  are 
found  from  the  equations  (67).     Thus  we  have 

Jterlin  Mtao  TJino.  logro               im  -  !<o  logr'                   w'  ?■ 

1863  Dec.   12.0,  0.294084  192=  4'24".g  0.73425  14°18'54".6  —0=  l'3S".l 

1864  Jan.  21.0,  0.294837  207  40  52  .2  0.733G8  17  21  44  .2  0  ^8  &  .1 
March  I.O,  0.300G74  223  3  5  .9  0.7330-5  20  25  S  .2  0  34  39  .9 
ApriJ  10.0,  0.310864  237  31  38  .8  0.73237  23  28  59  .8  0  51  7  .6 


May 

20.0, 

0.324298  251  52  47  .0  0.73164  26  33  32  .1 

1  7  29 

.7 

June 

29.0, 

0.339745  264  59  30,  .0  0,73086  29  38  44  .8 

1  23  43 

.5 

Aug. 

8.0, 

0.356101  277  10  24'  .6  0.73003  32  44  41  .2 

1  39  46 

.3 

Sept. 

17.0, 

0.372469  288  28  4  .1  0.72915  35  51  24  .6 

1  55  35 

.2 

Oct. 

27.0, 

0.338214  298  57  16  .3  0.72823  38'  68  57  .5 

2  11  7 

.5 

Dec 

6.0, 

0.402894  308  43  48  .7  0.72726  42  7  23  .3 

2  26  20 

.3 

Jan. 

15.0, 

0.416240  317  53  39  .1  0.72625  45  10  43  .9 

—  2  41  10 

.6 

The  values  of  p^  may  be  found  from  (76)  or  (78)  as  already  given  in 
Art.  166. 

The  forces  H,  S^,,  and  .2"  may  now  be  determined  by  means  of  the 
equations  (74),  h  being  found  from  (70),  and  if  wo  inti'oduce  the 
factor  (0^  for  convenience  in  the  integration,  as  already  explained,  we 
obtain  the  following  results: 

Date.  u'B  a^Si,r„  a^Z  '4"Vi>^' 

1863  Dec.  12.0,      -f- 1".4608       +  0".14r6       +  0".O009       -^0".0282 

1864  Jan.  21.0,      -|- 1  -4223       —0  .6757       +0.0101       —0.2361 
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Date. 

ro'ii 

"■*. 

ij^z 

"J*..* 

1864  M«i-ol,  1.0, 

+ 1".2616 

— 1".4512 

4-  0".0190 

—  l".300O 

April  10.0, 

1  .0018 

2  .1226 

0  .0273 

3  .1035 

May  20.0, 

0  .6760 

2  .6473 

0  .0347 

5  .5020 

June  29.0, 

+  0  .3179 

2  .9988 

0  .0406 

8  .3402 

Aug.  8.0, 

—  0  .04,52 

3  .1650 

0  .0449 

11  .4378 

Sept.  17.0, 

0  .3944 

3  .1437 

0  .0470 

14  .6076 

Oct.  27.0, 

0  .7180 

2  .9392 

0  .0466 

17  .6640 

Dec.   6.0, 

1  .0097 

2  .6586 

0  .0432 

20  .4273 

186.5  Jan.  1,5.0, 

—  1  ,2674 

—  2  .0081 

+  0  .0362 

—  22  .7245 

The  integral  m  i  Sgr^dt  is  obtained  from  the  successive  values  of  ti)^Sa'''o 
by  means  of  the  formula  (32). 

Next  we  compute  the  values  of  the  differential  coefficients  by 
means  of  the  formulse  (65).  For  the  dates  1863  Dec.  12.0  and  1864 
Jan.  21.0  we  may  first  assume  5r  =  0,  and,  by  a  preliminary  inte- 
gration, having  thus  derived  very  approximate  values  of  dr  for  these 

dat«Sj  the  values  of  -^  will  be  recomputed.     Then,  commencing 

anew  the  table  of  integration,  we  may  at  once  derive  an  approximate 
value  of  dr  for  the  dat«  Mai'ch  1.0  with  which  the  last  t«rm  of  the 

e  computed.  Continuing  this  indirect  pro- 
cess, as  already  illustrated  in  the  case  of  the  perturbations  of  tlie  rec- 
tangular co-ordinates,  we  obtain  the  required  values  of  the  second 

differential  coefficient.  In  a  similar  manner,  the  values  of  -j^  will 
be  obtained.  The  values  of  —jr  will  then  be  given  directly  by  means 
of  the  first  of  equations  (65);  and  the  final  integration  will  furnish 
the  perturbations  required.     Thus  we  derive  the  following  results : — 


Date. 

"^    "*f 

"  df' 

6w 

(T,.         3 

1863  Dec.  12.0, 

-0".0423  +1".4509  +0".0009 

-0".00 

+0".18  +0".00 

1864  Jan.  21.0, 

0  .1086  1  .3406 

0  .0101 

0  .02 

0  .17  0 

00 

Mar.  1.0, 

0  .7162  +0  .7829 

0  .0183 

0  .40 

1  .47  0 

01 

Apr.  10.0, 

1  .6114-0  .0466 

0  .0251 

1  .55 

3  .53  0 

04 

May  20.0, 

2  .4795  0  .9344 

0  .0300 

3  .61 

■  5  .64  0 

09 

June  29.0, 

3  .0807  1  .7333 

0  .0326 

e  .42 

6  .62  0 

18 

Aug.  8.0, 

3  .2971  2  .3762 

0  .0331 

9  .64 

5  .98  0 

29 

Sept.  17.0, 

3  .1080  2  .8533 

0  .0311 

12  .88 

+i  .98  0 

44 

Oct.  27.0, 

-2  .5425—3  .1872+0  .0265- 

-16  .73 

-2  .86  -1-0 

62 
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d<'iw  dP6r  d^ 

d(  (f(^  dp 

18(54  Dec.  6.0,  — 1".6443  — 3".4009  +0".019O  — 17".85  — 11".88  +0".83 
1865  Jan.  16.0,-0  .4511—3  .5334+0  .0079—18  .92—24  ,29+1  .05 

It  has  already  been  found  that,  during  the  period  included  by  these 
results,  the  perturbations  arising  from  the  squares  and  products  of 
the  disturbing  forces  are  insensible,  and  hence  the  application  of  the 
complete  equations  for  the  forces  and  for  the  differential  coefficient-s 
is  not  required.  The  equations  (83)  will  give,  by  means  of  the 
results  for  w  ^=  %  +  Sw,  ?■  ^  »■„  +  Sr,  and  z,  the  values  of  the  helio- 
centric co-ordinates  of  the  disturbed  body,  and  the  combination  of 
these  with  the  co-ordinates  of  the  sun  will  give  the  geocentric  place. 
When  we  neglect  terms  of  the  second  order,  we  have,  according  to 
the  equations  (84), 

&■„  ==  x„  cot  (A  +  m)  Jwi  +  -°  iSj-  +  3  cos  a, 

Sy,,  ^  y^  cot  (B  +  wi)  i5m>  +  -^  Sr  +  £  COS  b,  (86) 

Sz„  =  3„  cot  (  C  +  w)  ^Mi  +  ^  5r  +  a  cos  c, 

the  heliocentric  eo-oi'dinates  x,,,  y^,  Zq  being  referred  to  the  same  fun- 
damental plane  as  the  auxiliary  constants,  a,  b,  A,  &c.  Thus,  in  the 
case  of  Eurynome,  to  find  the  perturbations  of  the  reetangnJar  co-or- 
dinates, referred  to  the  ecliptic  and  mean  equinox  of  1860.0,  from 
1864  Jan.  1.0  to  1865  Jan.  15.0,  we  have 

^  =  296°  34' 37".5,  B  =3  206°  43' 34".4,         (7=0, 

log  COB  a  ~  8.557354„  %  coa  6  =  8.856746,  log  cose  =  %  (»a  ^  =  9.998590, 

log  7.„  =  0.399807^  log  y„  =  9.838709,  log  ^  =  9.148170,, 

M  =  w„  +  Jm)  =  317°  53'  20".2, 

and  hence,  by  means  of  (86),  we  derive 

Sx,  =  -\-  36".559,         8y,  =  +  41".083,         Sz,  =  —  0".588. 

If  we  express  these  in  parts  of  the  unit  of  space,  and  in  units  of  the 
seventh  decimal  place,  we  obtain 

8x,  =  +  1772.4,         Sy,  =  +  1991.8,         6^,  =^  —  28.5, 

freeing  with  the  results  already  obtained  by  the  method  of  the  va- 
riation of  rectangular  co-ordinates,  namely, 
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176,  By  using  the  complete  formulte,  the  perturbations  of  r,  w, 
and  z  may  be  computed  with  respect  to  all  powers  of  the  disturbing 
force,  and  for  a  long  series  of  years,  using  constantly  the  same  fun- 
damental osculating  elements.  But  even  when  these  elements  are  so 
accurate  as  not  to  require  correction,  on  account  of  the  effect  of  the 
large  perturbations  of  long  period  upon  the  vahies  of  dw  and  Sr,  the 
numerical  values  of  the  perturbations  will  at  length  be  such  that  a 
change  of  the  osculating  elements  becomes  desirable,  so  that  the 
integration  may  again  commence  with  the  value  zero  for  the  variation 
of  each  of  the  co-ordinates.  This  change  from  one  system  of  ele- 
ments to  another  system  may  be  readily  effected  when  the  values  of 
the  perturbations  arc  known.  Thus,  hivving  found  the  disturbed 
values  of  )•,  w,  and  s,  we  have 

_  =  ,os'^^  +  ^^-,  =  ^ ' 

j>  being  the  semi-parameter  of  the  instantaneous  orbit  of  the  disturbed 
body.     In  the  undisturbed  orbit  we  have 


and  hence  we  derive 

Substituting  for  -j-  the  value  above  given,  there  results 


P=Po- 


So'     '^''-  , 


by  means  of  which  j>  may  be  determined.     To  find  -j-,  we  have 

tZ,? 1         rfs        tan^     dr  . 

It  ~  rcos^  '  lU  V~  '  W 

We  have,  also, 

dr      k\/l  +  m     .  kV'T+^      .        ,  ddr 

~rr  =  — ^= —  e  sm  11  = -— —  e„  sm  v.  +  -77-' 

at  Yp  Yp  at 

and  if  we  put 

-1  M  —  —  VP-—    — 


^F~- 
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this  equation  ^ecomes 
We  liave,  fitrtlicr, 


and,  piittiug 
we  obtain 


Thig  equation,  combined  with  (90),  gives 

esin  (■«  —  %)  =^  aSi,  sin  Vo  cos  )fo  +  ycosv^  —  —  i^smv^, 

by  means  of  which  the  values  of  e  and  v  may  be  found,  those  of  the 
auxiliaries  a,  ^,  y,  being  found  from  (89)  and  (91).     Tiien  we  have 

6  =  sinf,  a^psec'f, 

^—. ^—,  tani^  =  tan(4S°  —  ^jo)  tan-^u, 

by  means  of  whieli  f,  a,  fi,  and  M  may  be  determined.     In  the  case 
of  orbits  of  great  eccentricity,  we  find  the  perihelion  distance  from 

P 

aud  the  time  of  perihelion  passage  will  be  derived  from  e  and  v  by 
means  of  Table  IX.  or  Table  X. 

It  remains  yet  to  determine  the  values  of  JJ,  i,  and  co  or  ;r.  Let 
8^  denote  the  longitude  of  the  ascending  node  of  the  instantaneous 
orbit  on  the  plane  of  the  osculating  orbit,  defined  by  SJ,,  and  ;'„.  mea- 
sured from  the  origin  of  w,  and  let  ij^  denote  its  inclination  to  tliis 
plane.     Then  we  have 

tan  7o  sin  {w  —  8^        =  tan  ^ 


tanjjoCOsCw  — flo)-^^ 


,rf(5  (93) 

dt' 
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by  means  of  which  On  may  be  found.  The  (jiiadrant  in  which  S,  is 
situsited  is  determined  by  the  condition  that  sin  (w  —  0^)  smd  tan  /9 
must  have  the  same  sign.  The  value  of  i^g  will  be  found  from  the 
firet  or  the  second  of  equations  (93). 

If  wc  denote  by  ^  the  argument  of  the  latitude  of  tlie  disturbed 
botly  with  respect  to  the  adopted  fundamental  plane,  we  have 


-"o) 


(95) 


and  the  angle  C  ^^^st  be  taken  in  the  same  quadrant  as  w  —  d^. 
Then,  from  the  spherical  triangle  formed  by  the  intersection  of  the 
planes  of  the  ecliptic  and  instantaneous  orbit  of  the  disturbed  body, 
and  the  fundamental  plane,  with  the  celestial  vault,  we  derive 

cos|*sin(^(«  — 0  +  K£i~S2o))  =  sin^fl„cosJ(io  — %). 

cos  J  *■  cos  (Km  —  C)  +  i  (fi  "  Sio))  =  cosi*'o  cos  Ki  +  V«),    .^n 

sin^isinQCM  — 0-i(S3  — a»))  =  smifl„sin^(i„  — j?„),    ^^"^ 

Bin^"*eosG(M— 0  -  U£2  —  S2o))  =  cosXsiQK\  +  %)■ 

These  equations  will  furnish  the  values  of  i,  m  —  ^,  and  Q,  —  fj,,,  and 
hence,  since  ^  and  ii^  are  given,  those  of  Q,  and  «.  Tlic  value  of  v 
having  been  already  found,  we  have,  finally, 


and  the  elements  are  completely  determined.  These  elements  will 
be  referred  to  the  ecliptic  and  mean  equinox  to  which  Sio  and  i^  are 
referred,  and  they  may  be  reduced  to  the  equinox  and  ecliptic  of  any 
other  date  by  means  of  the  formulEe  which  have  already  been  given. 
The  elements  of  the  instantaneous  orbit  of  the  disturbed  body  may 
also  be  determined  by  first  computing  the  values  of  x„,  y,„  s„,  in 
refcrejice  to  the  fundamental  plane  to  which  51  and  i  are  to  be  re- 
ferred, by  means  of  the  equations  (83),  and  also  those  of  ~,  ~^,  -~ 

by  means  of  (85)  and  (84),  and  then  determining  the  elements  fi-om 
the  co-ordinates  and  velocities,  as  already  explained. 
It  should  be  observed  that  when  the  factor  <u^,  or  the  square  of  the 
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adopted  interval,  is  introduced  into  the  expressioiiB  for  the  forces  and 
differential  coefficients,  tlie  first  integrals  will  be 


dt'  dt'  dt' 

and  that  when  these  quantities  are  expressed  in  seconds  of  ai-c,  they 
must  be  converted  into  their  values  in  parts  of  the  unit  of  space 
whenever  they  are  to  be  combined  with  quantities  which  are  not  ex- 
pres.sed  in  seconds.  In  other  words,  the  homogeneity  of  the  several 
t«rms  must  be  carefully  attended  to  in  the  actual  application  of  the 
formulfe. 

When  the  elements  which  con'espond  to  given  values  of  the  per- 
turbations have  been  determined,  if  we  compute  the  heliocentric 
longitude  and  latitude  of  the  body  for  the  instant  to  which  the  ele- 
ments belong,  the  results  should  agree  with  those  obtained  by  com- 
puting the  heliocentric  place  from  the  fundamental  .osculating  ele- 
ments and  adding  the  perturbations. 

177.  The  computation  of  the  indirect  terms  when  the  perturba- 
tions of  the  co-ordinates  r,  w,  and  z  are  determined,  ls  effected  with 
greater  fiicility  than  in  the  case  of  the  rectangular  co-ordinates, 
although  the  final  results  are  not  so  convenient  for  the  calculation  of 
an  ephemei-is  for  the  comparison  of  observations.  This  indirect  cal- 
culation, which,  when  the  perturbations  of  any  system  of  three  co- 
ordinates are  to  be  computed,  cannot  in  any  ease  be  avoided  without 
impairing  the  accuracy  of  the  results,  may  be  further  simplified  by 
determining,  in  a  peculiar  form,  the  perturbations  of  the  mean 
anomaly,  the  radius-vector,  and  tlie  co-ordinate  2  perpendicular  to  the 
fundamental  plane  adopted. 

Let  the  motion  of  the  disturbed  body  be,  at  each  instant,  referred 
to  the  plane  of  its  instantaneous  orbit;  then  we  shall  have  ^^^0, 
and  the  equations  (51)  and  (54)  become 

r'5  ^  Csrdt  +  h]/p,il  +  m), 
dV        dw''  ,    kU.l  +  m-)  _  j^  '■"'^ 

in  which  li  denotes  the  component  of  the  disturbiiig  force  in  the 
direction  of  the  disturbed  radius-vector,  and  S  the  component  in  the 
plane  of  the  disturbed  orbit  and  perpendicular  to  the  disturbed  radius- 
vector,  being  positive  in  the  direction  of  tlie  motion.     The  effect  of 
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the  eomponente  R  and  5  is  to  vary  the  form  of  the  orbit  and  the 
angular  distance  of  the  perihelion  from  the  node.  If  we  denote  by 
Z  the  component  of  the  disturbing  force  perpendicalar  to  the  plane 
of  the  instantaneous  orbit,  the  effect  of  this  will  be  to  change  the 
position  of  the  plane  of  the  orbit,  and  hence  to  vary  the  elements 
which  depend  on  tlie  position  of  this  plane. 

Let  US  take  a  fixed  line  in  the  plane  of  the  instantaneous  orbit, 
and  suppose  it  to  be  directed  from  the  centre  of  the  sun  to  a  point 
wliose  angular  distance  back  from  the  place  of  the  ascending  node  is 
a,  and  let  the  value  of  a  be  so  taken  that,  so  long  as  the  position  of 
the  plane  of  the  orbit  is  unchanged,  we  shall  have 


The  line  tliiis  taken  in  the  plane  of  the  orbit  may  be  regarded  as 
fixed  during  all  changes  in  tlie  position  of  this  plane.  Let  j(  denote 
the  angle  between  this  fixed  line  and  the  semi-transverse  axis ;  then 
will 

Z-="  +  ^.  (9S) 

and  when  the  position  of  the  plane  of  the  orbit  is  unchanged,  we  have 


But  if,  on  account  of  the  action  of  the  component  Z,  the  position  of 
the  plane  of  the  orbit  is  changed,  we  have,  according  to  the  equations 
(72)j,  the  relations 

da>r=dx~  cos  J  dQ,  (99) 

d^=dx  +  (.l  —  ooBi)da=dx  +  2  sin'  ^idSi. 

We  have,  further, 

^  =  v  +  z-'y,  (100) 

1?  being  the  true  anomaly  in  the  instantaneous  orbit. 

The  two  components  of  the  disturbing  force  which  act  in  the  plane 
of  the  disturbed  orbit  will  only  vary  ^  and  the  elements  which  deter- 
mine the  dimensions  of  the  conic  section.  We  have,  therefore,  in  the 
case  of  the  osculating  elements,  for  the  instant  t^, 

Let  us  now  suppose  ^  to  denote  the  true  longitude  in  the  orbit,  so 
that  we  have 
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^  =  v  +  x-('^-Sl);  (101) 

then,  since  ^  is  equal  to  7Z  when  the  position  of  the  plane  of  the  orbit 
is  unchanged,  it  follows  that  a  —  SJ  represents  the  variation  of  the 
true  longitude  in  the  orbit  arising  from  the  action  of  the  component 
Z  of  the  disturbing  force.  The  elements  may  refer  to  the  ecliptic  or 
the  equator,  or  to  any  other  fundamental  plane  which  may  be  adopted. 

178.  For  the  instant  ( we  have,  in  the  case  of  the  disturbed  motion, 
the  following  relations: — 

£  — esin£=il/+^C*  — U 

rcosv  =  ^coBE-ae  ^^^^^ 

rsmv  =  aVl~e'amE, 
^^v  +  x-i^-Sl). 

Let  us  first  consider  only  the  perturbations  arising  from  the  action  of 
the  two  components  of  the  disturbing  force  in  the  plane  of  the  dis- 
turbed orbit,  and  let  us  put 

K  =  v  +  x-  (103) 

Further,  let  Jlf^  +  //(,(( —  Q  +  SM  be  the  mean  anomaly  which,  by 
means  of  a  system  of  equations  identical  in  form  with  the  preceding, 
but  in  which  the  values  of  Oj,,  e,,  ^f^  are  used  instead  of  the  instanta- 
neous values  a,  e,  and  ;f,  gives  the  same  longitude  X„  so  that  we  have 

E,  —  e,  sin  £,  =  JW;  +  ^  (i  —  („)  +  HM, 

T,  C03V,  =  a.  cos  E,  —  a.e,, 

,.;sin.;=«yr^s;c^,  ^'''^ 

If,  therefore,  we  determine  the  value  of  SM&o  as  to  satisfy  the  con- 
dition that  ^,  ^  «  +  Z>  *^^  disturbed  value  of  the  true  longitude  in 
the  orbit,  neglecting  the  effect  of  the  component  J?  of  the  disturbing 
force,  will  be  known.  The  value  of  r,  will  generally  differ  from  that 
of  the  disturbed  radius-vector  r,  and  hence  it  becomes  necessary  to 
introduce  another  variable  in  order  to  consider  completely  the  effect 
of  the  components  It  and  8.     Thus,  we  may  put 

r  =  r,(l  +  v),  (105) 

and  V  will  always  be  a  very  small  quantity.  When  SM  and  v  have 
been  found,  the  effect  of  the  disturbing  force  perpendicular  to  the 
plane  of  the  instantaneous  orbit  may  be  considered,  and  thus  the 
complete  perturbations  will  be  obtained. 
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In  the  equations  (97),  ir'-ji  expresses  the  areal  velocity  in  the  in- 
stantaneous orbit,  and  it  is  evident  that,  since  the  true  anomaly  is  not 
affected  by  the  force  Z  perpendicular  to  the  plane  of  the  actual  orbit, 

^  -rjr  must  also  represent  this  areal  velocity,  and  hence  the  equations 
become 

179.  If  we  differentiate  each  of  the  equations  (104),  wo  get 


(1- 

~e.coi 

=  «.+ 

dm 
if 

dt 

,,.in 

dv, 

''Hi-' 

-(toSin 

* 

r,oo».,*^=<,yP^ 

?cosJ,; 

dE, 

df' 

di, 
dt   ^ 

dt' 

From  the  second  and  the  third  of  these  equations  we  easily  derive 

<•'  jf = (".l^l  -  ••  •■■  ™  "■ ""  -®'  ~  '•''  •"» '' "  « -dl- 


dueing,  we  get 


.*,..+ 


dm\ 
dt  r 


_  hVl+m 


*^'  l/po        "         '\  ''o      dt    I' 

From  the  same  equations,  eliminating  -^,  we  get 

,dv,       ,    ,/= r  „    ,  .         .     _,.  (f 

r,  -TT  =  («oV  1  —  V  r,  cos  v,  coa  h,  -f-  a/,  sm  v,  sm  E,)  — 

which  reduces  to 


,/^  =  .,/MM:v,(i  +  i.!^), 
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^.>^7rT^a  +  .).(i  +  i.^»). 


Combining  this  with  the  first  of  equations  (106),  we  get 
dSM         I      1 


t-  TTT-T.  •      y      ^  f'S'-  dt,     (110) 


from  which  5itf  may  be  found  as  soon  as  v  is  known. 
The  equation  (105)  gives 


already  found,  we  obtain 

<fV,  _^'(l+m)fi„co8r,/  1     dSMy  ,    Al/T+^ 


and  the  last  of  the  preceding  equations  l 


'*' 


A'(l  +  m)e„coaii,  ..^^ 


"('+.vifr 


l/jT.       "•"""■\"  c.     ■    *    +     a  +ft'  *■    <!(   /■ 
The  equation  (110)  gives 

1    irm         1        ib_  2        A  1  r 

H     'if   +(!  +  >)■■  <il  '^(X  +  'f'^S'  tV,,0.  +  m-)J 

^       1 ft 

~(l  +  ')''il<p,Cl  +  m)' 
whieli  is  easily  reduced  to 

1  +»  <PJJf     ,  *    ,   2    *    iai_ 


-  +  2i  + 


rfC  ii(       /lo    rfi      dt        1  +  V    hVpa  (1  +  m)  ' 

and  hence  we  derive 
jr,         d<.     f  (!  +  «»)«.  COS.  /       1    JWl-     ..sin., 

The  equation  (109)  gives 
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this  becomes 

lit   ^ 

Combining  equations  (112)  and  (113)  with  the  second  of  equations 
(106),  we  get 

Pa  ^ 

From  (110)  we  derive 


(114) 


and  the  preceding  equation 
<P>_J!         f(l  +  «i) 


j/*"')' 


PO  +  m), 


Vp„(l  - 


==    fSrdt- 


which  is  the  complete  expression  for  the  determination  of  i^, 

180.  It  remains  now  to  consider  the  effect  of  the  component  of  tho 
disturbing  force  which  is  perpendicular  to  the  plane  of  the  disturbed 
orbit.  Let  x„  y„  s,  denote  the  eo-ordinates  of  the  body  referred  to 
the  fundamental  plane  to  which  the  elements  belong,  and  x,  y  the 
co-ordinates  in  the  plane  of  the  instantaneous  orbit.  Further,  let  a 
denote  the  cosine  of  the  angle  which  the  axis  of  x  makes  with  that 
of  ^,  and  (9  the  cosine  of  the  angle  which  the  axis  of  y  malces  with 
thrit  of  y„  and  we  shall  have 

z,  =  <.x^-§y.  (116) 

If  tlie  position  of  the  plane  of  the  orbit  remained  unchanged,  these 
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cosines  a.  and  /9  would  be  constant;  but  on  account  of  the  action  of 
the  force  perpendicular  to  the  plane  of  the  orbit,  these  quantities  are 
functions  of  the  time.  Now,  the  co-ordinate  z,  is  subject  to  two  dis- 
tinct variations  i  if  the  elements  remain  constant,  it  varies  with  the 
time;  and,  in  the  case  of  the  disturbed  orbit,  it  is  also  subject  to  a 
variation  arising  from  the  change  of  the  elements  themselves.  We 
shall,  therefore,  have 

in  ■which  I  -^  |  expresses  the  velocity  resulting  from  the  constant 

elements,  and  -^  that  part  of  the  actual  velocity  which  is  due 
to  the  change  of  the  elements  by  the  action  of  the  disturbing  force. 
But  during  the  element  of  time  (K  the  elements  may  be  regarded  aa 

constant,  and  hence  the  velocity  -j—  in  a  direction  parallel  to  the 
axis  of  z,  may  be  regarded  as  constant  during  the  same  time,  and  as 
receiving  an  increment  only  at  the  end  of  this  instant.  Hence  we 
shall  have 


[§]- 


Differentiating   equation  (116),  regarding  a  and  /9  as  constant,  wo 
get 


and  differentiating  the  same  equation,  regarding  x  and  y  as  constant, 

Differentiating  equation  (117),  regarding  all  tlie  quantities  involved 
as  variable,  the  result  is 

d?z,_d^  ^      dl    di        ^^  ,  a'?5  /-riq-, 

di'        dt'  dt^  dt'  dt  '^    df  '^'^df  ' 

Now,  we  have 

Z,  =  »X-|-  ,sr-j-  Z<imi,  (120) 

in  which  Z,  denotes  the  component  of  the  disturbing  fowe  parallel 
to  the  axis  of  s„  and  i  the  inclination  of  the  instantaneous  orbit  to 
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the  fundamental  plane.  Substituting  for  X  and  Y  theii'  values  given 
by  the  equations  (1),  and  reducing  by  means  of  (116),  we  obtain 

or 

Comparing  this  with  (119),  there  results 

da.     dx    .    dli     dy        „        .  ,-,ni\ 

181.  The  equation  (120)  gives 

^  =  -^!^i±^.,  +  2cos^+.X+^F.  (122) 

The  component  of  the  disturbing  force  perpendicular  to  the  plane  of 
the  disturbed  orbit  does  not  affect  the  radius-vector  )•;  and  hence, 
when  we  neglect  the  effect  of  this  component,  and  consider  only  the 
components  R  and  S  which  act  in  the  plane  of  the  orbit,  wc  have 

^%  =  _  ^ ±^  ^^  _|_  „^x+  ^, F,  (123) 

in  which  z^  denotes  the  value  of  z,  obtained  when  we  put  Z^O. 
Let  us  now  denote  by  8%,  that  part  of  the  change  in  the  value  of  .z, 
which  arises  from  the  action  of  the  force  perpendicular  to  the  plane 
of  the  disturbed  orbit,  so  that  we  shall  have 

Substituting  these  in  equation  (122)  and  then  subtracting  equation 
(123)  from  the  result,  we  get 

^  =  -  '^''^^  +  "'^  dz,  +  Zeos  i  +  X^a  +  YS§.  (124) 

The  equations  (116)  and  (117)  give 


dz,  =  x8^  +  yili. 

dfe, 
dt  ~ 

4-+l'^- 

eliminate  S^  between  these 

equations,  there  results 

-(4-»l^' 

h%> 

dSz, 
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and  since  the  fector  of  3a  in  this  equation  is  double  tlie  areal  veloeily 
in  the  disturbed  orbit,  we  have 

Eliminating  da  from  tlie  same  equations,  we  obtain,  in  a  similar 

tVp(l+m)\      dt  dt      'I 

Substituting  these  values  in  equation  (124),  it  becomes 
^=._^+_'?)*,  +  Zco.i 

+     ,J ((x-l-  ri|W.,  +  (r.-x,)-''';'-).  '™^ 

If  we  introduce  the  components  ij  and  S  of  the  disturbing  for«e,  we 
have 

and  hence 

Ta^      —Xy      =^  Sr. 
Therefore  the  equation  (127)  becomes 

IB S_ *b,  +  *'■     —    '^        '''^''' 

\  ■■        Sl/ya  +  i»)  '  *  /  ''       Vp(l  +  m)  ■   «  ■ 

We  have,  further, 

^,  —  U  +  'J  ij,  +  ''  di  ' 

which,  by  means  of  file  equations  (108)  and  (109),  gives 

dr e„ein^),        dv,  d^ hVpil  +  m)       .  d^ 

^~ft(l+')      «f        'i"~    ?.(!  +  ')    ''"'"''^''''df 

Substituting  this  value  in  the  equation  (128),  we  obtain 


BiBd  by  Google 


VARIATION    OF   CO-OItDINATES. 

df  r^  '  '    \r,  Po         /I 


+  - 


(129) 


kVp(X+^n)\   dt        1  +  ^     dt  I' 
wliicli  is  the  complete  expression  for  tlie  dctcrmiuation  of  Sz,, 

182.  The  equations  (110),  (115),  and  (129)  determine  the  complete 
perturbations  of  the  disturbed  body.  The  value  of  v  must  first  be 
obtained  by  an  indirect  process  from  the  equation  (115),  and  then  dM 
ia  given  directly  by  means  of  (110).  The  value  of  Sz  will  also  be 
determined  by  an  indu'ect  process  by  means  of  (129). 

In  order  to  obtain  the  expreraions  for  the  forces  R,  8,  and  Z,  let  to 
denote  the  longitude  of  the  disturbed  body  measured  in  the  plane  of 
the  instantaneous  orbit  from  ita  ascending  node  on  the  fundamental 
plane  to  which  SI  and  i  are  referred,  it  being  the  argument  of  the 
latitude  in  the  ease  of  the  disturbed  motion.  Let  w'  denote  tho  lon- 
gitude of  the  disturbing  body  measured  trom  the  same  origin  and  in 
the  plane  of  the  orbit  of  the  disturbed  body,  and  let  /5'  denote  its 
latitude  in  reference  to  this  plane.  Pinally,  let  N,  N',  I,  and  «„' 
have  the  same  signification  in  reference  to  the  plane  of  the  instanta- 
neous orbit  that  they  have  in  reference  to  the  plane  of  the  undisturbed 
orbit  in  the  case  of  the  equations  (66).     Then  wo  shall  have 

Bini7sin-|(iV+JV")=8mKS3'-SJ)8in^(i'-i-i). 
sinUcosKiV-|-^')  =  cosKSJ'— Si)siaK»'  — 0-        ^,0^-, 
cosii-sinK^-Jf')=ainKft'-Si)cosKi'  +  i),        ^^"^^^ 
cm-^Icos^iN—  N'}  =  coa|(£J'—  £i)  cos^*'  —  *)) 

from  which  to  determine  N,  N',  and  I.     We  have,  also, 

u^^u'  —  N', 
tan  (w'  —  N)=  tan  v^  cos  I,  (131) 

taa;?  =tani'sin(w'  —  JV), 

from  which  to  find  w'  and  /3',  u'  being  the  argument  of  the  latitude 
of  the  disturbing  body  in  reference  to  the  plane  to  which  SI  and  i 
are  referred. 

Since,  when  the  motion  of  the  disturbed  body  is  referred  to  the 
plane  of  its  instantaneous  orbit,  ^  =  0,  the  equations  (71),  (72),  and 
(73)  become 

M  =  m'h^  i  h  t'  cos  ^  cos  (w'  —  w)  —  I  A 

S  =^  m'SVt  t'  cos  ff  sin  (?«'  —  vi). 
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by  means  of  which  the  required  components  of  the  disturbin 
may  be  found,  the  value  of  k  being  given  by 


To  find  p,  we  have 


f'  =  .-"  +  r'-2n-'cos/!'c 

m{vl 

r,  putting 

-»), 

le  equations 

f»in,,  =  r'.inr, 

__ __  (134) 

The  values  of  r'  and  u'  for  the  actual  places  of  the  disturbing 
body  will  be  given  by  the  tables  of  its  motion,  and  the  actual  values 
of  Si'  and  i'  will  also  be  obtained  by  means  of  the  tables.  The  de- 
termination of  the  actual  values  of  r  and  w  requires  that  the  pertur- 
bations shall  be  known.  Thus,  when  SM  and  v  have  been  found, 
we  compute,  by  means  of  the  mean  anomaly  Jij,  +  jW|j((  —  Q  -f-  ^M 
and  the  elements  <%,  e,,,  the  values  of  v,  and  r,.  Then,  since 
1!  +  ;^  ^  J),  +  tTd,  we  have,  according  to  (100), 

™-^,  +  -„-<r.  (135) 

We  have,  also, 

r  =(!  +  .).■,. 

In  the  ease  of  the  fundamental  osculating  elements,  we  have 


which  may  be  used  as  an  approximate  value  of  a;  but  the  complete 
determination  of  w  requires  that  "^  ^^-^  d<y  shall  also  be  deter- 
mined. The  exact  determination  of  the  forces  also  requires  that  the 
actual  values  of  SJ  and  *  as  well  as  those  of  Q, '  and  i',  shall  be  used 
in  the  determination  of  N,  N',  and  I  for  each  instant.  When  these 
have  been  found,  it  will  be  sufficient  to  compute  the  actual  values  of 
N,  N',  and  /at  intervals  during  the  entire  peiiod  for  which  the  per- 
turbations are  required,  and  to  interpolate  their  values  for  the  inter- 
mediate dates.  The  variations  of  these  quantities  arising  from  the 
variations  of  SI,  i,  £i',  and  *'  may  also  be  determined  by  means  of 
differential  formula.  Thus,  from  the  differential  relations  of  the 
parts  of  the  spherical  triangle  from  whicli  tlie  equations  (130)  are 
derived,  we  easily  find 
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dN' 
dN  ^^ 


"r,,.-    (136) 


siaj 
dl   ~ cos ^' di'  —  COB JVd*-j- sin i sin Nd ( SJ '  —  SJ ). 

When  i  and  J  are  very  small,  it  will  be  better  to  use 

sini  sin  if"'  sini'  sin  if 


sin  J      sin  (Si'  —  SI)' 


(137) 


in  finding  the  numerical  values  of  these  coefficients.  By  means  of 
these  formulae  we  may  derive  the  values  of  SN,  SN',  and  BI  corre- 
sponding to  given  values  of  5ji,  Si,  3£l',  and  8i'.  The  formula 
by  means  of  which  da,  3Si,  and  3i  may  be  obtained  directly,  will  be 
presently  considered. 

The  results  for  dN,  8N',  and  SI  being  applied  to  the  quantities  to 
which  they  belong,  we  may  compute  the  actual  values  of  w'  and  (9'. 
The  value  of  r  will  be  found  from  the  given  value  of  n,  and  that  of 
W  will  be  given  by  means  of  equation  (135).  Then,  by  means  of 
the  formula!  (132),  the  forces  S,  8,  and  Z  will  he  obtained.  The 
perturbations  will  first  be  computed  in  reference  only  to  terms  de- 
pending on  the  first  power  of  the  disturbing  force,  and,  whenever  it 
becomes  necessary  to  consider  the  terms  of  the  second  order,  the 
results  already  obtained  will'  enable  us  to  estimate  the  valura  of  the 
perturbations  for  two  or  more  intervals  in  advance  with  sufficient 
accuracy  for  the  determination  of  the  three  required  components  of 
the  disturbing  force;  and  when  there  are  two  or  more  disturbing 
bodies  to  be  considered,  the  forces  for  each  of  these  may  be  computed 
at  once,  and  the  values  of  each  component  for  the  several  disturbing 
bodies  may  be  united  into  a  single  sura,  thus  using  SR,  US,  and  2Z 
in  place  of  H,  S,  and  Z  respectively.  The  approximate  values  of  the 
perturbations  will  also  facilitate  the  indirect  calculation  in  the  deter- 
mination of  the  complete  values  of  the  required  differential  coeffi- 
cients. 

183.  When  only  the  perturbations  due  to  the  first  power  of  the 
disturbing  force  are  required,  the  osculating  elements  SJ,,  and  i^  will 
be  used  in  finding  iV,  N',  and  I,  and  r^,  w^  will  be  used  instead  of  r 
and  w  in  the  calculation  of  the  values  of  K,  S,  and  Z.  The  equations 
for  the  determination  of  the  perturbations  3M,  v,  and  dz„  neglecting 
terms  of  the  second  order,  are,  according  to  the  equations  (110), 
(115),  and  (12&),  the  following:— 
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d3M  1  fc     J,         i) 


■!■»  ^M     ieq+m)   1  _     _   foil     V''"'s     ^'(l  +  <»)., 

cP*,     „     .     i.-q  +  m), 
TF=^°°"- ^~''- 

The  value  of  v  is  first  found  by  integration  irom  the  results  given 
by  the  second  of  these  eqiiations,  and  then  5JIf  is  found  from  the  first 
equation.  Finally,  3z,  is  found  by  means  of  the  last  equation.  The 
integials  are  in  each  case  equal  to  zero  for  the  dates  to  which  the 
fundamental  osculating  elements  belong,  and  the  process  of  integra- 
tion IS  inilogous,  in  all  respects,  to  that  already  illustrated  in  the 
case  of  the  variation  of  the  rectangular  conardinates.  It  will  be  ob- 
served, however,  that  the  expression  for  tt^  involves  only  one  indi- 
rect term,  the  coefficient  of  which  is  small,  and  the  same  is  true  in 
the  case  oi  ~3p-i  while  -~w-  la  given  directly.  When  tiie  perturba- 
tions have  been  found  for  a  few  dates,  the  values  for  the  following 
date  can  be  estimated  so  closely  that  a  repetition  of  the  calculation 
will  rarely  or  never  be  required;  and  the  actual  value  of  r  may  be 
used  instead  of  the  approximate  value  r^  in  these  expressions  for  the 
differential  coefficients.  Neglecting  terms  of  the  second  order,  we 
have 

logr  =  logr,  +  V. 

wherein  ^^  denotes  the  modulus  of  the  system  of  logarithms.  We 
may  also  use  v,  instead  of  v^;  but  in  this  case,  since  r,  and  v,  depend 
on  dM,  only  the  quantities  required  for  two  or  three  places  may  be 
computed  in  advance  of  the  integration. 

A  comparison  of  the  equations  (138)  with  the  complete  equations 
(110),  (115),  and  (129)  shows  that,  if  the  values  of  /9'  and  m'  are 
known  to  a  sufficient  degree  of  approximation,  we  may,  with  very 
little  additional  labor,  consider  the  terms  depending  on  the  squares 
and  higher  powers  of  the  masses.  It  will,  however,  appear  from 
what  follows,  that  when  wc  consider  the  perturbations  due  to  the 
higher  powers  of  the  disturbing  forces,  the  consideration  of  the  effect 
of  the  variation  of  s,  in  the  determination  of  the  heliocentric  place 
of  the  disturbed  body,  becomes  much  more  difficult  than  when  the 
terms  of  the  second  order  are  neglected;  and  hence  it  will  be  found 
advisable  to  determine  new  osculating  elements  whenever  the  con- 
sideration of  these  terms  becomes  troublesome. 
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The  results  may  be  conveniently  expressed  in  seconds  of  arc,  and 
afterwards  u  and  Sz,  may  be  converted  into  their  values  expressed  in 
units  of  the  seventh  decimal  place,  or,  giving  proper  attention  to  the 
homogeneity  of  the  several  terms  of  the  equations,  in  the  numerical 
operations,  SM  may  be  expressed  in  seconds  of  arc,  while  f  and  8z, 
are  obtained  directly  in  units  of  the  seventh  decimal  place.  It  will 
be  advisable,  also,  to  introduce  the  interval  ai  into  the  formulEB  in 
such  a  manner  that  this  quantity  may  be  omitted  in  tlie  case  of  the 
formulEB  of  integration. 

184.  In  the  case  of  orbits  of  great  eccentricity,  the  mean  anomaly 
and  the  mean  daily  motion  cannot  be  conveniently  used  in  the  nu- 
merical application  of  the  formulte.  Instead  of  these  we  must 
employ  the  time  of  perihelion  passage  and  the  elements  q  and  e. 
Thus,  let  r^  be  the  time  of  perihelion  passage  for  the  osculating  ele- 
ment for  the  data  tg,  and  let  1\  -\-  ST  be  the  time  of  perihelion  paa- 
s^e  to  be  used  in  the  formulfe  in  tiie  place  of  JJ,  and  in  connection 
with  the  elements  q^  and  e,,  in  the  determination  of  the  values  of  )■, 
and  v„  80  that  we  have 

In  the  case  of  parabolic  motion  we  have,  neglecting  the  mass  of  the 
disturbed  body, 

—5^ ^^=^-^1 —  —  tan  Iv,  +  -1  tan^  ^,v,,  (139) 

the  solution  of  which  to  find  v,  is  effected  by  means  of  Table  VI.  as 
ah-emiy  explained.     To  find  r„  we  have 

T,  =  5„  sec'  \v,. 

For  the  other  cases  in  which  the  elements  M^  and  ^  cannot  be  era- 
ployed,  the  solution  must  be  effected  by  means  of  Table  IX.  or  Table 
X.     Thus,  when  Table  IX.  is  used,  we  compute  M  from 

wherein  log  C,,  ^  9.9601277,  and  with  this  as  the  aygunient  we  derive 
from  Table  VI-  the  corresponding  value  of  Y.     Then,  having  found 


l+«. 


■7  by  means  of  Table  IX.  we  derive  the  coefficients  required 
in  the  equation 

=  F+l(100.)  +  £C100i)'+  OClOOi)',  (140) 
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from  which  v,  will  be  determmed.     Finally,  r,  will  be  found  from 

(141) 


'      1  +  eoCosii/ 


When  Table  X.  is  used,  we  proceed  as  explained  in  Art.  41,  using 
the  elements  2"=  T^  +  ^F,  3o,  and  e^,  and  tiiua  we  obtain  the  required 
values  of  v,  and  r,. 

It  is  evident,  therefore,  that,  for  the  determination  of  the  pertur- 
bations, only  the  formula  for  finding  the  value  of  dM  reqiiires  modi- 
fication in  the  case  of  orbits  of  great  eccentricity,  and  this  modifica- 
tion is  easily  effected.     The  expression 

JWi  + 1\  (*  —  *o)  +  ^JW=  ^. 

^^^^       l'-.{t,~T,)  +  i',{t-Q  +  m^,.,{t-(,T„  +  ST)), 

or,  simply, 

SM=  —  iiJiT, 

and  the  equation  (110)  becomes 

dt  (1+.)"      (1+")'   kVp„{l+m-)J  '         ^       ' 

by  means  of  i^hich  the  value  31  required  in  the  solution  of  the  equa- 
tions for  r,  ind  t  miy  be  found 

If  we  denote  b\  t  the  time  for  nhich  the  true  anomaly  and  the 
radius-vector  computed  by  medii*  of  the  fundimental  osculating  ele- 
ments have  tliL  values  which  ba^t  been  designated  by  v,  and  r„  re- 
spectively, we  have 


M=;j.(i,-i), 

1    dIM      dt, 
+  n'    it   -  if 

and  the  equation  (110)  becomes 

it,            1,1 

dl       (!+»)•  '   {l  +  ,f 

hVpnil+m)'^ 

or,  putting  i,  =  i  +  5i, 

dst           1                       1 
<« -(!  +  ,)■           '   (1  +  .: 

(144) 

If  we  determine  3t  hj  means  of  this  equation,  the  values  of  the 
radius-vector  and  true  anomaly  will  be  found  for  the  time  ( +  St 
instead  of  t,  according  to  the  methods  for  the  different  conic  sections, 
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using  the  fundamental  osculating  elements.   The  results  thus  obtained 
are  the  required  values  of  r,  and  v,  respectively. 

186,  When  the  values  of  the  pei-turbations  v,  dz„  and  dM,  ST,  or 
8t  have  been  determined,  it  remains  to  find  the  place  of  the  disturbed 
body.     The  heliocentric  longitude  and  latitude  will  be  given  by 

cosScos(;~Si)=cos(;-a), 
cos  h  sin  (/  -  £i )  =  ain  (i  -  S3)  cos  t, 
sin  6  =sinCi-S3)sini, 


COS  6  cos  C;  -  Si)  =  cos  y,-^), 

cosbsm{l—U')  =  s^ri(X,—^)eo%i,  (145) 

sin  h  ^:^  sin  (i,  —  tr)  sin  i, 

in  which  ).,^v,-\-  tt^,.  If  wo  multiply  the  first  of  these  equations 
by  cos  (£J  —  A),  and  the  second  by  — sin  {Si  —  li),  in  which  h  may 
have  any  value  whatever,  and  add  the  results ;  then  multiply  the  first 
by'j^in(SJ  —  A),  and  the  second  by  cos  ( £i  —  K),  and  add,  we  get 

cos6  cosCZ— A)-=eos(^— <r)  cos(Si— ^)— sintt— .7)sin(S3— A)gos*, 
cos  6  sin  (J— A)=eo3  (^— t)  sin  (  Q,  — ft) +sin  (^,— <r)  cos  (  «  —h)  cos  i, 
sin  b  =eiii  (}■,—'')  sin  i. 

But,  since  }.,  —  <7  =  (^,  —  JJj,)  —  {a  —  fi^),  these  equations  may  be 
written 

cos  &  cos  (^  — A) 

=coa(A,— £J„)(eo8(ff— SJ„)co9(S?— /0+sia(fr— S2fi)sin(SJ— /i)cost) 
+sina-a„)(sin(ff-S3o)co8(£3~A)-cos(ff-S„)siQCfi-A}co8;), 

cos  6  sin  y- A)  (146) 

=cos  (^  —  £3  „)  (cos  (ff— fi  „)  sin  ( Si  — A) —sin  (ff— £3 ,)  cos  ( S3  — A)  cos  i) 
+sin(A,— S3o)(sm(ff— Sii>)3iii(S3— A)+cos(!r— Sic)cos(Si— A)co8*), 

sin6=sin(A,— SJ„)cos(<T— Sio)sin*— cos(^,— S3o)sin  (a—Sl^  sin  i. 


Let  lis  now  conceive  a  spherical  triangle  to  be  formed,  of  which  two 
of  the  sides  are  a —  Sl^^^'^  S3  —A,  respectively,  and  let  the  angle 
included  by  these  sides  be  i.  Since  h  is  entirely  arbitrary,  we  may 
assign  to  it  a  value  such  that  the  other  angle  adjacent  to  the  side 
<x^  S3o  wili  be  equal  to  i„.  Let  the  third  side  be  designated  by 
\  —  Sifl,  and  the  angle  opposite  to  a  —  Sip  by  ly'.  The  auxiliary 
triangle  thus  formed  gives  the  following  relations: — 
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COS  CA„— £i  ,)=cos  (.7— JS  „)  COS  (  fi  — 70+siii  (<r~  S3  J  sin  (  SJ  — 70  COS  i, 
sm(A„— SJo)smi,=sm  (Q—h)  sini,  (147) 

8iii(^„— fl„)coai„=3mC<7— Q„)cos(SJ— /O— cosCff— a.)siiiCSJ— fi.)co8i, 
sin(/(„— SjcosV=cos(!r— aD)sm(S3— 70— sinC'f— SJ„)cos(fi— A}cosi 
Combining  these  ■with  the  preceding  equations,  we  easily  derive 
ccffiftcosC;— A)=c08CA,— S„)cos(\— SJo)+sin(^,— SJo)sin(^„--SJ„)eosit„ 
cosfiain  ll—k)=si-a  1^,—^^')  coa  (Aq— SJo)  cosi,,— cos(:i,— S2o)sin  ('*o— S^o) 
+coay— S„)sin(7iT,— £Jo)(l+cosV)  (148) 

+siny— £J„)((cosf— cosi„)eosC7t„— SJ„)+sia(ff— S3„)BinC£J— ft.)sin^i), 
sin6=sini„sia(A— fi„)+(cos(ff— £3„)sin^— sia;„)sinCA,-£J„) 

—  cosa-fi„)sinC^-S,)sini. 
Siuce  the  action  of  the  component  of  the  disturbing  force  perpen- 
dicular to  the  plane  of  the  disturbed  orbit  docs  not  change  the  radius- 
vector,  we  have 

)-sin6^j-sin*„sina-SJ„)  +  5s„ 

and  hence  the  last  of  these  equations  gives 

^  =  sin  (;.,  —  K„)  (cos  (T~5iJ  siai  —  m>.\)  ^^^^^ 

— cos(i,  —  SJ„)sin(cf —  SJo)sini. 
From  the  relation  of  the  parts  of  the  auxiliary  spherical  triangle,  we 

have 

sin*  sin  (ff—  JJJ  =  sin  ij' sin  (Ao  —  SJ„), 

sinicosCff— S3o)=sinVcos(Ao-— SJo)co3*o  +  cosV8inv 

Therefore, 

%^siQ(A,—  £^0(cos^cosC/%—  £3o)Bin!3'  — 

-co3(;,-SJOsin(7t,- 
and 

St,         sin  7)' 


-co9a,-fl„)8in(/i«-ft„)(l  +  cosV). 
We  have,  farther,  from  the  auxiliary  spherical  triangle, 
coai^^sin^sinjj'  cos(/i,)  —  SJo)  —  costo^cosij', 
from  which  we  get 

cosi  —  eosio  =  ainioCOs(Ao —  S2o)sin))'  —  co8io(l  +  cosjj'). 
Wo  have,  also, 

sin(SJ  — A)sini=ainioSin(Aii — Sio)i 
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or 

Hence  we  derive 

(cosi— cosi„)cos(/i«— SJo)+8iiiC'f— Sia)sinCSJ— /Osin'J—smToSm^' 

—  (l+cosV)  cos  io  cos  (ha — JJo)- 

Combining  this  autl  the  equation  (151)  with  the  equations  (148),  we 

obtain 

eos,icoa(/— A)=^co8(:i,— SJ„)eos(Ao— S3„)+sin(^,— JJo)sin(;i„— SJo)ci>sv 

cosisin(?— A)=8in(:i,— JJo)eos(At,— JJJcosid — cos(i, — Sia)s'm(Iia — S3o) 


sin  6  ^sin(^,^SJo)sinio  H — 7- 

If  we  multiply  the  first  of  theac  equations  by  cos  (/t^  —  Rq),  and  the 
second  by  — 8ui(Ag  —  SJo),  and  add  the  results;  then  multiply  the 
first  by  sin(A(!  —  SJo),  and  the  second  bycos(AD —  SJd),  and  add,  we  get 

COS*  coa(J--SBo— (^— W)=cos(^,— SJo)+sin(7i,— S3„)  .^^''^  ,  -  — , 

cos6siu(i-U«-(A-W)=siii(;.-£2„-)cosi„-cos(ft,~U.)j:^^,-^. 


Let  us  now  put 

^'=^sin(ff—  fro)sin*, 

g*  ~  cos  (t  —  £io)  sin  i  —  sin  %, 

and  there  results,  from  (149), 

^  =  5'  sin  (J,  -  Si„)  -p'  cos  (A,  -  ^0). 

Comparing  this  with  equation  (150),  we  observe  that 

p'  —  sin  5)'  sin  (Ao  —  So), 

<f  =sinVcos(/ifl —  £Jn)costi]  — sini(i(l  —  cos's')- 

Therefore,  we  have 

T-^^^-r-j  si"  (^  —  SJo)  = 


-  cos  7 

-iCOs(h~Sia)  =tanio  -I ^-pr^ rs, 

1        ^  '  '  cosio(l  — cosV) 


sted  by  Google 


498  TIIEORETICAI,   ASTRONOMY, 

and,  if  we  piit  F^h  —  \  the  equations  (152)  become 
cos  6  cos (!— JJ,— r)=ooB ft— fl.)+^    /^^^  ,  •  ^, 
COS 6 sin  (; — S3o — /')^sinft — S^Jcosio — I  tanv 
sinS  =»in(A,-S!.)sini.+^. 


(166) 


As  soon  as  F,  p',  q',  and  -/j'  are  known,  theae  eqnations  will  furnish 
the  exact  values  of  I  and,  b,  those  of  ).,  and  r  being  found  by  moans 
of  the  perturbations  v  and  dM. 

186.  The  value  of  F  may  be  expressed  in  terms  of  p'  and  q'. 
Thus,  if  we  differentiate  the  first  of  equations  (147)  and  reduce  by 
means  of  the  remaining  equations  of  the  same  group,  we  get 

•i(Ac-S3o)=cosVc;(S3-A)+cos^„rf^  +  sin*„8in(ff-JJ„V!, 

and  if  we  interchange  Q,  — h  and  h^ —  Q,^  in  this  equation,  we  must 
also  interchange  *  and  %,  which  are  the  angles  opposite  to  these  sides, 
respectively,  in  the  auxiliary  spherical  triangle,  so  that  we  shall  have 

d{9,  -A)  =  cosVd(/t,-  £2„)  +  cosid^, 
in  being  constant.     Adding  these  equations,  observing  that  Q,^  is  also 
constant,  we  get 

(1— cos5;'}(^(Si— A+/0^sini;sin(j— R„)(i;+(cosi+cos!t,)rfff;  (156) 

and  since  do  =  Qa&i  dQ, ,  this  becomes 

(1— eo3V)'^CA  — /0  =  — sint„sin(<r~SJ„)(;j 

,    ,  .    , .  ,  .         ..da 

-f-  {fiir^t  —  cos  I?  —  cos  I  cos  ij)  — — =, 

which,  since 

cosV  =  sin  i  sin  ig  cos  (it  —  Sin)  ^cosicosio,  (157) 

may  be  written 

(1 — Q.Q,sT]')dr= — sinijSin(>r~SJo)(ii+taQ^(sint— sin?cCOs(o-— JJ(,))rftr, 
The  differentiation  of  the  equations  (153)  gives 

dp' ^  sin  (a  ^  Q,o)co9idi-\-  Binicos(ff —  Q.o)ds, 
dq' =  cos  (^ ^  a,)  cos  idi^sini  sin  (a  ~  Sic)  d>r, 
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tldp'  — j>'df{  =  sin'  ida  ^  sin  ia  dp' 

=  cost  (—sin ^ sin (<t^Uo) tJt+tan;(sin-i— sin%eos(ff— ft„)) df). 

Combining  this  with  equation  (158),  we  get 

cosi(l  —  cost/)  dV=^q' dp' — p'dq', 
and  henee 

r  =  J  — ?L ^dt,  (159) 

•^0081(1  —  0037) 

the  integral  being  equal  to  zero  for  the  instant  to  which  the  funda- 
mental osculating  elements  belong.  It  is  evident  ironi  the  equations 
(153)  that  p'  and  q'  are  of  the  order  of  the  first  power  of  the  dis- 
turbing forces,  and  hence,  since  tj'  differs  bnt  little  from  180°— (i+io), 
it  follows  that,  so  long  as  i  is  not  very  large,  F  is  at  least  of  the 
second  order. 

The  last  of  equations  {146}  gives 

z,^=r  sin  i  sin  J,  cos  (7  —  r  sin  *  cos  J,  sin  t, 
and  since 

a;  ^  r  cos  :*„  y^=r  sin  A„ 

this  becomes 

Comparing  this  with  equation  (116),  it  appears  that 

*  :=  —  sin  ■<■  sin  «,  A  =  sin  i  cos  a,  (160) 

and  licnce,  by  means  of  (153),  we  derive 

/=^  — ocosSJj  — iSsinSJ,, 
g'  =  -BSina,  +  |ScosSJ„-sinv 
and  also 

dp' da^ 


...      "'"^'S- 
From  the  equations  (118)  and  (121),  observing  that 

we  derive,  by  elimination, 

da j-sia^, cos^   „  d^  __  r  cos?., cost  ^ 


(161) 
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Therefore  we  sliall  have 


fit  kVpil  +  m) 

A([ T  COS  i  COS  (A,  —  Si  „) 


AVpCl  +  m) 


2. 


by  means  of  which  ^'  aud  g'-may  be  found  by  integration,  the  inte- 
gral in  each  case  being  zero  for  the  date  ta  at  which  the  determina- 
tion of  the  perturbations  begins. 

When  the  vahie  of  Sz,  has  already  been  found  by  meana  of  the 
equation  (129),  if  we  compute  the  value  of  5',  that  of  'p'  will  be 
given  by  means  of  (154),  or 

j>'==^tan(,A,— fJJ- 


and  if  f'  is  determined,  5'  will  he  given  by 

g'  ::=/  cot  {}.,  —  £S)  +  ygin(/^a  )' 

If  both  ■p'  and  5'  are  found  from  the  equations  (162),  Bz,  may  bo  de- 
termined directly  from  (154);  but  the  value  thus  obtained  will  be 
less  accurate  than  that  derived  by  means  of  equation  (129). 

Since  the  formula  for  -^  completely  determines  the  perturbations 
due  to  the  action  of  the  component  Z  perpendicular  to  the  plane  of  the 
instantaneous  orbit,  instead  of  determining  f'  and  <^  by  an  independent 
integration  by  means  of  the  results  given  by  the  equations  (162),  it 

will  be  preferable  to  derive  them  directly  from  M,  and  -37-'-  The 
equations  (161)  give 


/  =  -  COS  fi„  hu.  ~  sin  Si,  !i[i,             4  =  ^ 

-siiiSJ.S.  +  cosa.S/!. 

Substituting  for  Sa  and  S^  their  values  given  by  (125)  and  (126), 
and  putting 

^"^;KcosSJ„-}-;/sinSJ„,            y"^- 

-iisinSJo  +  JcoBS,, 

we  obtain 

1            /  .,ds^, 

'     iv-p(l+™)(^  <«- 
1         L..*. 

hVp{l+m)\ 
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Substituting  further  the  values 

^'  =.  r  cos  (A,  -  £i„),  y"  =  r  sin  (l,  -  Q.,), 

and  also 

di  ~'         r' 


dt  y'p  r  1  +  ecos^' 

we  easily  find,  since  ^,  —  f^^X' 

r  sin  (>t,  —  Si„}    dSz, 

(164) 


which  may  be  used  for  the  determination  ofip'  &nA$q',  These  equa- 
tions require,  for  their  exact  solution,  that  the  disturbed  values  e,  ■/,, 
and  p  shall  be  known,  but  it  is  evident  that  the  error  will  be  alight, 
especially  when  e  is  small,  if  we  use  the  undisturbed  values  e„,  p^y, 
and  la  =  ^a-  The  actual  values  of  X,  and  r  are  obtained  directly  from 
the  values  of  the  perturbations. 

Whenp'  and  q'  liave  been  found,  it  remains  only  to  find  cosj,  and 
1  —  cos  r/,  in  order  to  be  able  to  obtain  r  by  means  of  the  equation 
(159).     From  (153)  we  get 

p"'  -f  (/^  =  sin'  i  —  sin'  \  —  2g'  ein  i^, 
and  hence 

cosr^V'r^y^^^CTT^IiiA)^,  (165) 

from  which  cosi  may  be  found.     The  equation  (167)  gives 

1  -  cos  V  =  cos  4  (cos  *„  +  cos  i)  -  9"  sin  *„,  (166) 

by  means  of  which  the  value  of  1  ^  cos  :j'  will  be  obtained. 
dp'        ,  da' 
H'  ""^  Ti  I 

equations  (153)  and  (162)  in  (159),  it  is  easily  reduced  to 


-Ji 


(l-cosV)Al/p(l+m) 


(167) 


which  may  he  used  for  the  determination  of  F.  When  \ 
terms  of  the  order  of  the  cube  of  the  disturbing  force,  in  finding  V 
we  may  use  pa  in  place  of  p  and  put  1  —  cos  :j'  =  2  cos^  %,  so  that  the 
formula  becomes 
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2cos'i„/cl/jJ„Cl  + 


=    Cdti.Zdt.  (168) 


187.  By  means  of  the  formulas  which  have  thus  been  derived,  we 
may  find  the  values  of  all  the  quantities  required  in  the  solution  of 
the  equations  (155),  in  order  to  obtain  the  values  of  I  and  b  for  the 
disturbed  motion.  From  r,  I,  and  h  the  corresponding  geocentric 
place  may  be  found.  The  heliocentric  longitude  and  latitude  may 
also  bo  determined  directly  by  means  of  the  equations  (145),  provided 
that  SJ,  a,  and  i  are  known;  and  the  required  formulse  for  the  deter- 
mination of  these  elements  may  be  readily  derived.  Thus,  tlie  equa- 
tions (160)  give,  by  differentiation, 


da. 
"di 

:^  sin  ff  COS  ( 

.di 
'  dt 

-sinic 

da 
"^■^  dt' 

whence 

df 

it 

.  di 

=      e»"e»>^- 

...       d„ 

.      df 
-""•"'It' 

.di         .    d. 

■-f-cos 

df 

Introducing  the  vah 
tions,  and  putting 

.esof^and 

df 
dt  ' 

ilready 

found  into  tliese 

equa- 

,  =  ..  +  . 

!«  =  a. 

+  fc,            i 

=  \- 

4-Ji, 

a  = 

-a, 

,  +  «a, 

wo  obtain 

dt  " 

1 

mti 

.ina- 

^.)rZ, 

Wpd  +  m] 

nfio"! 

and  also,  since  da^<x>sidQ,, 


by  means  of  which  the  variations  of  a,  i,  and  S3  due  to  the  action 
of  the  disturbing  forces,  may  be  determined.  The  integral  is  in  each 
case  equal  to  zero  at  the  initial  date  ^  to  which  the  fundamental  os- 
culating elements  belong  and  at  which  the  integration  is  to  com- 
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If  wc  find  I,  and  thun  a  —  Q,  from 


J  il '; 


, '-   -  -  Bin  {>.,  —  „)  rZ  dt,  (171) 

il/yCl  +  m) 

tho  true  longitude  in  the  orbit  will  be  obtaiued  from 
^  =  K+  Si— <^- 
it  IS  evident  that  since  the  expressions  for  -jr,  -y-,  and  —j—  re- 
quire, for  an  accurate  solution,  tliat  the  disturbed  values  i,  a,  and  p 
shall  be  known,  and  require,  beside,  that  three  separate  integrations 
shall  be  performed,  unless  the  perturbations  are  computed  only  in 
reference  to  the  first  power  of  the  disturbing  force,  in  which  case  we 
use  ig,  Pq,  and  iSo  in  place  of  i,  p,  and  a,  respectively,  in  the  equations 
(169)  and  (170),  the  action  of  the  component  ^can  be  considered  in 
the  most  advantageous  manner  by  means  of  the  variation  of  z,  arising 
from  this  component  alone;  and  even  when  only  the  perturbations 
of  the  first  order  are  to  be  determined  it  will  still  be  preferable  to 


determine  the  heliocentric  place  by  means  of  the  equations  (155). 
When  we  neglect  the  terms  of  the  second  order,  these  equations 
become 

C0S&C0S(;  —  ilt,)=^G03ii,—  0,), 

cos  b  sin  {I  —  fi„)  ==  sin  (J,  —  Q„)  cos  t,  —  tan  i,  ^,         (172) 

Sz 
■'      sin  b  =  siu  (X,  _  JJ  „)  sin  ^  -j-  --±, 

by  means  of  which  I  and  b  are  determined  immediately  from  the  per- 
turbations dM,  V,  and  dz,.  The  peculiar  advantage  of  determining 
the  effect  of  the  action  of  the  component  Z  by  means  of  the  partial 
variation  of  z,  is  apparent  when  we  observe  that  the  expressions  for 

—r-  and  ■■  ,—  involve  sin  *  as  a  divisor ;  and  in  the  case  of  orbits  whose 
dt  dt 

inclination  is  small,  this  divisor  may  be  the  source  of  a  considerable 

amount  of  error. 

188.  The  determination  of  the  perturbations  so  aa  to  include  the 
higher  powei-s  of  the  masses  is  readily  effected  by  means  of  the  com- 
plete expressions  for  —jjt-  j«"'  '^^  ~i^'  when  the  correct  values  of 
B,  S,  Z,  i,  and  p  are  known.     The  corrected  values  of  i  and  p — 
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which  are  required  only  iii  the  case  of  Sz, — may  be  easily  estimated 
with  sufficient  accuracy,  since  we  require  only  cos i,  while  Vp  ap- 
pears as  the  divisor  of  a  term  whose  numerical  value  is  geiiei'ally 
insignificant.  To  obtain  the  actual  values  of  R,  S,  and  Z,  the  cor- 
rections to  be  applied  to  N,  N',  and  I  must  first  be  determined  by 
means  of  the  formiilse  (136).  The  values  of  di'  and  8Q,'  will  he 
found  by  means  of  the  data  furnished  by  the  tables  of  the  motion  of 
the  disturbing  body,  and  the  corresponding  corrections  for  N,  N', 
and  I  having  been  found  by  means  of  the  terms  of  (136)  involving 
dV  and  dQ,',  there  remain  the  corrections  due  to  Si  and  SQ,  to  be 
applied.  These  may  be  found  in  terms  of  the  quantities  p'  and  g' 
already  introduced.     Thus,  the  equations 


rf/  =  COSisill(ff- 

-SJ.)<ri  +  6mico.(.-~ 

-  S!.)  <i«, 

(;3'  =  cosicos(ff- 

-a.)«-sinsBin{.i- 

-a.)*, 

cost  di  =^sin(iT—  Qi,)dp'  -^  cos(ff  —  Q,^d<^, 
sin  ida^  cos  (<x  —  Sit)  dp'  —  sin  {"  —  £1„)  d^. 

The  equations  (136)  give,  observing  that  da  =  casidQ,, 

dl  ^  — cosiVrf*  — tanisiniVii<T, 
,,„  ,  sinJt''  ,.  tan*  „ , 
dN'  =  -f  -: — Y  "* '■ — r  <^'^^  ^dT, 

and,  substituting  the  preceding  values  of  di  and  da,  tliese  become 

i.(j+.-ti.) ,, , _ «MS+j-ai  ,, 


ill  =' 


dS'  =  —  - 


sinlco&i 


W.;.,'i?!ii'?jt°-_iW 


'''' +—s5cii—'''''- 


.  If  we  neglect  the  perturbations  of  the  third  order,  these  equations 
give 

SI    =-.mivX-cosivX, 

cos^  ,     ^°^*«  ,  (173) 

aA''  — —  cosee  J  cosJV^-^  —  sinJV-^-^  ), 
\  <iOS\  costal 

by  means  of  which  SI  and  dN  may  be  determined,  p'  and  q'  being 
found  by  means  of  the  equations  (164),  using  e„,  7Z„,  and  po  in  place 
of  e,  ^,  and  p.  The  results  for  dl  and  3N'  obtained  from  (173) 
being  applied  to  the  values  of  J'  and  N'  as  already  corrected  on 
account  of  Si'  and  S^',  give  the  required  values  of  these  quantities. 
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,,W!ien  we  consider  only  di  and  dQ,  since 

sin  i'cosiV'  =  cos  i  sin  J+ sin*  cos  J  cos  .A^, 

we  easily  find 

SN=  cos  IBN'  —  da,  (174) 

and  if  we  add  the  quantity  msIdN'  to  the  vahie  of  N  already  cor- 
rected on  account  of  di'  and  8Q,',  and  denote  the  result  by  N„  the 
required  value  of  N  will  be  N,  —  Sa.  Then,  according  to  (131),  wc 
may  compute  w'  +  Sa  and  ^'  by  means  of  the  formula! 

tan  ((V  +  Sa)  —  N,)  =  tan  <  cos  I,  (175) 

tan  J?  =  tan  Jsin  {(w'  +  fo)  —  iV,), 

using  the  values  of  i^  and  I  as  finally  corrected.  We  liave,  further, 
aceordhig  to  (135), 

W  +  5*  =  i^,  +  >r„-S3„, 

by  means  of  which  we  may  compute  the  value  of  w  +  da;  then  the 
value  of  w'  —  t'}  required  in  the  equations  (132),  and  also  in  finding 
the  value  of  p,  will  be  given  by 

and  the  forces  R,  8,  and  Z  may  be  accurately  determined. 

By  thus  determining  the  correct  values  of  R,  8,  and  Z  from  date 
to  date,  the  perturbations  SM,  u,  and  $z,  may  be  determined  in  refer- 
ence to  the  higher  powers  of  the  disturbing  forces  according  to  the 
process  already  explained.  The  only  difficulty  to  be  encountered  is 
that  which  arises  from  the  quantities  F,  y,  and  q',  required  in  the 
determination  of  the  heliocentric  place  of  the  disturbed  body  by 
means  of  the  equations  (155).  If  an  exact  ephemeris  for  a  short 
period  is  required,  by  means  of  the  complete  perturbations  we  may 
determine  new  asculating  elements,  and  by  means  of  these  the  required 
helioecntrie  or  geocentric  places. 

189.  Example, — We  will  now  illustrate  the  application  of  the 
formula  for  the  determination  of  the  perturbations  3M,  v,  and  dz,  by 
a  numerical  example;  and  for  this  purpose  let  it  be  required  to 
determine  the  perturbations  of  Mtrynome  @  arising  from  the  action 
of  Jupiter   from   1864  Jan.  1.0   to   1865  Jan.   15.0,  Berlin   mean 
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time,  the   fiiiidamenlal   osculating   elements  being   those   given   in 
Art.  166. 

In  the  first  place,  by  means  of  the  formula  {130),  using  the  values 

O  =206°  39'    5" .7,  *  =4=  .%'  52".l, 

gj'=   98    58  22  .7,  i'  =  l    18  40  .6, 

whieh  refer  to  the  ecliptic  and  mean  equinox  of  1860.0,  we  obtain 

N=^  194°  ff  49".9,       N'  =  301°  38'  31".7,       J=  5"  9'  56".4. 

Then,  by  means  of  the  data  furnished  by  the  Tables  of  Jupiter,  we 
find  the  values  of  u',  the  argument  of  the  latitude  oiJujnUr  in  refer- 
ence to  the  ecliptic  of  1860.0,  and  from  the  equations  (131)  we  derive 
V}'  and  [i'.  The  vahies  of  )•'  are  given  by  the  Tables  of  Jvpiter,  and 
the  values  of  r^  and  v„  are  found  from  the  elements  given  in  Art, 
166.     The  results  thus  obtained  are  the  following  :— 


1863  Dec.  12.0,  0.294084  354"  26' 18".0  0.73425  14°  18' 54".6  — 0°  l'38".l 

1864  Jan.  21.0,  0.204837  10  2  45  .7  0.73368  17  21  44  .2  0  18  9  .1 
March  1.0,  0.300674  25  24  59  .4  0.73305  20  25  5  .2  0  34  39  .9 
April  10.0,  0.310864  40  13  31  .8  0.73237  23  28  69  .8  0  51  7  .6 
May  20.0,  0.324398  54  14  41  .4  0.73164  26  33  32  .1  1  7  29  .7 
.Tune  29.0,  0.339745  67  21  23  .5  0.73086  29  38  44  .8  1  23  43  .5 
Aug.  8.0,  0,356101  79  32  18  .1  0.73003  32  44  41  .2  1  39  46  .3 
Sept.  17.0,  0.372409  90  49  57  .6  072915  35  61  24  .6  1  55  35  .3 
Oct.  27.0,  0.388214  101  19  9  .8  0.72823  38  58  57  .5  2  II  7  .5 
Dec.   6.0,  0.402894  111  5  42  .2  0.72726  42  7  23  .3   2  26  20  .3 

1865  Jan.  15.0,  0.416210  120  15  32  .6  0.72625  45  16  43  .9—2  41  10  .6 

Tlic  value  of  le  for  each  date  is  now  found  from 

and  the  components  of  the  disturbing  force  are  determined  by  means 
of  the  formula)  (132),  p  being  found  from  (133)  or  (134),  and  h  from 
(70).     The  adopted  value  of  the  mass  of  Jupiter  is 

,_  __1 

™  "~  1047.879' 

and  the  results  for  the  components  iJ,  8,  and  Z  are  expressed  in  units 
of  the  seventh  decimal  place.  The  factor  w^  is  introduced  for  conve- 
nience in  the  integration,  to  being  the  interval  in  days  between  the 
successive  dates  for  which  the  forces  are  to  be  determined.  Thus  we 
obtain  the  following  results : — 
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Date. 

^'R 

<^'Sr, 

"^Zoos^ 

„fs,.il 

1863  Duo. 

12.0, 

+  70.82 

+     7.16 

+  0.04 

+    1.37 

1864  Jan. 

21.0, 

68.95 

—    32.76 

0.49 

— 11.45 

Moroh 

1.0, 

61,16 

70.38 

0.92 

63.32 

April 

10.0, 

48.57 

102.91 

1.32 

150.48 

May 

20.0, 

32.77 

128.34 

1.68 

266.75 

Juno 

29.0, 

+  16.41 

145.39 

1.96 

404.35 

Aug. 

8.0, 

-    2.19 

153.44 

2.17 

554.54 

Sept. 

17.0, 

19.12 

152.41 

2.29 

708.21 

Oct. 

27.0, 

34.81 

142.50 

2.25 

856.39 

Deo. 

6.0, 

48.95 

12104 

2.09 

990.36 

1865  Jan. 

15.0, 

-  61.45 

-    97.36 

+  1.75 

- 1101.73 

The  single  integration  to  find  tajyvijdt  is  effected  by  means  of  the 
formula  (32). 

The  equations  for  the  doterniinatiDii  of  the  retjiiircd  differential 
coefficients  are 


Snbstittiting  in  these  the- results  already  obtiiined,  and  also 

log  !i,  =  2.967809,        logp„  =  0.371237,        log  e„  =  9.290776, 

we  obtain  first,  by  an  indirect  process,  as  illustrated  in  the  case  of 
the  direct  determination  of  the  perturbations  of  the  rectangular  co- 

'  jp  umi  «t^  "JjT'  awcl  then,  having  found  u, 
—iT-  JO  gjvcji  1111C1JU.1J  uj  1.116  first  of  these  equations.  The  integra- 
tion of  the  results  thus  derived,  by  the  formulffi  for  mechanical  quad- 
rature, furnishes  the  required  values  of  v,  5M,  and  Sz,.  The  calcula- 
tion of  the  indirect  terms  in  the  determination  of  v  and  dz„  there 
being  but  one  such  term  in  each  case,  is,  on  account  of  the  smallness 
of  the  coefficient,  effected  with  very  great  fecility. 
The  final  results  are  the  following : — 
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1863  Dec. 

12.0, 

—  0".028  +  36.16  4-  0.04 

+  0".01 

-t-  4.41 

+  0.02 

1864  Jan. 

21.0, 

0  .072 

33.61 

■    0.49 

—  0  .01 

4.31 

0.04 

Maiol 

,    1.0, 

0  .499 

22.0O 

0.89 

0  .27 

37.11 

0.54 

April 

lO.O, 

1  .213  - 

f    6.58 

1.21 

1  .11 

91.96 

1.93 

May 

20.0, 

2  .070  - 

- 13.52 

1.45 

2  .75 

152.22 

4.52 

Jiinn 

29.0, 

2  .902 

31.59 

1.63 

6  .24 

199.06 

8.64 

Aug. 

S.O, 

3  .546 

46.65 

1.60 

8  .49 

214.64 

14.10 

Sept. 

17.0, 

3  .868 

57.88 

1.62 

12  .22 

183.69 

21.24 

Oet. 

27.0, 

3  .723 

65.19 

1.28 

16  .05  +  95.29 

29.90 

Dec. 

6.0, 

3  .056 

68.83 

0.92 

19  .49- 

-  58.00 

39.82 

1865  Jan. 

15.0, 

—  1  .800- 

-  69.19 

+  0.40  ■ 

-21  .97- 

-279.84  -1-60.64 

Since,  during  the  period  included  by  these  resulte,  the  perturbations 
of  the  second  order  are  insensible,  we  have,  for  the  perturbations  of 
Eurynome  arising  from  the  action  of  Jupiter  from  1864  Jan.  1,0  to 
1865  Jan.  15.0, 

BM=  —  2r'.97,        f-  ^  —  0.00002798,        5s,  =  +  0.00000506. 

It  is  to  be  observed  that  Ss,  is  not  tlio  complete  variation  of  the  co- 
ordinate s,  perpendicular  to  the  ecliptic,  but  only  that  part  of  this 
variation  which  is  due  to  the  action  of  the  component  Z  alone ;  and 
hence  the  results  for  ds,  differ  from  the  complete  values  obtained 
when  we  compute  directly  the  variations  of  the  rectangular  co- 
ordinates. 

Let  ns  now  determine  the  heliocentric  longitude  and  latitude  for 
1865  Jan.  15.0,  Berlin  mean  time,  including  the  perturbations  thus 
derived.     It'rom  the  equations 

M,=M,  +  f>.,{t  —  Q+SM, 

E,  —  e„  sin  E,  =  M„ 

T.   =«,(1  — e„cos£,). 

sin  I  {v,  —  E,)  =  sin  i  ^„  sin  E,  J% 

^,  =  ",  +  '^0,  r  =  r,(l  +  o', 

we  obtain 

M,      =99°29'35".51,  £,^110°   0' 33".75, 

log  J-,  =  0.4162304,  V,  =^120    15  13  .80, 

log)-  =0.4162183,  X,  =164  32  25  .97. 

The  calculation  of  the  values  of  r,  and  v,  from  the  values  of  M„  a^, 
and  e^,  may  be  effected  by  means  of  the  various  formulae  for  the 
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determination  of  the  radius-vector  and  true  anomaly  from  given 
elements.  If  we  substitute  these  results  for  X„  r,  and  Sz,  in  the  equa- 
tions (172),  we  get 

I  =  164"  37'  59",05,  h  =  ~3°  5'  32".54, 

which  are  referred  to  the  ecliptic  and  mean  equinox  of  1860.0,  and 
from  these  we  may  derive  the  geocentric  place  of  the  disturbed  body. 
If  the  place  of  the  body  is  required  in  reference  to  the  equinox  and 
ecliptic  of  any  other  date,  it  is  only  necessary  to  reduce  the  elements 
?r„  Q„,  and  i„  to  the  equinox  and  ecliptic  of  that  date;  and  then, 
having  computed  X,  and  r,  we  obtain  by  means  of  the  equations  (172) 
the  required  values  of  I  and  h.  In  the  determination  of  the  pertur- 
bations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic 
throughout  the  calculation ;  and  afterwards,  when  the  heliocentric  or 
geocentric  places  are  determined,  the  proper  corrections  for  precession 
and  nutation  may  be  applied. 

In  order  to  compare  the  results  obtained  from  the  perturbations 
dM,  u,  and  dz,  with  those  derived  by  the  method  of  the  variation  of 
rectangular  co-ordinates,  we  have,  for  the  date  1S65  Jan.  15.0, 

x,  =  —  2.5107584,        y„  =  +  0.6897713,        %^  —  0.1406590 ; 

and  for  the  perturbations  of  these  co-ordinates  we  have  found 

Sx=  +  0.0001773,         Sp^  +  0.0001992,        3i  =  —  0.0000028. 

Hence  wo  derive 

a;  =  — 2.5105811,  »/= -|- 0,6899705,  j= —0.1406618, 

and  from  these  the  corresponding  polar  co-ordinates,  namely, 

log;- =  0.4162182,  ;  =  164°  37'  59" .05,  b  =  —  Z°  5'  32".54, 

from  which  it  appears  that  the  agreement  of  the  results  obtained  by 
the  two  methods  is  complete. 

190.  When  the  perturbations  become  so  large  that  the  terms  of  the 
second  order  must  be  retained,  the  approximate  values  which  may  be 
obtained  for  several  intervals  in  advance  by  extending  the  columns 
of  differences,  will  serve  to  enable  us  to  consider  the  neglected  terras 
partially  or  even  completely,  and  thus  derive  the  complete  perturba- 
tions for  a  very  long  period.  But  on  account  of  the  increasing  diffi- 
culties which  present  themselves,  arising  both  from  the  consideration 
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of  the  perturbations  due  to  tlie  atition  of  the  component  Z  in  com- 
puting the  place  of  the  body,  and  from  the  magnitude  of  the  numeri- 
cal values  of  the  perturbations,  it  will  be  advantageous  to  determine, 
from  time  to  time,  new  osculating  elements  corresponding  to  the 
values  of  the  perturbations  for  any  particular  epoch,  and  tiius  com- 
mencing the  integrals  again  with  the  value  zero,  only  the  terras  of 
the  first  order  will  at  first  be  considered,  and  the  indirect  part  of  the 
calculation  will,  on  a€eount  of  the  smallness  of  the  terms,  be  effected 
with  great  facility.  The  mode  of  effecting  the  calculation  when  the 
higher  powers  of  the  masses  are  taken  into  account  has  already  been 
explained,  and  it  mil  present  no  difficulty  beyond  that  which  is  in- 
separably connected  with  the  problem.     The  determination  of  F,  j)', 

and  9'  may  be  effected  from  the  results  for  -^1  -^<  and  -^  by  means 

of  the  formula3  for  integration  by  mechanical  quadrature,  as  already 
ilhistrated,  or  we  may  lind  F  by  a  direct  int^;ration,  and  the  values 

of  f,'  and  g'  by  means  of  the  equations  (164),  —^  being  found  from 
-p^  by  a  single  integration.  The  other  quantities  required  for  the 
complete  solution  of  the  equations  for  the  perturbations  will  be 
obtained  according  to  the  directions  which  have  been  given;  and  in 
the  numerical  application  of  the  formulse,  particular  attention  should 
be  given  to  the  homogeneity  of  the  several  terms,  especially  since,  for 
convenience,  we  express  some  of  the  quantities  in  units  of  the  seventh 
decimal  place,  and  others  in  seconds  of  are. 

The  mi^nitnde  of  the  perturbations  will  at  length  be  such  that, 
however  completely  the  terms  due  to  the  squares  and  higher  powers 
of  the  disturbing  foi'ces  may  be  considered,  tlie  requirements  of  the 
numencal  process  will  render  it  necessary  to  determine  new  osculating 
elements;  and  we  therefore  proceed  to  develop  the  formula  for  this 
purpose. 

191.  The  single  integration  of  the  values  of  ai^  -to-  and  u?  -^  will 
give  the  values  of  (o-rr  and  '^~if~i  and  hence  those  of  -r  and  —rri 
which,  in  connection  with  —3—1  are  required  in  the  determination  of 
the  new  system  of  osculating  elements.  Since  r*  -^  represents  double 
the  area]  velocity  in  the  disturbed  orbit,  we  have 
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dv,  _  kVp  (1  +  m) 
The  equation  (109)  gives 

di  ~  i-;'  \    '^J,'/    dt 


di 


(176) 


by  means  of  which  we  may  derive  p.     This  formula  will  furnish  at 
once  the  value  of  p,  whieh  appears   in  the  complete  equation  for 

— ~t  and  also  in  the  equations  (164);  and  the  value  of  cosi  may  be 

determined  by  means  of  (165). 
In  the  disturbed  orbit  we  have 

dr  __  kV\-\-m      . 
dt  \/p 

and  the  equations  (108)  and  (lll)'give 

dv  _kj/l±m      .^     /,    ,    1    d5M\  ^    ,  ,il 

^i~      Vp^     °        '\    '^ !^^'   dt    n^'^  ■''^   -dt' 

Therefore  wo  obtain 

/-     -  /-      ■       /-,    .    1    ddM\,^    ,    ,   ,     r.l/^      dv 

^''  \         Po      dt    r  kVl  +  m     di 

which,  by  means  of  (176),  becomes 

.„._.,sm,,^l  +  ^.-_,-|(H-,)  +— ^-p,.^.  (177) 

Tiie  relation  between  )■  and  r,  gives 

1  +  ocosv       1  +  eo cos  V,  *•    ^  ■'' 
and,  substituting  in  tliia  the  value  of  p  already  found,  we  get 

ec(».  =  (l  +  ,^co>.,)(l  +  i.^)'(l  +  0--l.    .     (178) 
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Let  US  now  put 


^M-i.^Ja  +  .)--., 


r,V_p_    ±  (179) 

kVl  +  m'  dt' 

a  and  ^  being  small  quantities  of  the  order  of  the  disturbing  force, 
aud  the  equations  (177)  and  (178)  become 

e  sin  1)  ^  eg  sin  v,  -\-  o.e^  sin  v,  -\- ;?, 

These  equations  give,  observing  that )',  (cos  v,  +  e^  ^T'l  '^^^  -^/i 
e  sin  (y,  —  n)  =  «  sin  ii,  ^  j?  cos  v„ 


from  wliich  e,  v,  —  v,  and  v  may  be  foundj  and  thus,  since 

X=-'^,+  (.^,~^),  (181) 

we  obtain  the  values  of  the  only  remaining  unknown  quantities  in 
the  second  members  of  the  equations  (164).  The  determination  of 
p'  and  g'  may  now  be  rigorously  efFected,  and  the  corresponding 

value  of  cos*  being  found  from  (165),  -^  and  -^  will  be  given  by 

(162).  Then,  having  found  also  1  —  cos  -y'  by  means  of  (166),  P  may 
be  determined  rigorously  by  the  equation  (159),  and  not  only  the 
complete  values  of  the  perturbations  in  reference  to  all  powers  of  the 
masses,  but  also  the  corresponding  heliocentric  or  geocentric  places 
of  the  body,  may  be  found. 
If  we  put 

)-'  ^=  a  sin  V,  —  ^  cos  v„ 

and  neglect  terms  of  the  thii-d  order,  the  equations  (180)  give 

in  wliieli  a  =  206264".8.     These  eijuations  are  conyenient  for  the 
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determination  of  e  and  v,  —  v,  and  hence  X  by  means  of  (181),  when 
the  neglected  terms  are  insensible. 

The  values  of  p,  e,  and  v  having  been  found,  wo  have 

tan  i  E=  tan  (45°  —  ^  f )  tan  ^  r,  M=  E~  e  sin  E, 

from  which  to  find  the  elements  f,  a,  ft,  and  M.  The  mean  anomaly 
thus  found  belongs  to  the  date  (,  and  it  may  be  reduced  to  any  other 
epoch  denoted  by  („  by  adding  to  it  the  quantity  [x  {t^  —  t).  When  we 
neglect  the  terms  of  the  ^*^order,  we  have 


cos  p„ —hiP  —  Po)  sin  n 


and  if  we  substitute  for  sin^  —  ain^u  —  e  —  %  the  value  given  by 
the  first  of  equations  (183),  the  result  is 


"      2  sin  p„  cos  ft,  —  S'  sin  f „  tan  f^' 
from  wliieh  we  get 

,  ^  ^„  +  ^^  ,  +  |!^7o ,  ^  /L^  ,,  ^185) 

cos  f^         2  cos  Vo         2  am  y„  cos  p„  ' 

by  means  of  which  f  may  be  found  directly,  terms  of  the  third  ordei' 
being  neglected. 

In  the  case  of  the  orbits  of  comets  for  which  e  dificrs  but  little 
from  unity,  instead  of  6M  we  compute  by  means  of  tlie  formula 
(142)  the  value  of  ST,  and  since  we  have 

dST___l^    dSM 
dt  f^     dt 

the  equation  for  p  becomes 
and  for  a  we  have 

Then  e,  v,  and  g  will  be  found  by  means  of  the  equations 
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e  sin  (v,  —  n)  =  »  sin  ij,  —  (9  cos  v„ 

e  cos  (V,  -v)  =€,  +  >,  (cos  V,  +  e„)  +  ,3  sia  v„  (188) 

P 

■'"IT-.- 

and  the  time  of  perihelion  passage  will  be  derived  from  e  and  v  by 
means  of  Table  IX.  or  Table  X. 

There  remain  yet  to  be  found  the  elements  a,  JJ,  and  *,  whicli  de- 
termine the  position  of  the  plane  of  the  disturbed  orbit  in  space. 
The  values  of  ^'  and  q'  will  be  found  from  the  equations  (164),  and 
r,  whenever  it  may  be  required,  will  be  determined  as  already 
explained.     Then  we  shall  have 

sinisin(.r  — SJ„)=y,  (189) 

sin  ^  cos  (ff  —  £i,)  =  g-  +  sin  \, 

from  which  to  find  i  and  a.    When  we  neglect  the  terms  of  the  third 
order,  these  equations  give 


and  hence 

«=£!.  +  ; 


in  which  s  =  206264". 8,     The  auxiliary  spherical  triangle  which  we 
have  employed  in  the  derivation  of  the  equations  (155)  gives  directly 


cos  ;J  (i  —  ij)       tan  | 
and  since  h  —  k^^^F,  we  have 


_cizii). 


tan  i  {Si  —  So  — -T)  = f->T-i-4-'  tan -J  (^  —  SJ„),        (191) 

cos  t''!''-r\) 

by  means  of  which  the  value  of  Q,  may  be  found.     This  equation 
gives,  when  we  neglect  terms  of  the  third  order, 

Substituting  in  this  the  values  of  <t —  Sia  and  1^%  given  by  (190), 
we  get 

Si  =  fto  +  ^-^ — ^  s  -  ^■7.^^™'!>Yg  +  r,  (193) 

sin^jicosij         sm'io  cos'io^  ^ 
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r  being  expressed  in  seconds  of  arc.  Finally,  for  the  longitude  of 
the  perihelion,  we  have 

^=X-^9,~'r,  (194) 

and  the  elements  of  the  instantaneous  orbit  arc  completely  deter- 
mined. When  we  neglect  terms  of  the  third^  order,  this  equation, 
substituting  the  values  given  by  (190)  and  (192),  becomes 

It  should  also  be  observed  that  the  inclination  i  which  appears  in 
these  formula)  is  supposed  to  be  susceptible  of  any  value  from  0°  to 
180°,  and  hence  when  i  exceeds  90°  and  the  elements  are  given  in 
accordance  with  the  distinction  of  retrograde  motion,  they  are  to  be 
changed  to  the  general  form  by  using  180°— i  instead  of  i,  and 
2ft  —  ff  instead  of  n. 

The  accuracy  of  the  numerical  process  may  be  checked  by  com- 
puting the  heliocentric  place  of  the  body  for  the  date  to  which  the 
new  elements  belong  by  means  of  these  element-s,  and  comparing  the 
results  with  those  obtained  directly  by  means  of  the  equations  (155). 
We  may  remark,  also,  that  when  the  ineiination  does  not  differ  much 
from  90°,  the  reduction  of  the  longitudes  to  the  fundamental  plane 
becomes  uncertain,  and  F  may  be  very  large,  and  hence,  instead  of 
the  ecliptic,  the  equator  must  be  taken  as  the  fundamental  plane  to 
which  the  elementa  and  the  longitudes  are  referred. 

192.  Although,  by  means  of  the  formulae  which  have  been  given, 
the  complete  perturbations  may  be  determined  for  a  very  long  period 
of  time,  using  constantly  the  same  osculating  elements,  yet,  on 
account  of  the  ease  with  which  new  elements  may  be  found  from  SM, 

V,  8z,,  —7^1  -jji  and  — jr^,  and  on  account  of  the  facility  afforded  in 
'     "    di      dt  at  _  ■' 

the  calculation  of  the  indirect  terms  in  the  equations  for  the  diffei'en- 

tial  coefficients  so  long  as  the  values  of  the  perturbations  are  small, 

it  is  evident  tliat  the  most  advantageous  process  will  be  to  compute 

SM,  V,  and  dz,  only  with  respect  to  the  first  power  of  the  disturbing 

force,  and  determine  new  osculating  elementa  whenever  the  terms  of 

the  second  order  must  be  considered.     Then   the  integration  will 

again  commence  with  zero,  and  will  be  continued  until,  on  account 

of  the  terms  of  the  second  order,  another  change  of  the  elementa  is 

required.     The  frequency  of  this  transformation  will  necessarily  de- 
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pend  on  the  mE^nitude  of  the  disturbing  force;  and  if  the  disturbed 
body  is  so  near  the  disturbing  body  that  a  very  frequent  change  of 
the  elements  becomes  necessary,  it  may  be  more  convenient  either  to 
include  the  terms  of  the  second  order  directly  in  the  computation 
of  the  values  of  SM,  n,  and  &„  or  to  adopt  one  of  the  other  methods 
which  have  been  given  for  the  determination  of  the  perturbations  of 
a  heavenly  body.  In  the  case  of  the  asteroid  planete,  the  consider- 
ation of  the  terms  of  the  second  order  in  this  manner  will  only 
require  a  change  of  the  osculating  elements  after  an  interval  of  seve- 
ral yearSj  and  whenever  tliis  transformation  shall  be  required,  the 
equations  for  f,i,  Si,  and  ?r,  in  which  the  t«rms  of  the  third  order 
are  neglected,  may  be  employed.  It  should  be  observed,  however, 
that  the  perturbations  of  some  of  the  elements  are  much  greater  than 
the  perturbations  of  the  co-ordinates,  and  hence  when  terms  depend- 
ing on  the  squares  and  higher  powers  of  the  masses  have  been 
neglected  in  the  computation  of  these  perturbations,  it  may  still  be 
necessary  to  include  the  values  of  the  terms  of  the  second  order  in 
the  incomplete  equations  referred  to.  No  general  criterion  can  be 
given  as  to  the  time  at  which  a  change  of  the  osculating  elements 
will  be  required;  but  when,  on  account  of  the  magnitude  of  the 
values  of  dM,  v,  and  Sz„  it  appears  probable  that  the  perturbations 
of  the  second  order  ought  to  be  included  in  the  results,  by  computing 
a  single  place,  taking  into  account  the  neglected  terms,  we  may  at 
once  detennine  whether  such  is  the  case  and  whether  new  elements 
are  required. 

193.  We  have  already  found  the  expressions  for  the  variations  of 
SJ  and  i  due  to  the  action  of  the  disturbing  forces,  and  we  shall  now 
consider  those  for  the  variation  of  the  other  elements  of  the  orbit 
directly.  Let  x,  y,  z  be  the  co-ordinates  of  the  body  at  any  given 
time  referred  to  any  fixed  system  of  co-ordinates.  These  will  be 
known  functions  of  the  six  elements  of  the  orbit  and  of  tlie  time. 
If  the  body  were  not  subject  to  the  action  of  the  disturbing  forces, 
these  six  elements  would  be  rigorously  constant,  and  the  co-ordinates 
would  vary  only  with  the  time;  but  on  account  of  the  action  of  these 
forces  the  elements  must  be  regarded  as  continuously  varying  in  order 
that  the  relation  between  the  elements  and  the  co-ordinates  at  any 
instant  shall  lie  expressed  by  equations  of  the  same  form  as  in  the 
case  of  the  undisturbed  motion.  The  co-ordinates  will,  therefore,  in 
the  disturbed  motion,  be  subject  to  two  distinct  variations:  that 
whicli  results  from  considering  the  time  alone  to  vary,  and  that  which 
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results  from  the  variation  of  the  clementa  themselves.  Let  tlieae  two 
kinds  of  partial  variations  be  symbolized  respectively  hy  ( -jj  |  and 
L^J'  ^""^  similarly  in  the  case  of  the  other  co-ordinates;  then  will 
the  total  variations  be  given  by 

dt      \  dt  l'^  l_dtj'  dt       \dt  1^  [_dtj' 

dt  ^\W/+  \_'dtj 

But  if  we  differentiate  twice  in  succession  the  equations  which  ex- 
press the  values  of  x,  y,  and  z  as  functions  of  the  elements  and  of 
the  time,  regarding  both  the  elements  and  the  time  as  variable,  the 
substitution  of  the  results  in  the  general  equations  for  the  motion  of 
the  disturbed  body  will  furnish  three  equations  for  the  determination 
of  the  variations  of  the  elements.  There  are,  however,  six  unknown 
quantities  to  be  determined;  and  hence  we  may  assign  arbitrarily 
three  other  equations  of  condition.  The  supposition  which  affords 
the  required  facility  in  the  solution  of  the  problem  is  that 

[|]-«.     [f]=».     [a=».       ("" 

and  hence  that 

dx I  dx\  ^y  „{  '^y  \  ^ I  dz\ 

~dt\~dty  rf("~\  dtf  dt       \~dt)' 

It  thus  appears  that  in  order  that  the  integrals  of  the  equations  (1) 
shall  be  of  the  same  form  as  those  of  the  equations  (3), — the  arbi- 
trary constants  of  integration  which  result  from  the  integration  of 
the  latter  being  regarded  as  variable  when  the  disturbing  forces  are 
considered,— the  first  differential  coefficients  of  the  co-ordinates  with 
respect  to  the  time  liave  the  same  forna  in  the  disturbed  and  undis- 
turbed orbits.     But  since  -jT'  -jT'  and  -^  -  are  the  velocities  of  tlie 

disturbed  body  in  directions  parallel  to  the  co-ordinate  axes  respect- 
ively, it  follows  that  during  the  element  of  time  dt  the  velocity  of 
the  body  must  be  regarded  as  constent,  and  as  receiving  an  increment 
only  at  the  end  of  this  instant.  The  equations  (197)  show  also  that 
if  we  differentiate  any  co-ordinate,  reetangular  or  polar,  referi-ed  to  a 
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fixed  plane  and  measured  fi-om  a  fixed  origin,  with  respect  to  the  ele- 
ments alone  considered  as  variable,  the  first  differential  coefficient 
must  be  put  equal  to  zero,  and  this  enables  us  at  ouce  to  effect  the 
solution  of  the  problem  under  consideration.  It  is  to  be  observed, 
further,  that  the  functions  whose  first  differential  coefiicients  with 
respect  to  the  time  when  only  the  elements  are  regarded  as  variable 
are  thus  put  equal  to  zero,  must  not  involve  directly  the  motion  of 
the  disturbed  body,  since  the  second  differential  coefficients  of  the  co- 
ordinates have  not  the  same  form  in  the  case  of  the  disturbed  motion 
as  in  tliat  of  the  undisturbed  motion. 

194.  If  we  suppose  the  disturbing  force  to  be  resolved  into  three 
components,  namely,  R  in  the  directioii  of  the  disturbed  radids- 
veetor,  5"  in  a  direction  perpendicular  to  the  radius-vector  and  in  the 
plane  of  disturbed  orbit,  positive  in  the  direction  of  the  motion,  and 
Z  perpendicular  to  the  plane  of  the  instantaneous  orbit,  the  latt«r 
will  only  vary  Q,  and  *  and  the  longitude  of  the  perihelion  so  far  as 
it  is  affected  by  the  change  of  the  place  of  the  node,  while  the  forces 
H  and  8  will  cause  the  elements  M,  n,  e,  and  a  to  vary  without  affect- 
ing Si  and  *. 

Let  us  now  differentiate  the  equation 


7.=i.a+».)(hi). 

regarding  the  elements  as  variable,  and  we  get 


r'ldtA 


■   dt  '^  k'il  +  m)' 


2a' r 


dt        /^(l+  m)      dt 

The  differential  coefficient  -^-  is  here  the  increment  of  the  accele- 
dt 

rating  force,  in  the  direction  of  the  tangent  to  the  orbit  at  the  given 

point,  due  to  the  action  of  the  disturbing  force;  and  if  we  designate 

the  angle  which  the  tangent  makes  with  the  prolongation  of  the 

radius-vector  by  ^^,  we  shall  have 


dt 


m^„  +  8sm 


Substituting  this  value  in  the  preceding  equatioi 
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~{ItVeos'^^  +  SVum40- 


dt        P  (1  +  m) 
But  we  have,  according  to  the  equations  (SO),,, 


in  ivhicli  V  denotes  the  true  anomaly  in  the  instantaneous  orbit;  and 
hence  there  results 

by  means  of  which  the  variation  of  a  may  be  found. 
If  we  introduce  the  mean  daiiy  motion  /i,  we  shall  have 


dlt  __^       ^  fi      da 
'dt~^~a'~dt 
and  hence 

dfi ___  Zai^ 


(199) 
(e  sin  vB  +  ^  S),  (200) 


for  the  determination  of  8/i. 

The  first  of  the  equations  (97)  gives 

d  I  ^dv\      ^ 

wv-dtr^' 

and  hence  we  obtain 

d(Vp)  __       Sr 
^i      "  kVl  +  m 
or 

dp 


'Al/lH 
The  equation  j)  =  a  (1  —  e^  gives 

'dt~~n~'  ~dt' 


(201) 


already  found,  we  get 

rfe  1     / 


iM  +  -l^[J^ -]S],        (202) 
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and  since 

^  =  1  +  e  cos  II,  ^  =  l  —  ecosE, 

E  being  the  eccentric  anomaly  in  the  instantaneous  orbit,  this  becomes 

fie  1 

~  =  ■   -  ,._.^.^_-  (p  sin  vIi-\-p  (cos  -if  +  cos  ^)  S),       (203) 
at         hvp{\  -\-m) 

wbich  will  give  the  variation  of  e.     If  we  introduce  the  angle  of 
eccentricity  fj  we  shall  have 


'S|/p(l  +  m) 


(a  cos  If  sin  vR-\-a  cos  p  (cos  v  +  cos  E')  8).     (204) 


195.  When  we  consider  only  tiie  components  H  and  S  of  the  dis- 
tnrbing  force,  the  longitude  in  the  orbit  will  be 

We  have,  therefore, 

the  differentiation  of  which,  regarding  the  elements  as  variable,  gives 

or 

dp ^^    I        ■       'h 

—  _  r  cos  u -^  +  er  sin  t> -^. 

Therefore 

-|-=-7=i==.i(-j,co,.Ji+jf--(2-coa',-™.0O!,iJ)«), 
"'        hVp  (1  +  w*)      ^  ^'"^  * 

and,  since  j)cos^^=)'(eoa«>+  e),  we  have 

p(l  —  cos  )J  cos  E')  =  r  sin^  r, 

30  that  the  equatioi 
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§  =  — =L==.A(-p»,.B  +  (j,  +  r).m.S).     (205) 

from  which  the  value  of  -rr  may  be  derived. 

If  we  introduce  the  element  a>,  or  the  angular  distance  of  the  pei-i- 
helion  from  the  ascending  node,  it  will  be  necessary  to  consider  also 
the  component  Z;  and,  since  w  =  Z  —  it,  we  shall  have 


do,_dx        d.y_dx                dQ 
dt        dt        dt  ~^  dt                dt  ' 
and  hence 

"-§■    »""> 

dt        kVp{\+m)      e  ■     -                    •'         ■ 

In  the  ease  of  tlie  longitude  of  the  perihelion,  we  have 

S,iz        dm        dSi 
dt        dt'^    dt  ' 
and  therefore 

^^                    ^                  -^  r       Tirn-iiR   1    r^    1    lA-in 

««) 

1'    tv;a+„>  ''■  J-"--*  1  (»>!••)-■> 

+  --1^ 

(207) 

The  first  of  the  equations  (15)^  gives 

cosr*-0 

in  which  M^  denotes  the  mean  anomaly  at  the  epoch,  which  is  usually 
adopted  aa  one  of  the  elements  in  the  case  of  an  elliptic  orbit.  Sub- 
stituting for  -57  and  -r-  the  values  already  found,  we  get 


r^  (2  —  cos'  W  —  COS  r  COS  E)  (M%fS\  —  {t  —  %)-jT' 


{{p  cot  p  COS D  —  2r  COS  f')Ii  —  (p  +  r)  cot  y sin -uS) 


^i         kVp(l-+m) 
The  equation  (205)  gives 
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— ; (p  -\-r)  cot  y  sin  vS  ^^  —^-  p  cot  y  cos  vR 

by  means  of  which  (208)  reductis  to 

dM^  d/  1r  cos  y       „       ,         ,  dii 

— -^  =  —  cos  K>  -  ,i —  —  -,=. —  Ji  —  (t~  L)  -77-7        (209) 

whicli  will  determine  the  variation  of  the  mean  anomaly  at  the 
epoch. 

Since  the  equations  for  the  determination  of  the  place  of  the  body 
in  the  case  of  the  disturbed  motion  arc  of  the  same  form  as  those  for  the 
undisturbed  motion,  the  mean  anomaly  at  tlie  time  t  will  be  given  by 

Jf  =  M,  +  m„  +  (( -  y  {ih  +  Sii), 

in  which  /i^  denotes  the  mean  daily  motion  at  the  instant  if,.  There- 
fore we  shall  have 

Jtf  =  Jf„  +  /^  dt  +  /.„  ((  -  Q  +  (i  -  0/^  dt, 

the  integrals  being  taken  between  the  limits  i„  and  t.     The  quantity 

expresses  the  mean  anomaly  afc  the  time  t  in  the  undisturbed  orbit ; 
and  if  we  designate  by  SM  the  correction  to  be  applied  to  this  in 
order  to  obtain  the  mean  anomaly  in  the  disturbed  orbit,  so  that 

'^={-di'''- 
we  shall  have 

if=iW. +  /■.(' -«+/"* 

and  liciice 

Differentiating  this  with  respect  to  i,  we  get 

dM       dM„  I-,  dri        fd/'-  , 
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Substituting  ii 

dt  ^  dt        kVp(l  +  m)  J  dt      ' 

which  does  not  involve  the  factor  t  —  t^  explicitly,  and  by  means  of 
which  the  mean  anomaly  in  the  disturbed  orbit,  at  any  instant  t,  may 
be  found  directly  from  that  for  the  same  instant  in  the  undisturbed 
orbit. 

To  find  the  variation  of  the  mean  longitude  L,  we  have 


dt 


u  denoting  the  argument  of  the  latitude  in  the  disturbed  orbit,  we 
have,  according  to  the  equations  (169)  and  (170), 


dL      dM       ,k       i-e,dM 

-co.'O 

and  therefore 

dL      „.;„,,    J/    ,   „.!„,, .<ifi           2"«sc 

_  p_i_ 

dt     ''»»»<'<;,+'=»■■'•*       ti/y(n.„ 

0     +" 

To  find  the  variations  of  Q,  and  i,  since 

U  =  k,--<7, 

da 

dt 
di  1 


>_ „  ilr  7 

(212) 
cosmZ. 


dt        kVp  (1  -f  m) 

The  inclination  i  may  have  any  value  from  0°  to  180° ;  and  when- 
ever the  elements  are  given  in  accordance  witli  the  distinction  of  re- 
trograde motion,  they  must  be  converted  into  those  of  the  general 
form  by  taking  180°— i  in  place  of  the  given  value  of  *,  and  2SJ  — n 
in  place  of  the  given  value  of  tt,  before  applying  the  formula;  which 
involve  these  elements. 

196.  In  the  case  of  the  orbits  of  comets  in  which  the  eccentricity 
differs  but  little  from  that  of  the  parabola,  the  perturbations  of  the 
perihelion  distance  g  and  of  the  time  of  perihelion  passage  T  will  be 
determined  instead  of  those  of  tlie  elements  M  awA  a  or  ii. 

The  equation 

gives 


sted  by  Google 


ASTRONOMY. 

dq  1  dp  q  de 

'dt  ^  1+0  '  ~dt  "  1  +  e  '  It"' 

and  substituting  in  this  the  vahie  of  -jr  already  found,  and  neglect- 
ing the  mass  of  the  comet,  which  ia  always  inconsiderable,  we  get 
^^  ^    V L      de 

by  means  of  which  the  variation  of  5  may  be  found.  In  the  case  of 
elliptic  motion  the  value  of  -jr  may  be  found  by  means  of  (202)  or 
(203) ;  but  in  the  ease  of  hyperbolic  motion  the  equation  (202)  will 
be  employed.  It  should  be  observed,  also,  that  when  the  general 
formula  for  the  ellipse  are  applied  to  the  hyperbola,  the  serai- 
transverse  axis  a  must  be  considered  negative. 

When  the  orbit  is  a  parabola,  the  equation  (202)  becomes 

(214) 


dt  ^ 

hVp 

-(j,,k 

,vE 

+  2p  COS'  -h 

and  for  the  vahie  of 

■•'1  „. 

have 

dt 

S- 

■I'l- 

(215) 

It  remains  now  to  find  the  formula  for  the  variation  of  the  time  of 
perihelion  passa,ge.     The  relation  between  T  and  !/"„  is  expressed  by 

ZGQ°  —  M^  =  ii(T—t„), 

the  differentiation  of  which  gives 

<^K_frp    .-,  '^z'  I    dr. 
dt  ^^       "^  dt  '^^  dt' 


Substituting  further  the  values  of  -tt  and  —rr  given  by  the  equations 


(205)  and  (199),  the  result  ii 
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dT  __aR        _p_  %h  (t  —  T)       .      , 

wliicli  may  be  employed  to  determine  the  variation  of  T  whenever 
the  eccentricity  ia  not  very  nearly  equal  to  unity.  It  is  obvious, 
however,  that  when  a  is  very  large  tliis  equation  will  not  be  con- 
venient for  numerical  calculation,  and  hence  a  further  transformation 


frijm  the  equations  (24). 


jp 

By  means  of  these  results  the  equation  (216)  is  transformed  into 

(l+l)™").     (2") 

which  may  be  used  for  the  determination  of  -j.-i  the  values  of  -j- 

and  -J-  being  found  by  means  of  the  various  formulae  developed  in 

Art-.  50.  AVhen  a  is  very  large,  its  reciprocal  denoted  by /may  often 
be  conveniently  introduced  as  one  of  the  elements,  and,  for  the  deter- 
mination of  the  variation  of/,  we  derive  from  equation  (198) 

In  the  ease  of  parabolic  motion  we  have  e^l,  and  p^2g;  and 
if  we  substitute  in  (217)  for  -p  and  -3-  the  values  given  by  the  equa- 
tions (33)3  and  (30)2,  tlie  result  is 


di~l- 


—  I  -TT  (—  1  +  ^  tan'  J  D  -f  tan*  ^  ^  -f  i  tan'  A  v) 

+  -y-  (4  tan  ?;V—i,  tan'  ^  if)  )■  (219) 
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197.  Instead  of  the  elements  usually  employed,  it  may  be  desirable, 
in  rare  and  special  cases,  to  introduce  other  combinations  of  the  ele- 
ments or  constants  which  determine  the  circumstances  of  the  undis- 
turbed motion,  and  the  relation  between  the  new  eleraenta  adopted 
and  those  for  which  the  expressions  for  the  differential  coefficients 
have  been  given,  will  furnish  immediately  the  necessary  formulse. 
In  the  case  of  the  periodic  comets,  it  will  often  be  desired  to  deter- 
mine the  alteration  of  the  periodic  time  arising  from  the  action  of  tiie 
disturbing  planets.  Let  us,  therefore,  suppose  that  a  comet  lias  been 
identified  at  two  successive  retui'ns  to  the  perihelion,  and  let  r  denote 
the  elapsed  interval.  The  observations  at  each  appearance  of  the 
comet,  however  extended  they  may  be,  will  not  indicate  with  certainty 
the  semi-transverse  axis  of  the  orbit,  and  hence  the  periodic  time. 
But  when  r  is  known,  by  eliminating  the  effect  of  the  disturbing 
forces,  we  may  determine  with  accuracy  the  value  of  tlie  semi-trans- 
verse axis  a  at  each  epoch,  and,  from  this  and  the  observed  places, 
the  other  elements  of  the  orbit  according  to  the  process  already 
explained. 

Let  fif,  be  the  mean  flaily  motion  at  the  first  epoch,  and  wc  shall 
have 

in  which  tt  denotes  the  semi-circumference  of  a  circle  whose  radius  is 
unity.     Hence  we  obtain 


J  d. 


(220) 


by  means  of  which  to  determine  /<„.  Then,  to  find  the  mean  daily 
motion  /t  at  the  instant  of  the  second  return  to  the  perihelion,  we 

the  integral  being  taken  between  the  limits  0  and  t.  The  provisional 
value  of  the  mean  motion  as  given  by  the  observed  interval  r  will  be 
sufficiently  accurate  for  the  calculation  of  the  variations  of  M  and  ft 
during  this  interval.  The  semi-transverse  axis  will  now  be  derived 
by  means  of  the  formula 
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from  the  values  of  ft  for  the  two  epochs.  Let  r'  denote  the  interval 
which  must  elapse  hefore  the  next  succeeding  periliGlion  passage  of 
the  comet,  and  we  have 


and  conBcijucntly 


the  integral  being  taken  between  the  limits  ( ^  0,  corresiponding  to 
the  beginning  of  the  interval,  and  t  =  T'.     We  have,  therefore. 


1   CdM  J, 
II.''    at 


for  the  change  of  the  periodic  time  due  to  the  action  of  tlie  disturb- 
ing forces. 

198.  The  calculation  of  the  values  of  the  components  B,  S,  and  Z 
of  the  disturbing  force  will  be  effected  by  means  of  the  ibrmulse 
given  in  Art.  182.  It  will  be  observed,  however,  that  not  only  these 
components  of  the  disturbing  force,  but  also  their  coefficients  in  the 
expresBionB  for  the  differential  coefficients,  involve  the  variable  ele- 
ments, and  hence  the  perturbations  which  are  sought.  But  if  we 
consider  only  the  perturbations  of  the  first  order,  the  fundamental 
osculating  elements  may  be  employed  in  place  of  the  actual  variable 
elements,  and  whenever  the  perturbations  of  the  second  order  have  a 
sensible  influence,  the  elements  must  be  corrected  for  the  terms  of  the 
first  order  already  obtained.  Then,  commencing  the  integration  anew 
at  the  instant  to  which  the  corrected  elements  belong,  the  calculation 
may  be  continued  until  another  change  of  the  elements  becomes 
necessary.  The  several  quantities  required  in  the  computation  of  the 
forces  may  also  be  corrected  from  time  to  time  as  the  elements  are 
changed. 

The  frequency  with  which  the  elements  must  be  changed  in  order 
to  include  in  the  results  all  the  terms  which  have  a  sensible  influence 
in  the  determination  of  the  place  of  the  disturbed  body,  will  depend 
entirely  on  the  circumstances  of  each  particular  case.  In  the  case  of 
the  asteroid  planets  this  change  will  generally  be  required  only  afler 
an  interval  of  about  a  year;  but  when  the  planet  approaches  veiy 
near  to  Jupiter,  the  interval  may  necessarily  be  much  shorter.     The 
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mi^nitude  of  the  resulting  values  of  the  perturbations  will  surest 
the  ueceasity  of  correcting  the  elements  whenever  it  exists;  and  if 
we  apply  the  proper  corrections  and  commence  anew  the  integration 
for  one  or  more  intervals  preceding  the  last  date  for  which  the  per- 
turbations of  the  first  order  have  been  found,  it  will  appear  at  once, 
by  a  comparison  of  the  results,  whether  the  elements  have  too  long 
been  regarded  as  constant. 

The  intervals  at  which  the  differential  coefficients  must  be  com- 
puted directly,  will  also  depend  on  the  relation  of  the  motion  of  the 
disturbing  body  to  that  of  the  disturbed  body;  and  although  the  in- 
terval may  be  greater  than  in  the  case  of  the  variations  of  the  co- 
ordinates which  require  an  indirect  calculation,  still  it  must  not  be  so 
large  that  the  places  of  both  the  disturbing  and  the  disturbed  body,  as 
well  as  the  values  of  the  several  functions  involved,  cannot  be  inter- 
polated with  the  requisite  accuracy  for  all  intermediate  dates.  In  the 
case  of  the  asteroid  planets  a  uniform  interval  of  about  forty  days  will 
generally  be  preferred;  but  in  the  ca.se  of  the  comets,  which  rapidly 
approach  the  disturbing  body  and  then  again  rapidly  recede  from  it, 
the  m^nitude  of  the  proper  interval  for  quadrature  will  be  very 
different  at  different  times,  and  the  necessity  of  shortening  the  inter- 
val, or  the  admissibility  of  extending  it,  will  be  indicated,  as  the 
numerical  calculation  progresses,  by  the  manner  in  which  the  several 
functions  change  value. 

If  we  compute  the  forces  for  several  disturbing  bodies  by  using 
jm,  28,  and  SZ  in  the  formula)  in  place  of  2i,  8,  and  Z,  respect- 
ively, the  total  perturbations  due  to  the  combined  action  of  all  of 
these  bodies  may  be  computed  at  once.  But,  although  the  numerical 
process  is  thus  somewhat  abbreviated,  yet,  if  the  adopted  values  of 
the  masses  of  some  of  the  disturbing  bodies  are  uncertain,  and  it  is 
desired  subsequently  to  correct  the  results  by  means  of  corrected 
values  of  these  masses,  it  will  be  better  to  compute  the  perturl)ations 
due  to  each  disturbing  body  separately,  and,  since  a  large  part  of  the 
numerical  process  remains  unchanged,  the  additional  labor  will  not 
be  very  considerable,  especially  when,  for  some  of  the  disturbing 
bodi^,  the  interval  of  quadrature  may  be  extended.  The  successive 
correction  of  the  elements  in  order  to  include  in  the  results  the  per- 
turbations due  to  the  higher  powers  of  the  masses,  must,  however, 
involve  the  perturbations  due  to  all  the  disturbing  bodies  considered. 

The  differential  coefficients  should  be  multiplied  by  the  interval  m, 
so  that  the  formulie  of  integration,  omitting  this  fiictor,  will  furnish 
directly  the  required  integrals;  and  whenever  a  change  of  the  inter- 
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val  is  introduced,  the  proper  caution  mu^t  be  observed  in  regard  to 
the  process  of  integration.  The  quantity  s  =  20626-i",8  should  be 
introduced  into  the  formulEe  in  such  a  manner  that  the  variations  of 
the  elements  ivhich  are  expressed  in  angular  measure  will  be  obtained 
directly  in  seconds  of  arc;  and  the  variations  of  the  other  elements 
will  be  conveniently  determined  in  units  of  the  ?ith  decimal  place- 
It  should  be  observed,  also,  that  if  the  constants  of  integration  are 
put  equal  to  zero  at  the  beginning  of  the  integration,  the  integrals 
obtained  will  be  the  required  perturbations  of  the  elements. 

199.  Example. — Wc  diall  now  illustrate  the  cakulation  of  the 
perturbations  of  the  (jlenienta  by  a  numerical  example,  and  for  thi^ 
purpose  we  shall  take  tiiat  which  has  already  been  solved  by  the 
other  methods  which  have  been  given.  From  1864  Jan.  1,0  to  1»65 
Jan.  15.0  the  perturbations  of  the  second  order  are  insensible,  and 
hence  during  the  entire  period  it  wiil  be  sufficient  to  use  the  values 
of  T,  «,  and  E  given  by  the  osculating  elements  for  1864  Jan.  1,0. 

The  calculation  of  the  forces  H,  S,  and  Z  is  effected  precisely  as 
already  illustrated  in  Art,  189,  and  from  the  results  there  given  we 
obtain  the  following  values  of  the  forces,  with  which  we  write  also 
the  values  of  E^  .■ — 


Berlin  Mean  Time. 

40JK 

iOS 

402 

E« 

1S63  Dec. 

12.0, 

+  0".0365 

+  0".0019  -1-  0".00002 

355= 

26'   8" 

'.2 

1864  Jm. 

21.0, 

0  .0356 

-  0  .0086 

0  .00025 

8 

14  57 

.8 

March 

,    1.0, 

0  .0315 

0  .0182 

0  .00047 

20 

57  55 

.1 

April 

10.0, 

0  .0250 

0  .0269 

0  .00068 

33 

26  47 

.6 

M«y 

20.0, 

0  .0169 

0  .0314 

0  .00087 

45 

35  25 

.3 

June 

29.0, 

+  0  .0079 

0  .0343 

0  .00101 

57 

20    3 

.8 

Aug. 

8.0, 

—  0  .0011 

0  .0349 

0  .00112 

68 

39  14 

.6 

Sept. 

17.0, 

0  .0099 

0  .0333 

0  .00117 

79 

33  13 

.1 

Oct. 

27.0, 

0  .0179 

0  .0301 

0  .00116 

90 

3  23 

.2 

Dee. 

6.0, 

0  .0252 

0  .0253 

0  .00108 

100 

11  49 

.1 

1865  J.11. 

16.0, 

—  0  .0317 

—  0  .0193  . 

f  0  .00090 

110 

0  64 

.3 

We  compute  the  values  of  the  required  differential  coefficients  by 
(leans  of  the  equations 


stsd  by  Google 


THBORBTICAL   ASTEOKOJIY. 


"5r  = 

-wf"- 

"■" 

dS,l 

di" 

1 

1 

kV'p 

.1) 

aud  the  resu 

Its  arc  the  folloiv 

Date. 

„«! 

*'"dr 

/  svRtp  j  J    dt 


IS  .381 
20  .T« 


The  values  thuf  obtimed  give,  by  means  of  the  formulce  for  integra- 
tion by  mechanital  quadrature,  the  following  perturbations  of  the 
elements  — 


n  Mean  nme. 

in 

,7 

6^ 

8c 

s 

Dec.     12.0, 

+  0".01 

-C 

.00 

+  8' 

.43 

+  0".12 

+  0",0OO7 

—  5' 

.48 

Jan.     21.0, 

—  0   .04 

0 

.01 

—  8 

.49 

-0   .38 

0   .0040 

+  5 

.72 

Mareh    1.0, 

0   .24 

0 

.03 

26 

.78 

1    .80 

0   .0216 

19 

.15 

April   10.0, 

0   .66 

0 

.06 

48 

.01 

3   .88 

0   .0502 

37 

.11 

May     20.0, 

1   .35 

0 

.08 

72 

.82 

6   .27 

0   .0875 

60 

.91 

June    29.0, 

2   .28 

0 

.10 

100 

.83 

8  .61 

0    .1299 

90 

.73 

Aag.      8.0, 

3  .40 

0 

.09 

130 

.63 

10   .65 

0   .1751 

125 

.79 

Sept.    17.0, 

4  .63 

0 

.07 

161 

.66 

12   .26 

0   .2206 

164 

.79 

Oct.     37.0, 

5  .84 

—  0 

.03 

191 

.48 

13  .48 

0   .3624 

206 

.19 

Dec.       6.0, 

e  .93 

+  0 

.03 

219 

.27 

14  .44 

0    .3004 

248 

.72 

Jan.     15.0, 

-7    .81 

+  0 

.10 

-244 

.24 

-15  .37 

+  0   .3323 

+  291 

.33 

Applying  the  variations  of  the  elements  thus  obtained  to  the  oscu- 
lating elements  for  1864  Jan.  1.0,  as  given  in  Art.  166,  the  osculating 
elements  for  the  instant  1866  Jan.  15.0  are  found  to  be  the  following : — 


Epoch  =  1865  Jan,  15.0  Berlin 


M=  99°34'48".81 
t:  =  44  13  7  .93 
ft  =  206  38  57  .88 
i  =  4  36  52  .21 
9-  =  11  15  35  .65 
log«  =  0. 


Eeliptic  and  Mean 
Equinox  1860.0. 
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In  order  to  compare  the  results  thus  derived  with  the  perturbations 
computed  by  the  otlier  methods  which  have  been  given,  let  ua  com- 
pute the  heliocentric  longitude  and  latitude,  in  the  case  of  the  dis- 
turbed orbit,  for  the  date  1865  Jan.  15.0,  Berlin  mesin  time.  Thus, 
by  means  of  the  new  elements,  we  find 

M=   99°  34' 48".81,  £=110"    5' 14".15, 

logr=   0,4162162,  v=  120    19  18  .01, 

I  =  164"  37'  59".04,  S  :^  —  3      5  32  .54, 

agreeing  completely  with  the  results  already  obtained  by  the  other 
methods.  The  heliocentric  place  thus  found  is  referred  to  the  ecliptic 
and  mean  equinox  of  1860.0,  to  which  the  elements  :r,  £J,  and  i  are 
referred;  and  it  may  be  reduced  to  any  other  ecliptic  and  equinox  by 
means  of  the  usual  forraulEe.  Throughout  the  calculation  of  the  per- 
turbations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic, 
,  the  results  being  subsequently  reduced  by  the  application  of  the  cor- 
rections  for  pre<:«ssJon  and  nutation. 

In  the  determination  of  SM,  if  we  denote  by  ^M  tlie  value  which 

is  obtained  when  we  neglect  the  last  term  of  the  equation  for  —jp'  we 
shall  have 

which  form  is  equally  convenient  in  the  numerical  calculation.  Thus, 
for  1865  Jan.  15.0,  we  find 

4M=  +  234".74, 

and  from  the  several  values  of  1600^n—  we  obtain,  for  the  same  date, 
by  means  of  the  formula  for  double  integration. 


sn 


Hence  we  derive 

3M=  +  234".74  +  66".59  =  +  291".33, 

agreeing  with  the  result  already  obtained. 

If  we  compute  the  variation  of  the  mean  anomaly  at  the  epoch,  by 
means  of  equation  (209),  we  find,  in  the  case  under  consideration, 

dMt,  =  + 165". 29, 
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and  since  the  place  of  the  body  in  the  case  of  the  iustantaiieona  orbit 
is  to  be  computed  precisely  as  if  the  planet  !iad  been  moving  con- 
stantly in  that  orbit,  we  have,  for  1865  Jan.  15.0, 

(t  —  t„)d,x=-{-12&'.27, 
and  hence 

8M=  SM^  +  (t~t„)3fi=-i-  291".56. 

The  error  of  this  result  is  —  0".23,  and  arises  chiefly  from  the  in- 
crease of  the  accidental  and  unavoidable  errors  of  the  numerical  cal- 
culation by  the  fector  t  — 1„  which  appears  in  the  last  term  of  the 
equation  (209).  Hence  it  is  evident  that  it  will  always  be  preferable 
to  cotQpute  the  variation  of  the  mean  anomaly  directly;  and  if  the 
■variation  of  the  mean  anomaly  at  a  given  epoch  be  required,  it  may 
ea.?ily  he  found  from  SMhj  means  of  the  equation 

3M„^8M—(t  —  %)S,i. 

If  the  osculating  elements  of  one  of  the  asteroid  planets  are  t}uis 
determined  for  the  date  of  the  opposition  of  the  planet,  they  will 
suffice,  without  further  change,  to  compute  an  epheraeris  for  the  brief 
period  included  by  the  observations  in  the  vicinity  of  the  opposition, 
unless  the  disturbed  planet  shall  be  very  near  to  Jupiter,  in  which 
ease  the  perturbations  during  the  period  included  by  the  ephemeris 
may  become  sensible.  The  variation  of  the  geocentric  place  of  the 
disturbed  body  arising  from  the  action  of  the  disturbing  forces,  may 
be  obtained  by  substituting  the  corresponding  variations  of  the  ele- 
ments in  the  differential  formulse  as  derived  from  the  equation  {l)^, 
whenever  the  terras  of  the  second  order  may  be  neglected.  It  should 
be  observed,  however,  that  if  we  substitute  the  value  of  3M  directly 
in  the  eqnations  for  the  variations  of  the  geocentric  co-ordinates,  the 
coefficient  of  d/i  must  be  that  which  depends  solely  on  the  variation 
of  the  semi- trans  verse  axis.  But  when  the  coefficient  of  Sfx  has  been 
computed  so  as  to  involve  the  effect  of  this  quantity  during  the  in- 
terval t  —  ^,  the  value  of  SM^  must  be  found  from  SM  and  substi- 
tuted in  the  equations, 

200.  It  will  be  observed  that,  on  account  of  the  divisor  e  in  the 

expressions  for  -^-i  -jT'  and  -jt-j  these  elements  will  be  subject  to  large 

perturbations  whenever  e  is  veiy  small,  although  the  absolute  effect 
on  the  heliocentric  place  of  the  disturbed  body  may  be  small ;  and  on 
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account  of  the  divisor  ami  in  tiie  expression  for  -j,--  the  variation 

of  Q,  will  be  large  whenever  i  is  very  small.  To  avoid  the  difficul- 
ties thus  eucounteredj  new  elements  must  be  introduced.  ThuSj  in 
the  case  of  SJ ,  let  us  put 

tt"  =  sin  ■/;  sin  JJ ,  ^'  ^  sin  i  cos  JJ ;  (224) 

then  we  shall  have 


Introducing  the  values  of  -jt  and  ——  given  by  the  equations  (212), 

and  introducing  further  the  auxiliary  constants  a,  b,  A,  and  B  com- 
puted by  means  of  the  formulie  (94)^  with  respect  to  the  fundamental 
plajie  to  which  SJ  and  i  are  referred,  we  obtain 

rZ&va.  a  coa  {A  +  w). 


dff' 


kVp  CI  +  m) 


rZsin  b  cos  {B  +  li). 


by  means  of  which  the  variations  of  a"  and  /9"  may  be  found.  If 
the  integrals  are  put  equal  to  zero  at  the  beginning  of  the  integi'ation, 
the  values  of  da"  and  d^"  will  be  obtained,  so  that  we  shall  have 

or 

sin  i  sin  (ft  -~  Uo)  =  COS  U^  U"  —  sin  U^Sfi", 

sin  i  cos  {U  —  Ro)  =  sin  i„  +  sin  Q.,  d«."  -j-  cos  Sio^^''       (226) 

by  means  of  which  i  and  S3  —  SJq  may  be  found. 
In  the  case  of  x>  1^*  ''^  V^^ 

Tl"~eainx,  C:"  =  ecos;f,  (227) 

and  we  have 

dri"         .       rfe    ,  dy 

dZ"  de  .       dy 

-if=°'"-ii-'"'--dr 
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dt   ' 
and  (205),  and  reducing,  we  obtain 


-p  cos  («  +  ;;)  j;  +  Ki'  +  '■)  sin  (v  +  ■/) 


-\-ersmyA8\, 

'  (228) 

+  ei-cosifiSl, 

by  means  of  which  the  values  of  Svj"  and  5^"  may  be  found.      Tlien 
■we  shall  have 

emi.-^^  e„  sin  ^„  -\-  >hj", 
e  i!OS  ;;  ^  e,  cos  ;r^  -j-  i?^", 
or 

e  sill  {■/  —  7r„)  =  COS !r„  Aj"  —  sin k„  (!£", 

e  cos  (;f  -  ^,)  =  e„  +  sin  «,  3,''  +  cos  n^  dC,  (229) 

from  which  to  find  c  and  •/.    If,  in  order  to  find  the  variation  of  i:,  we 
write  ;r  instead  of  -^  in  these  formnlEe,  the  terms  +  26cosT^in^^--J— 
and  —  2e  sin  t:  sin^  +i— i—  must  he  added  to  the  second  members  of 
dt 

(228),  respectively. 

201.  By  means  of  tlie  four  methods  which  we  have  developed  and 
illustrated,  the  special  perturbations  of  a  heavenly  body  may  be  de- 
termined with  entire  accnracy,  and  the  choice  of  the  particular  method 
will  depend  on  the  circumstances  of  the  case.  By  computing  the 
perturbations  of  the  elements,  correcting  these  elements  as  often  as 
may  be  required,  the  terms  depending  on  the  higher  powers  of  the 
masses  may  be  included,  and  no  indirect  calculation  becomes  necessary. 
The  frequent  correction  of  the  elements  will  also  render  insensible 
the  effect  of  whatever  uncertainty  remains  in  regard  to  their  true 
values.  But,  since  the  perturbations  of  the  elements  are  in  general 
much  greater  than  those  of  the  co-ordinates,  the  effect  of  the  terms 
of  the  second  order  will  be  much  greater  upon  the  values  of  the  ele- 
ments than  upon  those  of  the  co-ordinates.  Hence,  the  frequency 
with  which  a  change  of  the  elements  will  be  required  will  fully  com- 
pensate the  labor  of  the  indirect  part  of  the  calculation  in  the  case 
of  the  perturbations  of  the  co-ordinates. 
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The  determination  of  the  peiiiurbations  of  the  polar  co-ordinates 
r,  w,  and  2,  and  tliat  of  the  perturbations  5M,  v,  and  Sz„  are  effected 
with  almost  eqvial  facility,  especially  when  the  effect  of  the  disturb- 
ing forces  is  to  be  determined  for  a  long  interval  of  time.  If  the 
perturbations  are  required  only  for  a  brief  period,  it  will  be  prefer- 
able to  determine  3M,  v,  and  dz,  rather  than  8w,  Sr,  and  z,  since  t!ie 
indirect  part  of  the  calculation  will  thus  be  effected  with  less  repe- 
tition. In  both  of  these  cases  the  values  of  the  perturbations  are 
generally  smaller  than  in  the  case  of  the  rectangular  co-ordinates,  and 
hence  they  are  less  affected  by  terms  of  the  second  order;  but  on 
account  of  the  simplicity  of  the  formulae,  even  when  we  include  the 
terms  depending  on  the  higher  powers  of  the  masses,  so  long  as  the 
magnitude  of  the  values  of  3a;,  3y,  and  dx  is  not  so  large  as  to 
render  troublesome  the  indirect''  part  of  the  calculation,  the  method 
of  the  variation  of  rectangular  co-ordinates  may  be  advantageously 
employed  when  the  perturbations  are  to  be  determined  for  a  iong 
period. 

By  whatever  method  the  pei'turbations  are  determined,  if  the  fun- 
damental osculating  elements  are  correct,  the  final  elements  of  the 
instantaneous  orbit  will  be  the  same.  But,  since  the  effect  of  the 
errors  of  the  elements  will  differ  in  degree  in  the  different  methods 
of  treating  the  problem,  if  these  elements  are  affected  with  small 
errors,  the  agreement  of  the  final  osculating  elements  obtained  by  the 
different  methods,  in  connection  with  the  corrections  derived  by  the 
comparison  of  observations,  may  not  be  complete. 

When  the  disturbed  body  approaches  very  near  to  a  disturbing 
planet,  the  magnitude  of  the  perturbations  will  be  such  as  to  enable 
us  by  means  of  accurate  observations  to  correct  the  adopted  value  of 
the  disturbing  mans.  In  this  case  the  perturbations,  computed  by 
means  of  either  of  the  methods  applicable,  must  be  converted  into 
the  corresponding  perturbations  of  the  geocentric  spherical  co-ordi- 
nates. Let  the  variation  of  either  of  the  geocentric  co-ordinates 
arising  from  the  action  of  the  disturbing  planet  be  denoted  by  dO; 
then,  if  we  suppose  the  correct  value  of  the  disturbing  mass  to  be 
l-\-n  times  the  assumed  value  used  in  computing  SO,  the  correspond- 
ing variation  of  the  geocentric  spherical  co-ordinate  will  be 

(1  +  n.)  SO. 

The  value  Sd  may  be  included  in  the  determination  of  the  difference 
between  computation  and  observation  in  the  formation  of  the  cqua-  ' 
tions  of  condition  for  finding  the  corrections  to  be  applied  to  the  ele- 
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ments,  and,  finally,  the  teim  ndd  miy  be  aided  to  eacli  of  the  equa- 
tions of  condition,  so  that  i\e  thus  intiodute  a  new  unknoivn  quantity 
n.  The  solution  of  all  the  equations  thus  termed,  by  the  method  of 
least  squares,  ivill  then  fumi&h  the  raoat  piobible  \alues  of  the  cor- 
rections to  be  ipplied  to  the  adopted  elements,  and  ilso  tlie  value  of 
n,  by  means  of  which  a  toirectod  \  iluf  of  the  mass  of  the  disturbing 
body  will  bt  obtained 

202  If  the  determination  ot  the  pertuibations  of  i  heavenly  body 
requiied  that  all  the  disturbing  bodies  in  the  system  should  be  con- 
stantly considered,  the  labor  would  be  \ery  gieat  But,  fortunately, 
it  so  h'ippens  thit  the  masses  of  many  of  the  planets  are  so  small  in 
compaiibon  mth  that  of  the  sun,  that  the  sphere  of  their  disturbing 
influence  is  verj  much  restricted  Thus,  m  the  determination  of  the 
perturbations  of  the  ast-eioid  planets,  only  the  action  of  Mars,  Jupi- 
ter, and  Saturn  need  be  considered ;  and  of  these  disturbing  planets 
Jupiter  exerts  the  principal  influence.  It  is  true,  however,  that,  on 
account  of  the  elongated  form  of  the  orbits  of  the  periodic  comets, 
they  may  at  different  times  be  sensibly  disturbed  by  each  of  the 
planets  of  the  system.  But  since  in  the  remote  parts  of  their  orbits 
they  are  very  distant  from  many  of  the  disturbing  planets,  the  deter- 
mination of  their  perturbations  will  then  be  much  facilitated  by  con- 
sidering them  as  revolving  around  the  common  centre  of  gravity  of 
the  sun  and  disturbing  planet.  When  the  motion  is  referred  to  the 
centre  of  the  sun,  tlie  disturbing  force  is  the  difference  of  the  direct 
action  of  the  disturbing  body  upon  the  disturbed  body  and  upon  the 
sun ;  and  in  the  case  of  those  disturbing  planets  whose  pei'iodic  time 
is  short,  the  terra  which  expresses  the  action  upon  the  sun  will  change 
value  so  rapidly  that  it  will  be  necessary  to  adopt  small  intervals  in 
the  direct  numerical  calculation.  But  when  we  refer  the  motion  to 
the  centre  of  gravity  of  the  system,  which  does  not  receive  any 
motion  in  virtue  of  the  mutual  attractions  of  the  bodies  which  com- 
pose the  system,  that  part  of  the  disturbing  force  which  expresses  the 
action  of  the  disturbing  planet  upon  the  sun  will  disappear,  and  the 
magnitude  of  the  disturbing  force  will  be  less  than  that  of  the  force 
which  disturbs  the  motion  of  the  comet  relative  to  the  sun,  so  that 
tlie  intervals  for  quadrature  may  be  greatly  extended.  It  will  be 
observed,  further,  that,  if  the  distance  of  the  comet  from  the  sun  is 
far  greater  than  the  distance  of  the  disturbing  body,  the  direct  action 
of  the  planet  upon  the  comet  becomes  so  small  that  its  effect  upon  the 
motion  wiU  be  quite  insignificant.     In  this  case  the  motion  of  the 
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comet  will  be  sensibly  the  same  as  the  pure  elliptic  motion  around 
the  common  centre  of  gravity  of  the  sun  and  disturbing  planet. 

lu  order  to  exhibit  these  principles  more  clearly,  let  as  denote  by 
f,  ^,  C,  the  co-ordinates  of  the  snu  referred  to  the  centre  of  gravity 
of  the  system;  by  x^,  y^,  a„  the  co-ordinates  of  the  comet;  and  by 
x^',  Jo',  %',  the  co-ordinates  of  the  disturbing  planet  referred  to  the 
same  origin.  Let  x^  y,  z  be  the  co-ordinates  of  the  comet,  and 
x',  y',  z'  those  of  the  planet  referred  to  the  centre  of  the  aun;  then 
we  shall  have 


■n  =  —  '»'<. 

2.  =  C  +  2, 

and  hence 

/  =  ..'  +  m'C 

From  these  wc  derive 

— r"^. 

— ifl.. 

'^""r+s' 

The  equations  {U\  arc  now  easily  transformed  into  tlie  follow 

d\  ,  F(!-f  I 

!l5  =  .,«■(«-. - 

-^)(i^--^ 

lie  + 

'•'\,f      <:•} 

+  f(I.  +  » 

.v,(i-i). 

de  + 

!^'  =  mT(s;- 

-'(^^) 

+  '"(j.  +  » 

«(i-^). 

iP.,    i"  (1  + » 

ie  +          r,' 

!24  =„*(.;. 

Mhi) 

+  *■(;.  +  « 

M^-^' 

C231) 


which  completely  deteruiine  the  motion  of  tiie  comet  about  the  com- 
mon centre  of  gravitv  uf  the  sun  and  planet.  The  second  members 
express  the  forces  which  disturb  the  pure  elliptic  motion;  and  it  is 
evident,  by  an  inspection  of  the  terras,  that  when  the  comet  is  remote 
from  both  the  planet  and  the  «un  the^e  forces  become  extremely 
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small.  If,  therefore,  we  compute  the  perturbations  of  the  motion 
relative  to  the  sun  as  far  as  to  the  point  at  which  the  second  members 
of  (231)  have  not  any  appreciable  influence  on  the  results,  it  will 
suffice  simply  to  convert  the  elements  which  refer  to  the  centre  of 
the  sun  into  those  relative  to  the  common  centre  of  gravity  of  the 
sun  and  disturbing  planet,  and  then  to  regard  the  motion  as  undis- 
turbed until  the  comet  f^ain  approaches  so  near  thafthe  direct  per- 
turbations must  be  considered,  at  which  point  the  motion  will  again 
be  referred  to  the  centre  of  the  sun. 

203.  The  reduction  of  the  elements  from  the  centra  of  gravity  of 
the  sun  to  the  common  centre  of  gravity  of  the  sun  and  the  disturb- 
ing planet,  may  be  easily  effected  by  means  of  the  variations  of  the 
rectangular  co-ordinates  and  of  the  corresponding  velocities.  To 
derive  the  co-ordinates  of  the  comet  referred  to  the  centre  of  gravity 
of  the  sun  and  planet,  it  is  only  necessary  to  add  to  the  heliocentric 
co-ordinates  the  co-ordinates  of  the  sun  referred  to  this  origin,  so 
that,  according  to  (230),  we  shall  have 


"    1+., 

?'''        ''!'      -     !  +  „..!'.         ''           r+m'"'' 

(232) 

and,  also, 

'f- 

m'        d^                 dy                m'         dy' 
1  +  a'     dt'                dt^       1  +  m'      dt ' 

(233) 

dt  1  -j-  m'      dt 

If,  thei-efore,  from  the  elements  of  the  orbit  of  the  distin-bing  planet 
we  compute  the  auxiliary  constants  for  the  adopted  fundamental 
plane  by  means  of  the  equations  (94)^  or  (99)j,  and  also  V  and  U' 
from 

Vp' 

-  —    .—  —  (e'  cos  111'  -f  cos  m')  =  V  cos  JJ', 
Vp' 

the  equations  (100),  and  (49),  in  connection  with  (232)  and  (233), 
give 

fe  =  -  Y^  ^  ^="  "^  ^^^  (^'  +  "')-  C234) 
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(A'  +  TJ'), 


^%  =  —  Y^^  y  sin  b'  cos  {S  +  U'), 


If  we  add  the  values  of  Sx,  §y,  3z,  5-J.  ^-J.  and  S^  to  the  cor- 
responding co-ordinates  and  velocities  of  the  comet  in  reference  to 
the  centre  of  gravity  of  the  sun,  the  results  will  give  the  co-ordinates 
and  velocities  of  the  comet  in  reference  to  the  common  centre  of 
gravity  of  the  sun  and  disturbing  planet,  and  from  these  the  new 
elements  of  the  orbit  may  be  determined  as  explained  in  Art.  168. 

The  time  at  which  the  elements  of  the  orbit  of  the  comet  may  be 
referred  to  the  common  centre  of  gravity  of  the  sun  and  plauet,  can 
be  readily  estimated  in  the  actual  application  of  the  formulffi,  by 
means  of  the  m^nitude  of  the  disturbing  force.  In  the  ease  of  Mer- 
cury as  the  disturbing  planet,  this  transformation  may  generally  be 
effected  when  the  radius-vector  of  the  comet  has  attained  the  value 
1.5,  and  in  the  case  of  Venus  when  it  has  the  value  2.5.  It  should 
be  remarked,  however,  that  the  distance  here  assigned  may  be  in- 
creased or  diminished  by  the  relative  position  of  the  bodies  in  their 
orbits.  The  motion  relative  to  the  common  centime  of  gravity  of 
the  sun  and  planet — disregarding  the  perturbations  produced  by  the 
other  planets,  which  should  be  considered  separately — may  then  be  re- 
garded as  undisturbed  until  the  comet  has  again  arrived  at  the  point 
at  which  the  motion  must  be  referred  to  the  centre  of  the  sun,  and  at 
which  the  perturbations  of  this  motion  by  the  planet  under  consider- 
ation must  be  determined.  The  reduction  to  the  centre  of  the  sun 
will  be  effected  by  means  of  the  values  obtained  from  (234),  when  the 
second  member  of  each  of  these  equations  is  taken  with  a  contrary 
sign. 

204.  In  the  cases  in  which  the  motion  of  the  comet  will  be  referred 
to  the  common  centre  of  gravity  of  the  sun  and  disturbing  planet, 
the  resulting  variations  of  the  co-ordinates  and  velocities  will  be  so 
small  that  their  squares  and  products  may  be  neglected,  and,  there- 
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fore,  instead  of  using  the  complete  formulEe  in  finding  the  new  ele- 
ments, it  will  suffice  to  employ  diiferential  formulte.  The  formulie 
{100)i  give 


dx         .         ■,,,■,  dr    , 


,~  ,     .   dv 
in«cos(C+«)-j^. 


Lultiply  the  first  of  these  equations  by  dx,  the  second  by  dy, 


and  the  third  by  dz;  then  multiply  the  first  by  d—!  the  second  by 


dt 


i  put 


P—  sin  a  sin  (A  +  u)  &  +  sin  b  sin  {B -\- u)  dy 
+  siiiesin(0+M)&, 

(2  =  sin  a  cos  (A  +  u)  3x  -\~  sin  b  cos  (B  +  m)  Ji/ 
+  sinecoa(C+M)&; 


P'  — sindsmU  +'*)'^"j7  +  '*' 


«'  =  .i 


+ 


ino=in(C  +  «)S 


we  shall  have,  observine  that  -^r  =  —:-^  e  sin  d  and  that  -jr  =  -  i^' 
'  "  dt        j/^  di  'r' 


5^  +  ^Sy  +  — fo  = 


l/p 


dx     dx       dy     dy        dz     dz  ^   h       .  ii/p  q. 

From  the  equations 


„j      (?«'       rfy'       rfs' 
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we  get 

/  rdr  \       dx  dy  . 

T^,„       dx     dx        dy     dy        dz      dz 

■^^^=^'^t+lt^-dt+^^W 
which  by  means  of  (237)  become 

From  the  eqiiation 

■we  get 

'ipUh  +  Ic'^  ^  %r'  F'S  7  +  2  VrSr  —  2  ^  ^  /  -^M- 

Substituting  the  values  given  by  (238),  observing  also  thatP^^i??', 
this  b 


and,  since 

F=  =  -  (1  +  2e  cos  V  +  e?), 
we  obtain 

by  means  of  which  the  variation  of  \/p  ^^^Y  be  found, 
The  equation 


gives 


from  which  we  derive 


->y^^^-~V]e 


a.  r'  i|/_p 
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from  which  the  new  vahie  of  the  semi-transverse  axis  a  may  1 
found.     To  find  S/a  we  have 


Next,  to  find  Se,  we  have,  from p^a{l  —  ^). 


->'-?^«'+(^-2)/i     (242) 


-i'l-^-HV,).  (m 


-^^.^.(244) 
The  equation  {12)j  gives 

SM=  -^ —  Sv ^^-^  (2  +  e  cos  v)  Se,  (245) 

a'  cos  f  a'  cos'  f 

and  from  ^  :=  1  +  e  cos  u  we  got 

*=i|ito  +  J_fr_-lV|?_,!(y-p).  (246) 

Substituting  this  value  of  Sv  in  (245),  and  reducing,  we  find 
«— (^  +  !^).i,,.P+^S+J_(p»,,.o„-.2,.o.riP' 

kVp  tan^  \     r  a     I  L 


from  whicli  to  derive  the  variation  of  the  mean  anomaly, 

205.  Let  us  now  denote  by  x",  y",  z"  the  heliocentric  co-ordinates 
of  the  comet  referred  to  a  system  in  which  the  plane  of  the  orbit  is 
the  fundamental  plane,  and  in  which  the  positive  axis  of  x  is  directed 
to  the  ascending  node  on  the  ecliptic.  Let  us  also  denote  by  x',  y',  z' 
the  co-ordinates  referred  to  a  syst«m  in  which  the  plane  of  ilie  ecliptic 
ia  the  plane  of  xy,  and  in  which  the  positive  axis  of  x  is  directed  to 
the  vernal  equinox.     Then  we  shall  have 
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a^'— a:'cos  JJ  +y's\nQ,, 

y  =  —  a:'  sin  S  COS  i  +  ^  cos  Si  coa  i  -f  z'  sin  i, 

a"  ^  /  sin  Ji  sia  i  —  J/"  coe  SJ  sin  i  -]-  ^  cos  i. 

If  we  transform  the  co-ordinates  still  further,  and  denote  by  x,  y,  z 
the  eo-ordinatea  referred  to  the  equator  or  to  any  other  plane  making 
the  angle  s  with  the  ecliptic,  the  positive  axis  of  x  facing  directed  to 
the  point  from  which  longitudes  are  measured  in  this  plane;  and  if 
we  introduce  also  the  auxiliary  constants  a,  A,  h,  B,  <&c.,  we  shall 
have 

Sx"  =  sin  a  sin  ASx-\-  sin  6  sin  B  ^  -|-  sin  e  sin  C  Se, 

dj/'  =  sin  a  cos  ASx  -\-  sin  b  cos  B  Sy  +  sin  c  cos  0  Sz,         (248) 

Ss"  =  cos  a  &  +  cos  bdy  -{■  cos  e  Sz. 

Multiplying  the  first  of  these  by  — sinM,  and  the  second  by  cosm, 
adding  the  results,  and  introducing  Q  aa  given  by  the  second  of 
equations  (236),  we  get 

Substituting  for  Sx"  and  Sy"  the  values  given  by  the  equations  (73)2, 
the  result  is 

and,  introducing  the  value  of  Sv  given  by  (246),  we  obtain 

Substituting  further  for  Se,  Sr,  and  S{\/p)  the  values 
tained,  aiid  reducing,  wc  find 


OS  vVp  J. 

2  sin  II 


gp'+i, 


by  means  of  which  5/  may  be  found. 
If  we  put 


COS  a@x  -\-  cos  bSy  -{-  cos  cSzt=E, 
dy 

""'  "  dt  " 


the  last  of  the  equations  (248)  gives 
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d^'  =  El  (251) 

and  if  we  differentiate  the  equation 

da:    ,  ,  */    I  '^^        r, 

™''d7  +  °"'d!- +  ""*"  =  "■ 
■which  exists  in  the  case  of  the  unchanged  elements,  we  shall  have 

0  =:=  cos  a  S-j~  -\-  cos  5  S-^  +  coa  c  S^-. 
dt    '  dt  at 

dx    .  dy    .    ,  dz    . 

-J-  sin  a  3a ^  sm  b  Sb ^  sm  c  Sc. 

dt  dt  dt 

Substituting  for  da,  db,  and  ^o  tiie  values  given  in  Art,  60,  observing 
that  Ss  —  0,  we  have 

0=i;'-j-(^sinasin^  +  -$sin&sin^+-5-sinesinc)sini5Q 
\  dt  dt  at  I 

— I  T-ainacos^  +  -^sm6cos5  +  -jrsmecosCli5t. 

From  the  equations  (100)i,  observing  that  the  relations  between  the 
auxiliary  constants  are  not  changed  when  the  variable  u  is  put  equal 
to  zero,  or  equal  to  90°,  we  get 

sin'  a  sin'  A  +  sin'  6  sin'  B  +  sin'  c  sin'  C=^  1,  (253') 

sin'  a  cos'  A  +  sin'  b  cos'  B  +  sin'  c  cos'  0=1, 

and  from  (235)  we  find 

sin' a  sin  J  cos -1  +  sin' 6  sin  .B  cos  S  +  sin' c  sin  Ccos  (7=0,     (254) 

Substituting  in  (252)  for  -J.  -^:>  and         tlie  values  given  by  the 

equations  (49),  and  reducing  by  means  of  (253)  and  (254),  wc  get 

0  =  i;'^7sinf7sinaSl— ycosU5*.  (255) 

Substituting  fui-ther  for  Sz"  in  (251)  the  value  given  by  the  last  of 
the  equations  (73)2,  there  results 

0  =  J?  +  r  cos  w  sin  i  5£J  —  r  sin  u  Si  (256) 

From  these  equations  we  derive,  by  elimination, 
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'JQ,^—  ■      ■ --^H 7=-   -^^M', 

Si^         e  sin  <o  +  smu  ^      rcosjt  ^ 

by  inpaos  of  which  5SJ  and  Si  may  be  found.     To  iind  Sto  and  £/-  we 

,U  =  ^/  —  cos  «SJ,  ^71  =  S;;;  +  2  sin^  -liaSJ,  (258) 

5^  being  found  from  equation  (249). 

N^leeting  the  mass  of  the  comet  as  inappreciable  in  comparison 
with  that  of  the  sun,  the  attractive  foixe  which  acta  upon  the  comet 
in  the  case  of  the  undisturbed  motion  relative  to  the  sun  is  1^,  hut  in 
the  case  of  the  motion  relative  to  the  common  centre  of  gravity  of 
the  sun  and  planet  this  force  is  ^  (1  +  m').  Hence  it  follows  that 
the  increment  of  this  force  will  be  rii'k^,  and  we  shall  Jiiivo 

by  means  of  which  the  Viiluo  of  this  factor,  which  is  required  in  the 
formula  for  3{y'p),  ^-'  &c.,  may  he  found. 

206.  The  formula;  thus  derived  enable  us  to  efl'ect  the  required 
transformation  of  the  elements.     In  the  first  place,  we  compute  the 

values  of  Sx,  dy,  §s,  5^-.  S-^,  and  3-r-  by  means  of  the  formulse 
^    "'     '     df       at  dt      ■' 

(234);  then,  by  means  of  (236)  and  (250),  we  compute  P,  Q,  It,  P', 
§',  and  R',  the  auxiliary  constants  a,  A,  &c.  being  determined  in 
reference  to  the  fundamental  plane  to  which  the  co-ordinates  are  re- 
ferred. When  the  fundamental  plane  is  the  plane  of  the  ecliptic,  or 
that  to  which  fj  and  i  are  referred,  we  have 

sine  =  sini,  C^O. 

The  algebraic  signs  of  cos  a,  cos  b,  and  cos  c,  as  indicated  by  the  equa- 
tions (lOl)i,  must  be  carefully  attended  to.  The  formulae  for  the 
variations  of  the  elements  will  then  give  the  corrections  to  be  applied 
to  the  elements  of  the  orbit  relative  to  the  sun  in  order  to  obtain 
those  of  the  orbit  relative  to  the  common  centre  of  gravity  of  the 
sun  and  planet.  Whenever  ilie  elements  of  the  orbit  about  the  snn 
are  again  required,  the  corrections  will  be  determined  in  the  same 
manner,  but  will  be  applied  each  with  a  contrary  sign. 


stsd  by  Google 


546  theoketicaIj  astronomy. 


Since  the  equations  have  been  derived  for  the  variations  of  more 
than  the  six  elements  usually  employed,  the  additional  formulse,  as 
well  as  those  which  give  different  relations  between  the  elements  em- 
ployed, may  be  used  to  check  the  numerical  calculation;  and  this 
proof  should  not  be  omitted.  It  is  obvious,  also,  that  these  differen- 
tial formulje  will  serve  to  convert  the  perturbations  of  the  rectangular 
co-ordinates  into  perturbations  of  the  elements,  whenever  the  terms 
of  the  second  order  may  be  neglected,  observing  tliat  in  this  case 
Sk  =  0.  If  some  of  the  elements  considered  are  expressed  in  angular 
measure,  and  some  in  parts  of  other  units,  the  quantity  s  ^^  206264".8 
should  be  introduced,  in  the  numerical  application,  so  as  to  preserve 
tlie  liomogeneity  of  the  formulfe. 

When  the  motion  of  the  comet  is  regarded  as  undisturbed  about 
the  centre  of  gravity  of  the  system,  the  variations  of  the  elements  for 
the  instant  t  in  order  to  reduce  them  to  the  centre  of  gravity  of  the 
system,  added  algebraically  to  tliose  for  tiie  instant  i'  in  order  ia 
reduce  them  again  to  the  centre  of  the  sun,  will  give  the.total  pertur- 
bations of  the  elements  of  the  orbit  relative  to  the  sun  during  the 
interval  ('  —  t.  It  should  be  observed,  however,  that  the  value  of 
dM  for  the  instant  t  should  be  reduced  to  that  for  the  instant  (',  so 
that  the  total  variation  of  Jtf  during  the  interval  t'  —  i  will  be 

In  this  manner,  by  considering  the  action  of  the  several  disturbing 
bodies  .separately,  referring  the  motion  of  the  comet  to  the  common 
centre  of  gravity  of  the  sun  and  planet  whenever  it  may  subsequently 
be  regarded  as  undisturbed  about  this  point,  and  again  referring  it  to 
tlie  centre  of  the  sun  when  such  an  assumption  is  no  longer  admissi- 
ble, the  determination  of  the  perturbations  during  an  entire  revolu- 
tion of  the  comet  is  very  greatly  fiieilitated. 

207,  If  we  consider  the  position  and  dimensions  of  the  orbits  of 
the  comets,  it  will  at  once  appeal'  that  a  very  near  approach  of  some 
of  these  bodies  to  a  planet  may  often  happen,  and  that  when  they 
approach  very  near  some  of  the  large  planets  their  orbits  may  be 
entirely  changed.  It  is,  indeed,  certainly  known  that  the  orbits  of 
comets  have  been  thus  modified  by  a  near  approach  to  Jupiter,  and 
there  are  periodic  comets  now  known  which  will  be  eventually  thus 
acted  upou.  It  becomes  an  interesting  problem,  therefore,  to  con- 
sider the  formulje  applicable  to  this  special  case  in  which  the  ordinary 
metJvods  of  calculating  perturbations  cannot  be  applied. 
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If  we  denote  by  x' ,  y',  s',  »■',  the  co-ordiuates  and  radius-vector  of 
the  planet  referred  to  the  centre  of  the  sun,  and  regard  its  motion 
relative  to  the  sun  as  disturbed  by  the  comet,  we  shall  have 


(260) 


■   ^'(l±I^ 


Let  ns  now  denote  by  f,  v},  Q  the  co-ordinates  of  the  comet  i 
to  the  centre  of  gravity  of  the  planet;  tlien  will 


Substituting  the  resulting  values  of  x',  y',  z'  m  the  preceding  equa- 
tions, and  subtracting  these  from  the  corresponding  equations  (1)  for 
the  disturbed  motion  of  the  comet,  we  derive 


i-(m  +  m 

'^-^0.-"-^ 

h'(m  +  m 
/f 

^  =  *-(|t-^-±^ 

i'(,,,  +  »i 

^=W4-iJ^' 

These  equations  express  the  motion  of  the  comet  relative  to  the  centre 
of  gravity  of  the  disturbing  planet;  and  when  the  comet  approaches 
very  near  to  the  planet,  so  that  the  second  member  of  each  of  these 
equations  becomes  very  small  in  comparison  with  the  second  term 
of  the  first  member,  we  may  take,  for  a  first  approximation, 


(262) 


<!•;       «•(«.  +  , 

■1)1      „ 

de  '         p- 

<P,      i-(m  +  » 

'')',      „ 

df  '         e- 

d".      i-(m  +  » 

^■  =  0; 

a  the  sum  of  the  attractive  force  of  the  planet 
on  tlic  comet  and  of  the  reciprocal  action  of  the  comet  on  the  planet. 
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these  equations  being  of  the  ^ame  torm  as  tho  e  for  the  niidi  turbed 
motion  of  the  comet  lehtive  to  the  ^un  show  that  when  the  icti^n 
of  the  dibtuibing  pJaiiet  on  the  <,  met  exceeds  thtt  of  the  '■an  the 
result  of  the  first  approximation  to  the  motion  of  the  comet  is  thit 
it  dc'iciibes  1  onic  section  iiound  the  centre  of  grwitj  of  the  phnet 
Further  iiiice  — i  — y  ,  — '  aie  the  *,o-oidmites  of  the  (=un  le- 
ft,ried  to  the  centie  of  gra\ity  of  the  planet,  it  ap^e^rs  that  the 
second  membeis  of  (261)  expie^s  the  di'ituibmg  force  of  the  sun  on 
the  comet  lesoHed  m  directions  paiallel  to  the  c  jidimte  axes 
respectively  Hence  when  a  comet  appionche^  =io  near  a  pKuet  thit 
the  iction  of  the  littei  upon  it  exceeds  thst  of  the  sun  its  motic  n 
will  be  m  a  Lonic  section  ie!ativel>  to  tht,  planet  and  \m11  be  lis 
tuibed  by  the  action  ot  the  sun  But  the  distiiibing  iction  of  the 
sun  IS  the  differeuLe  bcti^een  its  action  on  the  comet  ind  on  the 
pHnct,  in  1  the  masses  of  the  largei  bodies  ot  the  solai  s^  stem  ire 
such  that  when  the  (ximet  is  equally  attracted  by  the  sun  and  bv  the 
plnnet  the  diotinces  ot  the  comet  and  plinet  fiom  the  sun  differ  «o 
httle  thit  the  di&tuibiii^  foice  >f  the  snu  on  the  comet,  regiided  is 
describing  i  conic  section  about  the  plinet  will  be  extremely  small 
Thu  in  adiiection  ^xtnllel  to  the  co-oidimtt  f  the  distuil  in^  torce 
exercised  by  the  sun  is 


and  when  the  comet  approaches  very  near  the  planet  this  force  will 
be  exti'cmely  small.  It  is  evident,  further,  that  the  action  of  the 
Biin  r^arded  as  the  disturbing  body  will  be  very  small  even  when 
its  direct  action  upon  the  comet  considerably  exceeds  that  of  the 
planet,  and,  therefore,  that  we  may  consider  the  orbit  of  the  comet  to 
be  a  conic  section  about  the  planet  and  disturbed  by  the  sun,  when  it 
is  actually  attracted  more  by  the  sun  than  by  the  planet, 

208.  In  order  to  show  more  clearly  that  the  disturbing  force  of  the 
sun  is  very  small  even  when  its  direct  action  on  the  comet  exceeds 
that  of  the  planet,  let  us  suppose  the  sun,  planet,  and  comet  to  be 
situated  on  the  same  straight  line,  in  which  case  the  disturbing  force 
of  the  sun  will  be  a  maximum  for  agiven  distance  of  the  comet  from 

the  planet.     Then  will  the  direct  action  of  tlie  sun  be  — ^,  and  that 

The  disturbing  action  of  the  sun  will  be 
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r'         ^r  +  py-  r^--  ir  +  pf 

■which,  since  p  is  supposed  to  be  small  in  comparison  with  r,  may  be 
put  equal  to 

2k'p 


and  hence  the  ratio  of  the  disturbing  action  of  the  sun  to  the  direct 
action  of  the  planet  on  the  comet  cannot  exceed 


R  = 


If  the  comet  ia  at  a  distance,  such  that  the  direct  action  of  the  sun  is 
equal  to  the  direct  action  of  the  planet,  we  have 

p^  =  m'r', 
..',    ■         .  -(■■.     ■-■■ 

and  the  ratio  of  the  direct  action  of  the  sun  to  its  -disturbing  action 
cannot  in  this  case  exceed  2l/m'.  In  the  case  of  Jupiter  this  amounts 
to  only  0.06. 

So  long  as  p  is  small,  the  disturbing  action  of  the  planet  is  very 

nearly ■  in  all  positions  of  the  comet  relative  to  the  planet,  and 

hence  the  ratio  of  the  disturbing  action  of  tlie  planet  to  the  direct 
action  of  the  sun  cannot  exceed 

R'  =  ^- 

At  the  point  for  which  the  value  of  fi  corresponds  to  22  =  JR',  the 
comet,  sun,  and  planet  being  supposed  to  be  situated  in  the  same 
straight  line,  it  will  be  immaterial  whether  we  consider  the  sun  or 
the  planet  as  tlie  disturbing  body;  but  for  values  of  p  less  than  this 
S,  will  be  less  than  R',  and  the  planet  must  be  regarded  as  the  con- 
trolling and  the  sun  as  the  disturbing  body.  The  supposition  that 
R  is  equal  to  R'  gives 


Henoe  we  may  compute  the  perturbations  of  the  comet,  regarding 
the  planet  as  the  disturbing  body,  until  it  approaclies  so  near  the 
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planet  ttat  p  has  the  value  given  by  this  equation,  after  which,  so 
long  as  p  does  not  exceed  the  value  here  assigned,  the  sun  must  be 
regarded  as  the  disturbing  body. 

If  <j>  represents  the  angle  at  the  planet  between  the  sun  and  comet, 
the  disturbing  force  of  the  sun,  for  any  position  of  the  comet  near 
the  planet,  will  be  very  nearly 

-^-j-cos  <p, 

and  when  this  angle  is  considerable,  the  disturbing  action  of  the  sun 
will  be  small  even  when  p  is  greater  than  rv"  ^n'^.  Hence  we  may 
commence  to  consider  the  sun.  as  the  disturbing  body  even  before  the 
comet  reaches  the  point  for  which 

and,  since  the  ratio  of  tlic  disturbing  action  of  tlic  planet  to  the 
direct  action  of  the  sun  remains  neariy  the  same  for  all  values  of  ip, 
when  p  is  within  the  limits  here  assigned  the  sun  must  in  all  cases 
be  so  considered.  Corresponding  to  the  value  of  p  given  by  equation 
(263),  we  have 

B'  =  f/im', 

and  in  tlie  case  of  a  neai'  approach  to  Jupiter  the  results  are 

^  =  0.054}-,  if' =  0.33. 

209.  In  the  actual  calculation  of  the  perturbations  of  any  jiarticn- 
lar  comet  when  very  near  a  large  planet,  it  will  be  easy  to  determine 
the  point  at  which  it  will  be  advantageous  to  commence  to  regard  the 
sun  as  the  disturbing  body;  and,  having  found  the  elements  of  the 
orbit  of  the  comet  relative  to  the  planet,  the  perturbations  of  these 
elements  or  of  the  co-ordinates  will  be  obtained  by  means  of  the 
Ibrmulte  already  derived,  the  necessary  distinctions  being  made  in  the 
notation.  AVhen  the  planet  again  becomes  the  disturbing  body,  the 
elements  will  be  found  in  reference  to  the  sun;  and  thus  we  are 
enabled  to  trace  the  motion  of  the  comet  before  and  subsequent  to  its 
being  considered  as  subject  principally  to  the  planet.  In  the  case  of 
the  first  transformation,  the  co-ordinates  and  velocities  of  tlie  comet 
and  planet  in  reference  to  the  sun  being  determined  for  the  instant  at 
which  the  sun  is  r^arded  as  ceasing  to  be  the  controlling  body,  we 
shall  have 
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v  =  y  —  v', 

Z^z-^, 

dij        dy 
'dt^~dA~ 

rfj/           rf;  _  dz 

"  dt'              'dt^"di 

"dt        dt         dt'  dt        dt         dt  dt         di        dt 

and  from  f,  ti,  C,  -^'  — jt'  and  -,-'  >  the  elemeiite  of  the  orbit  of  the 
'  "  ^'   dt      dt  dt 

comet  aboiit  the  planet  are  to  be  determined  precisely  as  the  elements 

in  reference  to  the  sun  are  found  from  x,  i/,  z,  —rr'  —rr>  and  -rri  and 
' "'   '   dt     dt  dt 

as  explained  in  Art.  168.  Having  computed  the  perturbations  of 
the  motion  relative  to  the  planet  to  the  point  at  which  the  planet  is 
again  considered  as  the  disturbing  body,  it  only  remains  to  find,  for 
the  corresponding  time,  the  co-ordinates  and  velocities  of  the  comet 
in  reference  to  the  centre  of  gravity  of  the  planet,  and  from  these  the 
coHDrdinatea  and  velocities  relative  to  the  centre  of  the  sun,  and  the 
elements  of  the  orbit  about  the  sun  may  be  determined.  As  tlie  in- 
terval of  time  during  which  the  sun  will  be  regarded  as  the  disturb- 
ing body  will  always  be  small,  it  will  be  most  convenient  to  compute 
the  perturbations  of  the  rectangular  co-ordinates,  in  which  ease  the 

values  of  f,  "q,  (^,  -^i  -5^1  and  -jv  will  be  obtained  directly,  and  then, 

having  found  the  corresponding  co-ordinates  x',  y',  z'  and  velocities 

tfe'    dif    dJ 

-T7->  Ht'  ~-jT  of  the  planet  in  reference  to  the  sun,  we  have 


'dt~~dt  ^  1i'  ~dt~'dt'^  'dt'  'Jf  ^"dt  ~^  ~dt' 


by  means  of  which  the  elements  of  the  orbit  relative  to  the  sun  will 
be  found.  If  it  is  not  considered  necessary  to  compute  rigorously 
the  path  of  the  comet  before  and  after  it  is  subject  principally  to  the 
action  of  the  planet,  but  simply  to  find  the  principal  eifect  of  the 
action  of  the  planet  in  changing  its  elements,  it  will  be  sufficient, 
during  the  time  in  which  the  sun  is  regarded  as  the  disturbing  body, 
to  suppose  the  comet  to  move  in  an  undisturbed  orbit  about  the 
planet.  For  the  point  at  which  we  cease  to  regard  the  sun  as  the 
disturbing  body,  the  co-ordinates  and  velocities  of  the  comet  relative 
to  tlie  centre  of  gravity  of  the  planet  will  be  determined  from  the 
elements  of  the  orbit  in  reference  to  the  planet,  precisely  as  the  corre- 
sponding quantities  are  determined  in  the  case  of  the  motion  relative 
to  the  sun,  the  necessary  distinctions  being  made  in  the  notation. 
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210.  The  results  obtained  from  the  observations  of  the  periodic 
comets  at  their  successive  retnms  to  the  perihelion,  render  it  probable 
that  there  exists  in  space  a  resisting  medium  which  opposes  tlie  motion 
of  alJ  the  heavenly  bodies  in  their  orbits;  but  since  the  observations 
of  the  planets  do  not  exhibit  any  effect  of  such  a  resistance,  it  is  in- 
ferred that  the  density  of  the  ethereal  fluid  is  so  slight  that  it  can 
have  an  appreciable  effect  only  in  the  case  of  rare  and  attenuated 
bodies  like  the  comets.  If,  however,  we  adopt  the  hypothesis  of  a 
resisting  medium  in  space,  in  considering  the  motion  of  a  heavenly 
body  wo  simply  introduce  a  new  disturbing  force  acting  in  the  direc- 
tion of  the  tangent  to  the  instantaneous  orbit,  and  in  a  sense  contrary 
to  that  of  the  motion.  The  amount  of  the  resistance  will  depend 
chiefly  on  the  density  of  the  ethereal  fluid  and  on  the  velocity  of  the 
body.  In  accordance  with  what  takes  place  within  the  limits  of  our 
observation,  we  may  assume  that  the  resistance,  in  a  medium  of  con- 
stant density,  is  proportional  to  the  square  of  the  velocity.  The 
density  of  the  fluid  may  be  assumed  to  diminish  as  the  distance  from 
the  sun  increases,  and  hence  it  may  be  expressed  as  a  function  of  the 
reciprocal  of  this  distonce. 

Let  ds  be  the  element  of  the  path  of  the  body,  and  r  the  radius- 
vector;  then  will  the  resistance  be 

K  being  a  constant  quantity  depending  on  the  nature  of  the  body, 

and  f  ( —  )  the  density  of  the  ethereal  fluid  at  the  distance  r.    Since 

the  force  acts  only  in  the  plane  of  the  orbit,  the  elements  which  de- 
fine the  position  of  this  plane  will  not  be  changed,  and  hence  we  have 
only  to  determine  the  variations  of  the  elements  M,  e,  a,  and  x-  If 
we  denote  by  (^^  the  angle  which  the  tangent  raalces  with  the  prolon- 
gation of  the  radins- vector,  the  componente  R  and  S  will  be  given  by 


R  =  T 

»o!i».,               S=Tam4; 

aiKl,  since 

Fco 

-^^"" 

,.,           V,in4:='^, 

ITO  have 

£  =  - 

^m." 

...-    ..-^i; 
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Substituting  these  values  of  R  and  8  in  the  equation  (205),  it  reduces  to 
edx  =  ~2K<pi-\smvds. 


Now,  ( 


Vp 


we  have 

ds  =  Ydt  =  ^  (1  +  2e  COS  !■  +  e')Kh, 
and  hence 

If  we  suppose  the  function 

the  value  of  which  is  always  positive,  to  be  developed  in  a  series 
arranged  in  reference  to  the  cosines  of  v  and  of  its  nniltiples,  so  that 
we  have 

K,pi^\r^(14-2ecDsv+e'f  ^A  +  Bcqsv+Ggos2v  +  &c.,    (2(57) 

in  which  A,  B,  &g.  are  positive  and  functions  of  e,  the  equation  (2(56) 
becomes 

edx  =  ^^{A  +  Biio^v+  .  .  .  .)^mv  dv. 

Hence,  by  integrating,  we  derive 

6  a;^  =  -  (A  cos  i;  +  I  5  cos  2t.  -h ),  (2158) 

from  which  it  appears  that  -^  is  subject  only  to  periodic  perturbations 
on  account  of  the  resisting  medium. 

In  a  similar  manner  it  may  be  shown  that  the  second  term  of  the 
second  member  of  equation  (210)  produces  only  pa'iodic  terras  in  the 
value  of  BM,  so  that  if  we  seek  only  the  secular  perturbations  due  to 
the  action  of  the  ethereal  fluid,  the  first  and  second  terms  of  the 
second  member  of  (210)  will  not  be  considered,  and  only  the  secular 
perturbations  arising  from  the  variation  of  ^  will  be  required. 

Let  us  next  consider  the  elements  a  and  e.     Substituting  in  the 
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equations  (198)  and  (203)  the  values  of  R  and  S  given  by  (265),  and 
reducing,  we  get 

da  =  —'^^-Kf{^\  r'  (1  +  2e  cos  v  -]-  e')  ^dv, 

de  ^  —  —  /ri;!  4  )  »■=  (1  +  26  cos  w  +  e')  !  (e  +  cos  v)  dv. 

If  we  introduce  into  these  the  series  (267),  and  integrate,  if;  will  be 
found  that,  in  addition  to  the  periodic  terms,  the  expressions  for  8a 
and  Se  contain  each  a  term  multiplied  by  •»,  and  hence  increasing  with 
,  tlie  time.  It  is  to  be  observed,  further,  that  since  A  and  B  are  posi- 
tive, the  secular  variation  of  a,  and  also  that  of  e,  will  be  negative, 
and  hence  the  resisting  medium  acts  continuously  to  diminish  both 
the  mean  distance  and  the  eccentricity. 

211.  TIic  magnitude  of  the  disturbing  force  arising  from  the  action 
of  the  resisting  medium  is  so  small  that  the  periodic  terms  have  no 
sensible  influence  on  the  place  of  the  comet  during  the  period  in 
which  it  may  be  observed;  and  hence,  since  the  effect  of  the  resist- 
ance will  be  exhibited  only  by  a  comparison  of  observations  made  at 
its  successive  returns  to  the  perihelion,  the  effect  of  the  planetary  per- 
turbations being  first  completely  eliminated,  it  is  only  necessary  to 
consider  the  secular  variations.  Further,  since  ;f  is  subject  only  to 
periodic  changes  in  virtue  of  the  action  of  the  resistance,  and  since 
the  mean  longitude  is  subjected  to  a  secular  change  only  through  ji, 
it  will  suffice  to  employ  the  formulse  for  B^  and  ^e  or  8f.  The 
variations  of  these  elements  may  be  computed  most  conveniently  by 

mechanical  quadrature  from  given  values  of  -tt  and  -j-  or  -rr,  al- 
though their  values  for  one  complete  revolution  of  the  comet  may  be 
determined  directly,  the  values  of  the  coefficients  A  and  B  which 
appear  in  the  series  (267)  being  found  by  means  of  elliptic  functions. 
The  calculatdon  of  the  effect  of  the  resisting  medium  will  be  made  in 
connection  with  the  determination  of  the  planetary  perturbations,  so 
that  there  will  be  no  inconvenience  in  adding  to  tlie  results  ^''e  terms 
depending  on  this  resistance.     Since 

d/t  _^      S  /i     da  "^P  _  '^^^ 

'dt~~2~a"dt'  It  ^  ^^'^  ^  It' 

the  equations  (2i39)  give,  putting  K^=1<?XJ, 
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r  COS  p  \  )■  / 


It  remains  now  to  make  an  assumption  in  regard  to  tlie  law  of  the 
density  of  the  resisting  medium.  In  tiie  caao  of  Eiicke's  comet  it 
has  been  assumed  that 

and  this  hypotliesis  gives  results  which  suffice  to  represent  the  obser- 
vations at  its  successive  returns  to  the  perihelion.  Substituting  for  V 
.  its  value  in  terms  of  r  and  a,  the  equations  (270)  thus  become 


by  means  of  which  dfi  and  of  may  be  found ;  and  from  any  given 
value  of  ^/^  we  may  derive  the  corresponding  value  of  da.  The 
variation  of  If,  neglecting  tlie  periodic  terms  arising  from  the  first 
and  second  terms  of  the  second  member  of  equation  (210),  will  be 
given  by 


-//^*- 


which  will  be  integrated  by  mechanical  quadrature  so  as  to  inelude 
the  interval  of  an  entire  revolution  of  the  comet.  The  quantity  U 
has  been  determined,  by  means  of  observations  of  Euckc's  comet,  to  be 

^^894;"892 

This  value  may  be  corrected  by  introducing  a  term  in  the  equations 
of  condition  precisely  as  in  the  case  of  the  determination  of  the  cor- 
rection to  be  applied  to  the  mass  of  a  disturbing  planet.  Intro- 
ducing U  into  the  equation  (264),  and  adopting  the  hypothesis  that 

f{  —  )  =  '~:r'  t^'^  expression  for  the  action  of  the  ethereal  fluid  be- 
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Since  the  constant  ?/ depends  on  the  nature  of  the  comet,  the  vahie 
obtained  in  the  case  of  Encke's  comet  may  be  very  different  from 
that  in  the  ease  of  another  comet.  Thus,  in  the  case  of  Faye's  comet 
the  value  lias  been  found  to  be 


U=- 


1 


and  in  the  application  of  the  formnlre  to  the  motion  of  any  particular 
body  it  will  be  necessaiy  to  make  an  independent  determination  of 
this  constant, 

212.  The  assumption  that  the  densit-y  of  tlie  ethereal  fluid  varies 
inversely  aa  the  square  of  the  distance  from  the  sun,  is  that  which 
appears  to  be  the  most  probable,  and  the  results  obtained  in  accord- 
ance therewith  seem  to  satisfy  the  data  furnished  by  observation.  It 
is  true,  however,  that  the  wiiole  subject  is  involved  in  great  imcer- 
tainty  as  regards  tlie  nature  of  the  resisting  medium,  so  that  the 
results  obtained  by  means  of  any  assumed  law  of  density  are  not  to 
be  regarded  as  absolutely  correct. 

From  the  formulm  which  have  been  given,  it  appeal's  that,  whatever 
may  be  the  law  of  the  density  of  the  resisting  fluid,  the  mean  motion 
is  constantly  accelerated  and  the  eccentricity  diminished,  and  we  may 
determine,  by  means  of  observations  at  the  successive  appearances  of 
the  comet,  the  amount  of  these  secular  changes  independently  of  any 
assumption  in  regai'd  to  the  density  of  tlie  ether.  Let  x  denote  the 
variation  of  fi  daring  the  interval  r,  which  may  be  approximately  the 
time  of  one  revolution  of  the  comet,  and  lety  denote  the  correspond- 
ing variation  of  ^ ;  then,  after  the  lapse  of  anv  interval  t  —  T^  we 
sliall  have 

f T  t  —  T 

;.  =  A<„  +  ^^-^^•,  ^.^^^4.L_^^,  (272) 

and,  since  the  average  variation  of  fi  during  the  interval  t  —  y^  is 

M^  Jl/„  +  //„  (( -  rj  +  ^^^"^  -^.  (273) 

If  we  introduce  x  and  y  as  unknown  quantities  in  the  equations  of 
condition  for  the  correction  of  the  elements  by  means  of  the  differ- 
ences between  computation  and  observation,  the  secular  variations  of 
ji  and  f  may  be  determined  in  connection  with  the  corrections  to  bf 
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applied  to  the  elements.  For  this  purpose  the  partial  differential  co- 
efficients of  the  geocentric  spherical  cOHDrdinates  with  respect  to  x 
and  y  must  be  determined.  Thus,  if  we  substitute  the  values  of  /i, 
f,  and  M  given  by  (272)  and  {27S)  in  the  equations  (12),  and  (14),, 
we  obtaiu 


-",   (274) 


in  which  e  =^  206264". 8,  ft  being  expressed  in  seconds  of  arc.  Com- 
bining the  results  thus  obtained  with  tlie  differential  coefficients  of 
the  geocentric  spherical  co-ordinates  with  respect  to  r  and  v,  as  indi- 
cated by  the  equations  (42)j,  we  obtain  the  required  coefficients  of  x 
and  ?/  to  be  introduced  into  the  equations  of  condition.  The  solution 
of  all  the  equations  of  condition  by  the  method  of  least  squares  will 
then  furnish  the  most  probable  values  of  y  aud  x,  or  of  the  secular 
variations  of  the  eccentricity  and  mean  motion,  without  any  assump- 
tion being  made  in  i-eference  either  t-o  the  density  of  the  ethereal  fluid 
or  to  the  modifications  of  the  resistance  on  account  of  the  changes  in 
the  form  and  dimensions  of  the  comet,  and  the  results  thus  derived 
may  be  employed  in  determining  tlie  values  of  M,  //,  and  y  for  the 
subsequent  returns  of  the  comet  to  the  perihelion. 

In  all  the  cases  in  which  the  periodic  comets  have  been  observed 
sufficiently,  the  existence  of  tlaese  secular  changes  of  the  elements 
seems  to  be  well  established;  and  if  we  grant  that  they  arise  from  the 
resistance  of  an  ethereal  fluid,  the  total  obliteration  of  our  solar 
system  is  to  be  the  final  result.  The  iact  that  no  such  inequalities 
have  yet  been  detected  in  the  case  of  the  motion  of  any  of  the  planets, 
shows  simply  the  immensity  of  the  pel-iod  which  must  eKpse  before 
the  final  catastrophe,  and  does  not  rendei  it  any  the  le-a  certain 
Such,  indeed,  appear  to  be  the  piesent  indications  of  science  in  le- 
gard  to  this  important  question,  but  it  i&  by  no  mems  impossible 
that,  as  in  at  least  one  similar  case  already,  the  opention  of  tht 
simple  and  unique  law  of  gra\  itation  will  ilone  completel)  explain 
these  inequalities,  and  assign  a  limit  which  they  can  never  pass,  and 
thus  alFord  a  sublime  proof  of  the  provident  care  of  the  Omnii'Otbnt 
Creator. 
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TABLE  I.    Angle  of  the  Vertical  and  Logarithm  of  the  Earth's  Radius. 

Argument  ^  =^  Geogvaphico,!  Latitude. 
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6.489802 

184.52 

7,155125 

.8;... 

7.811661 

185-75 

53 

5.837520 

184 

6.500874 
6.511946 

184-53 

.8;.. 2 

7.833807 

185-76 

54 

5.8;8s6i 

184 

01 

184-54 

7.177340 

185-13 

7.844953 

185-78 

55 

5.859602 

184 

6.523019 

.84.55 

7.188448 

.85..4 

,85,79 

56 

listn 

184 

03 

6.534092 

184.56 

7-199557 

.85,15 

7.867147 

.85,^0 

57 

184 

04 

6.545166 

18457 

7,110666 

.85..6 

7.878396 

.85,8. 

58 

5.892728 

184 

05 

6.556241 

184-5B 

7-221776 

185.17 

7-889545 

.S;.Si 

50 

5.903771 

184.06 

6.567316 

184-59 

7.231886 

1S5.18 

7.900694 

185.83 

60 

5.9.4815 

184.06 

6.578391 

.84.60 

7-243997 

.85.19 

7.91,84; 

.85.S4 

BiBd  by  Google 


TABLE  VI. 

For  finding  the  True  Anoiaalj'  or  tlie  Time  from  tlio  PerihelLo 


a  Parabolic  Orbil. 


V. 

12 

13° 

14 

15° 

M. 

WiT.  1". 

M. 

i,m-.i". 

M. 

Biff.  1". 

M- 

Dllf.  1". 

0' 

7.91 1845 

'IH^ 

8.5S2146 

.86,56 

KWtl 

187,33 

9,930984 

1SS.16 

I 

7.911995 

185.86 

8.593340 

186.57 

.87.34 

9.942174 

s 

7-93+147 

185.87 

8,604535 

186,58 

187.35 

9-953565 

3 

7.945300 

.85-88 

8.6,5730 

186.59 

9.188841 

187.37 

9,964857 

4 

7-9S6«3 

.85.89 

8,616916 

186.S1 

9-300085 

,87.3^ 

9.976149 

.88 

11 

5 

7.967606 

185.90 

8.638.23 

i86.6i 

9,311318 

,87.40 

9-987443 

188 

'■3 

fi 

7.973761 

,85.9. 

8.649330 
8.660518 

1B6.63 

9,311572 

187-41 

9.998738 

188 

It 

7.989916 

185.92 

.86.64 

9-333817 

187.41 

10-010033 

183 

S 

185-93 

S.671717 

,86.66 

9-345063 

'87-44 

10.021329 

188 

9 

8!o°=^a 

185-95 

8.682917 

,86.57 

9-356310 

187.45 

,0.032^16 

188 

29 

10 

8.0113385 

185.96 

8.6941,7 

1S668 

9.367557 

.87.46 

10.043914 

18B 

31 

11 

8.034,543 

1S5.97 

8.705318 

,86.69 

9.378805 

187.48 

18! 

13 

a.04!70i 

1S5-9S 

8.716510 

186.7, 

9.390054 

,87.49 

10.066513 

iS8 

13 

8.o;686i 

185,99 

8.727713 

186.71 

9.401304 

,87.50 

10.077813 

18* 

35 

14 

isLii. 

8,738927  . 

186-73 

9.412555 

187.51 

10.089,15 

15 

S.079181 

186.02 

8.750131 

186,74 

9.423806 

'87-53 

10.100427 

18S 

38 

IG 

8.090343 

8.76,336 

186.76 

9.435058 

187,54 

,0., 11730 

188 

39 

17 

186.04 

8.772542 

186.77 

187-56 

10.123035 

iSB 

18 

ilTilU 

8.783743 

186.7S 

9-457565 

'87-57 

10.134340 

188 

19 

8.123831 

186.06 

8-794955 

,86,79 

9.468810 

,87-59 

10,145646 

iSS 

44 

30 

8,134995 

8.806,63 

186.81 

9.480076 

1S7-60 

,0,156952 

i83 

45 

31 

8.45i6o 

i85!o9 

8,81737* 

186.81 

9.491332 

187.61 

10.168160 

i88 

32 

8.157316 

IS6.IO 

S.B28582 

186.83 

9.5025S9 

,87.63 

10,179568 

188 

33 

8.179659 

186,11 

8,839792 

186.84 

9.5,3847 

187,64 

,0, 190^78 

i38 

34 

i86.ii 

8.851003 

186.86 

9,515106 

187.65 

10.102188 

iS3 

25 

8.190816 

186.. 3 

8.862215 

.86.87 

9,536366 

187.67 

10.113499 
,0.11.3.2 

■  8f 

53 

26 

S.20199; 

[It'll 

I-873417 

186.83 

9.547^26 

187.68 

It 

37 

8.213164 

186,90 

9,S5h88 

10.136.15 

18S 

38 

8.224334 

8:8958^5 

,86.91 

9,570150 

,87:7. 

10.147439 

.88 

39 

8.235504 

I86;i8 

a.907070 

186,92 

9.5S1413 

,87,71 

10.158753 

188 

59 

go- 

8.246675 

186.19 

8.918186 

186,93 

9,591676 

187-74 

10.170069 

188 

60 

al 

8.257847 

iS6!2o 

8.919501 

186,95 

9.603941 

,87,75 

10.181386 

18I 

62 

33 

8  269020 

8-940719 

1S6.9S 

9.6.5107 

187,77 

10.191703 

63 

33 

8.280193 

186.23 

8,951937 

186.97 

9.616473 

,87.78 

10.304011 

188 

^1 

34 

8.291367 

186.24 

8.9^3,56 

186,99 

9-637740 

187-79 

10.315341 

188 

66 

35 

8,301541 

186.25 

8.974376 

■87.00 

9.649008 

187,81 

10.316661 

1S8 

36 

.86.16 

8.985596 

,8;.oi 

9.660277 

10.337982 

1S8 

69 

3T 

.86.18 

8.99^^17 

,87.02 

tins 

^87:84 

10,349304 

1S8 

38 

1B6.19 

9.Q0S039 

,87-04 

187.8; 

10.360617 

188 

39 

.  8,347248 

186.30 

9.019261 

187.05 

9,694088 

187-8^ 

10,371951 

188 

74 

40 

S.  35  8425 

,86.31 

9.030485 

,87.06 

9.705161 

10.383175 

iSf 

75 

41 

3.3§96o; 

186.31 

9.041709 

187.08 

9-716634 
9.717908 

.87:89 

10.394601 

n 

43 

8.380785 

186.34 

9.051934 

.87,09 

187.9, 

10.405917 

188 

78 

43 

8,391966 

186.35 

9.064160 

187.10 

9.739181 

187.92 

10.417155 

iSa 

44 

8.403147 

186.36 

9,075387 

,87.12 

9,750458 

18793 

10,418583 

,88 

45 

8.414329 

186.37 

9.0S6614 

,87.13 

9-761734 

187-95 

10.4399,2 

1S8 

f3 

4« 

a.425512 

186.38 

9.097842 

,87.14 

9.773°>^ 

187.96 

10.451241 

i83 

84 

47 

8.436695 

.86.40 

9,109071 

187.16 

9.7B4190 

187.98 

10.461573 

18S 

86 

48 

8.447879 

.86,41 

9.120301 

,87.17 

9.795569 

'87-99 

10.473905 

,88 

49 

S.459064 

186,42 

9-I3IS3I 

.87.1S 

9.806849 

188-oS 

IO.4S5138 

188 

89 

50 

8,470250 

186.43 

9,141763 

187,20 

9,8,8,19 

188,02 

10496571 

,88 

90 

51 

8.4S1J36 
8,492623 

.86.45 

9- 153995 

187.21 

9-829410 
9.840693 

,88.03 

,0.507907 

'11 

92 

53 

186.46 

9.16521S 

,87.12 

,88,0; 

,0.519141 

1S8 

93 

53 

8.503811 

186.47 

9.176461 

187.23 

9,851977 

188-06 

,0.530579 

188 

95 

54 

8.5,5000 

186.^8 

9,, 87696 

187,25 

9.S63161 

18S.08 

,0.54,9.6 

,88 

97 

55 

8.5=6189 

.86.49 

9.19893. 

,37.26 

9.874546 

.S8.09 

10.553255 

188 

98 

50 

S.537379 

186.51 

9.110167 

187.27 

9.8^;§3^ 

,8B.io 

10.564594 

189 

57 

8-548569 

186.51 

,87.29 

9.897118 

i88,i2 

10.575934- 
,0.5^717^ 

189 

58 

8.55976, 

186.53 

9.131641 

187,30 

|,9oLo6 

\llv 

189 

oj 

59 

8.570953 

.86-54 

9.143880 

187.31 

9.9,9694 

10,598618 

189 

04 

00 

8.582146 

186.56 

9,25512a 

'87-33 

9.930984 

188,16 

'°-'°^^" 

1S9 

06 

BiBd  by  Google 


TABU  VI. 

Por  finding  the  True  Anomaly  or  the  Time  from  tlie  Pei'ihelioi 


n  a  Parabolic  Orbit. 


V. 

16 

170 

18° 

19 

M. 

Diff.l'', 

M, 

Diff.l". 

M. 

Biff,  1", 

M, 

Biff,  J". 

0' 

10.609961 

1S9.06 

I. .191177 

190.01 

11,978161 

\ll:lt 

12.667850 

.91.13 

■   I 

io.6^no; 

189,07 

11.303679 

190.03 

li.<,kg6iS 

.2.679379 

191.15 

2 

ia6  3264.9 

189.09 

.1,315082 

190.05 

.2.69090S 

191.17 

3 

10.64399! 

\P'\° 

.1.316485 
"■337889 

.90.07 

12,011554 

191.09 

.2.702439 

192,19 

10.655341 

191.11 

11,71397a 

192.21 

5 

10.666690 

189.14 

11.349295 

190..  0 

12.035488 

.9...; 

.1.715503 

192.12 

e 

io.67B°3S 

.S9.15 

.90..I 

12,737037 

192,2+ 
192,2^ 

7 

.0-689388 

189.17 

11.372109 

.90.. 3 

\iXtli 

1^48573 
12.760109 

8 

10,700738 

.89. 18 

"■383517 

.90.. 5 

19.,. 8 

192,28 

9 

10.711090 

189.10 

11.394927 

190.17 

.1.081367 

191.20 

11,7716+6 

191,30 

10 

10,713441 

189.2. 

11.406337 

190,. 8 

.2.091840 

191,21 

12,783.85 

191,32 

10.734795 

189.23 

11.417749 
11,429.^. 

190.20 

12,104313 

191,24 

itrnm 

191.34 
191,36 

14 

10.746149 

1S94 

190.12 

,2,1.5788 

19. .25 

13 

\::im6i 

18926 

11,44057s 

190.23 

12,. 27264 

191.27 

11,817807 

'92.37 

14 

.89.18 

.1.45.989 

190.15 

12.IJ8741 

191.29 

.2,829350 

192,39 

15 

.0,780118 

189,29 

11.463405 

190.27 

12,150219 

191.3. 

12,840894 

.92,+. 

la 

10.791576 

189.31 

','.X',; 

190.28 

12,161698 

191.31 

11,851440 

191.43 

IT 

10.801935 

1S9.32 

190,30 

.2.173.78 

19. .34 

12,863986 

.92,45 

18 

10.814195 

189,34 

11.497657 

190.32 

12..  84659 

19. .36 

'^.875534 

192.+7 

10 

10.825655 

189,35 

11.509077 

.90,33 

.2.196141 

.2.887082 

192,49 

so 

10,837017 

189.37 

...520497 

190.35 

11.207614 

.9. .40 

12.898632 

191,51 

21 

10.S48380 

189.39 

11.5319.9 

190.37 

.91.41 

.2.9.0.83 

191,53 

22 

1 0.359744 

189,40 

11.543341 

190.39 

11.130594 

191.43 

11,92.736 

192.55 

23 

10.871108 

189.41 

11,554765 

190.+0 

11.1410S0 

'91-45 

.1.933289 

,91,56 

24 

10.8S2+74 

189-43 

11.5^6190 

190,+! 

11.153568 

'91-47 

11.944S43 

192,58 

»a 

10.893340 

189.4s 

11.577616 

190.4+ 

12,265057 

.9. .+9. 

11.956399 

.92,60 

26 

10,905208 

1S9.47 

11,589041 

190,45 

12.276546 

19..50 

11.967956 

27 

10.916576 

.89,4^ 

190,47 

12.288037 

191.52 

.Z.979514 

.92.64 
.92,66 

28 

.0.927946 

11.611S99 

190.49 

12.299529 

191.54 
191-56 

.1,991073 

29 

10,939316 

189.5. 

11,623,2^ 

.90.50 

12.311022 

13.002633 

192.68 

30 

10.950687 

189.53 

11,634759 
11.64G19. 

190,51 

i2,3i2;i6 

19. .58 

.3.014195 

192.70 

31 

10,962059 

189.55 

190,54 

12.334011 

.9..60 

13,025757 

192,72 

32 

.89.5^ 

11,6=7624 

190,56 

.2-3+5508 

19. .61 

1 3-'>6°4S2 

192.74 

33 

Jo:99^?gl 

189.58 

11,669057 

190.57 

.2,357005 

191,63 

192.76 

34 

.89-59 

.1.6S0492 

190.59 

.1.368503 

191,65 

35 

11,00755s 

.S9.61 

11.69191S 

190,61 

191,67 

.3.072019 

192.80 

3a 

II.OIS935 

.89.63 

11.703365 

12.39150+ 

.91.69 

.3.083587 

.91,82 

37 

11,030313 

.89.64 

.1.7. 4.803 
n.716142 

190,64 

191,70 

.3.095157 

38 

» 1.041692 

189.66 

190.66 

12.+J4509 
12.+260. 3 

191,72 

.3..  067  27 

191.S5 

39 

11.053072 

189.67 

11.7376S2 

190.68 

191,74 

13.1.8299 

.92.87 

40 

11.064453 

189.69 

11.749123 

190,69 

'*.437S'7 

191.76 

.3..29871 

,92.89 

41 

11.075835 

...760565 

190,71 

11,449013 
12.460531 

191.78 

.3.141446 

,92.91 

42 

II.O^l^ 

...771008 

190.73 

!'!li 

13.153022 

.92.93 

43 

11.098602 

Zlt 

".78345=. 
"■794897 

190.74 

11,471039 

13.164598 

192.95 

44 

11.109987 

190.76 

11,483548 

\l\'4 

.3,176.76 

192.97 

t5 

11.121372 

.89.77 

... 80634+ 

190.78 

.1,495059 

191,85 

13.187755 

191,99 

46 

11.132759 

189.79 

...8. 7791 

190.80 

.2,506571 

.91,87 

13.19933s 

193.01 

47 

11.14+147 

ligil 

11.829239 

190.81 

.9.,89 

i3,2;o9;6 

193.03 

48 

11.155536 

189.82 

...3406^9 

190.83 

.1.529597 

.91,9. 

13,121498 

.93.05 

40 

11.166925 

189.84 

l..8;i.39 

190,85 

.1.54.112 

191.93 

.3,234012 

193.07 

50 

ii..783'6 

189-85 

1..S63590 

190,87 

12,552628 

i9.,94 
191,96 

.3,245667 

.93.09 

51 

11.1S9708 

.89.87 

...  875043 

190,88 

12.56414; 
12.575664 

I3.*57i53 

.93.1. 

52 

189.89 

.1.S86496 

190.90 

191,98 

13,1688+0 

193,. 3 

53 

;;;ii 

189.90 

11.897951 

190,92 

11,587183 

192,00 

13,180418 

193.15 

54 

189.92 

11.909407 

190.94 

.1,598704 

191,02 

13,192017 

.93.17 

55 

11.235184 

189,93 

I. .920863 

190.95 

11,61022s 

192.04 

13,303608 

.93.19 

56 

11.3466S1 

189,95 

1.. 932321 

190.97 

11,621748 

192,06 

.3.31C100 

193.21 

57 

11.158078 

189.97 

11. 943 7  So 

.90,99 

11,63327^ 

192.07 

.3,316703 

193.23 

58 

".2S9477 

■89.98 

11.955239 

11,644797 

192,09 

13-338387 

193.25 

59 

11.180876 

191,02 

I2.656323 

192.. 1 

.3.349982 

.93-27 

60 

11,291277 

190,02 

11.978162 

.9. .04 

12.667850 

191,13 

13.361579 

.93.29 

BiBd  by  Google 


For  finding  Iho  Tr 


TABLE  VI. 

c  Anomaly  or  the  Time  from  the  Ppiilielion  in  a  Parabolic  Orbit, 


V. 

20° 

21 

22° 

23 

M. 

Wff-l". 

H. 

Dlff.l". 

M. 

Hiff.  1". 

M. 

Diff.!-. 

0 

'3  361579 

193.19 

14.059591 

1 94-5' 

14.761133 

195.80 

15-469459 

'97-17 

1 

13  373'77 

193-3' 

'94-53 

14.773881 

■95-83. 

15.481290 

197.19 

» 

.3  384776 

'93-33 

14.081935 

'94-55 

14.785631 

195.85 

15.493111 

197.21 

3 

13396376 

I93-3S 

14.094608 

'94-57 

"4-79i7384 

.95.87 

15.504956 
'5-5'679' 

197,14 
i97.i5 

4 

13407977 

193.37 

14.1061S3 

'94-59 

14.809,37 

.95.89 

5 

13  419580 

'93-39 

14.117960 

194.61 

14.810891 

'95-9' 

15-5*8617 

.97-28 

6 

13431183 

'93-4" 

14.119637 

194.64 

14.831647 

'9594 
'95.96 

15.540465 

197.31 

7 

1    44^788 

'93-4-3 

'4-'4'3'6 

194.66 

ItSSg 

15,551304 

197.33 

S 

■1454394 

'93-4-S 

14.151996 

194.68 

'95-98 

15,564144 

'97-35 

*> 

I    46600Z 

193-47 

14.164S77 

194.70 

14.867911 

.9^00 

15.575986 

197.38 

10 

I,  477610 

193.49 

14.176360 

.94.71 

14.879681 

,96-03 

15.587830 

197.40 

11 

11439110 

193.51 

4.188044 

'94-74 
194,76 

14.891444 
14.903208 

196.05 

'5-599675 

'97.43 

12 

13  500831 

'93-53 

14,199719 

.96.07 

.5,61.511 

197-45 

13 

':i5iH« 

193-55 

14.111415 

194.78 

.4.914973 

196.09 

15.613369 

'97-47 

14 

'93-S7 

.94-8' 

.4.926739 

.96..1 

■97-5° 

15 

13535^71 

193-59 

14.13479= 

194.83 

14.938506 

196.14 
196..^ 

15,647068 

197.52 

16 

!3  547187 

193.61 

.4.,i4.64ai 

194,85 

14.95017s 

15,65^910 

■97.54 

17 

,3    58904 

193-63 

14.158174 

194,87 

14,962045 

196.18 

15.670773 

197,-57 

18 

13  5705 M 

'93-65 

14,^69867 

194.89 

14.973817 

196,10 

iS-68i6z8 

■97.59 

19 

13582141 

193,67 

14,18.561 

194,91 

14,985590 

.96.13 

■5-694484 

197.61 

20 

13  593762 

193.69 

14,393156 

194,93 

14.997365 

.96.15 

.5,706341 
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14.491274 

195.30 

15.197736 

196.64 
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206.75 

20,501986 

108.65 

■337  +957 

43,04 

.342  7919 

41.96 

55 

19.766689 

106.7S 

10.514506 

108,69 

.327  7  53  8 

43.02 

■3+3  0+36 

41.94 

56 

19.779097 

io6.8i 

20.517019 

.328  0119 

43,00 

■3+3   3953 

41.92 

57 

19.791507 

106.84 
106.88 

20.539553 

108:75 

.328   1698 

41.98 

■3+3  54S7 

41.90 

58 

19.803919 

20.551079 

208,78 

.318  5176 

41.96 

,343  7980 

+1.S9 

59 

19.816331 

106.91 

10.564607 

20S.82 

.328   7853 

41.94 

-344  0493 

+1.87 

60 

19.828747 

106.94 

30,577' 37 

208.85 

.329  0430 

42,93 

-344  3o°S 

+'.85 

BiBd  by  Google 


TABLE  YI. 

For  fiiifiiTig  Ihc  True  Anomaly  or  tlie  Time  from  tlie  PiJrilielio' 


32° 


V  5515 

1.  8oa5 
■34S  °S3+ 
■345  3041 
345  5548 
■345  8053 
.3+6  0558 
,346  3061 
.346  5564 
.34,6  806; 
■347  =565 
■347  3005 
'-'*-   I^P 

■34*  OS  57 

348  3°52 
34«  5546 
343  S040 

349  0531 
349  3°^3 

■349 


5S>3 
8  00  J 


■353  2747 
353  5"! 

353  7694 

354  =>'^7 
354  1638 

■354  5'°a 

354  7578 

355  00+6 
355  25'3 
355  49^° 
355  7445 
355  •)9°9 
.356  2173 

56  4856 


33° 


■359  07^0 

359  9^°9 

360  1657 


3646 
6084, 
.362  85^2 
,363  0959 
■3*3  3394 
3«3  58^9 
■363  8163 
364  0696 

364  3128 
3H  5559 
,364  7989 
36s  °4'S 
.365  2S46 
■365  5^73 

-   -  7699 

.366  2S49 

36fi  4973 

365  7395 
.366  9817 
.367  2238 
■367  4*57 


368  9157 

369  1570 
369  3983 
369  6394 


372  0459 
.372  ^di 
372  526 ( 

372  7661 

373  0060 
373  2458 
373  485s 
373  7^5' 


34'' 


373  725" 
■373  9646 

374  ^04' 
374  4434 
374  0S27 

374  9218 

375  "09 
375  |999 


,378  49S7 
,37s  736s 
,378  9742 


380  63J4 
,380  8724 

381  1093 
381  3461 
j8.    5828 

381  8194 

■381  "559 

382  2924 
3Sj  5j8S 

382  7651 

383  0013 

3S3  *374 
■383  4734 
383  7°93 

383  945* 

384  i5o9 

.384  4166 
384  ^522 

384  8878 

385  1232 
■38s  35^5 

38;  §290 

386  0641 


.387  23S3 
.387  4729 
■387  7°74 
387  94(8 


35° 


.391 4482 
,391  6813 


■393  7755 

■J94  0078 
■394  ^400 
■394  47^1 
■394  704' 


,396  0947 
396  3262 

396  5576 
,396  7SS9 

397  0201 

357  i5'3 
397  4SJ3 
397  7"33 
■397  9442 


■399  0976 
399  3^31 

399  55^4 
399  7887 


stsd  by  Google 


Foi-  finding  tho  True  An- 


TABLE  YI, 

iialj  or  tlio  Time  from  i]ie  Perilielioi 


'■• 

36° 

37" 

38° 

39°         1 

1      M,'    " 

Piff.l". 

,.,M. 

Difr.1". 

logM. 

Diff.  1". 

logM. 

W^r.V', 

^ 

I  40.    8578 

3S.26 

1-415    4930 

37.50 

,428    8662 

36.S0 

1.441   9943 

36.14 

4.02   0S73 

3S.M 

.415    7180 

37-49 

.429   0869 

36.79 

.442   311 1 

36.13 

2 

401    3167 

38.23 

.415    9419 

37-47 

.429    3076 

36.78 

ii! 

36.11 

3 

+01    5460 

38.12 

,416    .67S 

37.46 

.429    5383 

■36.77 

36.11 

4 

+01  7753 

38.=o 

.416    3925 

37-45 

.429    74S8 

36.75 

36.10 

'        5 

I  4^3  004.5 

38.19 

,.416    6,72 

37-44 

-4=9  9693 

36-74 

1.443  0778 

36.09 

1        '' 

403  aj36 

::??  ^6^ 

37-43 

.430   1S97 

36.73 

.443  2943 

36.08 

403  4616 

ls^'7 

37.4' 

.430  4101 

36.73 

.443   5107 

^^•°l 

(J 

403  6916 

.417  3909 

37.40 

.430  6304 

36.71 

,443  7271 

36,06 

0 

403  9105 

38:  .'4 

■417  5153 

37-39 

.430  8506 

36,70 

.443  9434 

36.05 

1      10 

38.13 

I.4I7  7396 

37-38 

■43'  0708 

36.69 

1.444  1597 

36.04 

1  " 

404  37^0 

38.1I 

.417  9639 

37-37 

.431   3909 

^t4 

.444  3758 

36.03 

'      13 

4=4  6067 

38.10 

.418  iSS. 

37-36 

■43'   5109 

36.66 

.444  59=0 

404  835= 

8.03 

37-35 

3^-f' 

.444  8q8o 

36.D0 

14 

40,  0^37 

38.0^ 

'.lis  till 

37.33 

.431   9507 

36.64 

.445   0240 

35^99 

15 

I  403   1911 

3S.06 

1. 41 8  8601 

37.32 

-43=   '7°5 

36.63 

1.44s  =400 

35-98 

405  S^°S 

38.05 

.419  0B41 

37-3' 

-43=  3903 

3^-^ 

-445  4558 
-445  6716 

35.97 

17 

403  748S 

38.03 

.419  3079 

37.30 

.432   Eioo 

36.61 

35-96 

18 

405  9769 

.419  53'7 

37-=9 

.432   8296 

36,60 

-445  S874 

35-95 

19 

38:01 

■419  7554 

37-27 

-433  0491 

36.59 

.446  103 1 

35-94 

20 

T.«SSi 

38.00 

1.419  9790 

37-2.6 

.433  2686 

36.57 

'.446  3'S7 

35  93 

31 

37.99 

37-25 

-433  4831 

36.56 

-446  5343 

35  9= 

23 

406  8889 

37-97 

',111  J+94 

37-24 

■433  7074 

36.5s 

.446  7498 

35-9' 

33 

Jo-  „6l 

37-9S 

37-=3 

-433  9=67 

36^S4 

.446  9652 

35.90 

31 

4°7   344S 

37-95 

.410  8728 

37.22 

-434  '459 

36-53 

.447   1806 

35-89 

35 

I  407  S7ZI 

37.94 

1.421  0960 

37.20 

-434  3651 

36.5= 

1-447  3959 

35.88 

36 

40-  7997 

37.92 

.4!!  3191 

37.19 

.434  584= 

36.S' 

-447  6.'^ 

"■!l 

37 

408  0172 

37.91 

.411  5423 

37- iS 

.4j-i  !io33 

36.50 

-447   8263 

35.86 

40S  1547 

37.90 

.4SI  7654 

37-17 

■435  0==' 

36.49 

.448  04,5 

35-85 

30 

40^  4S20 

37. 89 

.42.  98^4 

37.16 

-435  =4'o 

36.48 

.448   2565 

35-84 

30 

3787 

1.411  1113 

37-15 

■435  459S 

36.47 

1,448  4715 

35.83 

31 

U  9fl 

37.86 

.422  6569 

37-13 

■435  6786 

36.46 

.448   6865 

35.8= 

Si 

37-BS 

37.13 

-435   8973 

36.44 

.448   9014 

35-8' 

33 

409  3907 

37.84 

.^22     8796 

37." 

.436    1159 

36-43 

35.80 

34 

409  ^177 

37.82 

.423     1022 

37.10 

,436    3345 

36.42 

■449  3309 

35.79 

35 

I  409  S446 

37-Si 

1.413     3048 

37-09 

.436   5530 

36-4> 

1.449  5456 

35.78 

3b 

410  0714 

37.80 

.4=3   5473 

37.08 

.436  77'4 

36.40 

-449  7603 

35-77 

37 

4.0  2981 

37.7a 

.423  7697 

37.06 

.436  9898 

36-39 

-449  9749 

35-76 

38 

4!0  ;mS 

37.77 

.423  9920 

37-05 

36-38 

-450  1894 

35-75 

3» 

410  7514 

37.76 

■4=4  ='43 

37-04 

-437  4=63 

36-37 

-450  4038 

35-74 

40 

1  4>o  97B0 

37-75 

1.434  4365 

37.03 

.437  6445 

36-36 

,.450  6182 

35-73 

41 

4JI  1044 
4.1   430^. 
411   6571 

37-74 

.424  6586 

37.03 

.437   S626 

36-35 

.450  8325 

35-72 

42 

37-7* 

.434  8 §07 

37.01 

,438  0806 

36.34 

.451  046S 

35-71 

43 

37-71 

.415   1017 

36,99 

.438  2986 

36.32 

.451   1610 

35-70 

44 

U   8^33 

37-70 

■4=5   3=46 

36.9S 

.438   5165 

36.31 

-45'  475= 

35-69 

45 

1411  J09; 

37-69 

1.415  S465 
■4=5  7683 

36.97 

■438  7344 

36.30 

1-45'   6893 

35.63 

4G 

41'  3350 

37.6S 

36-96 

.43S   9522 

36.39 

■45'  9033 

35-67 

47 

lix  5616 

37-66 

.415  9900 

36-95 

■439  '699 

36.28 

■45=  "73 

35.66 

48 

4"  7^75 

37-65 

.436  1117 

36-94 

■439  3375 

36.37 

■45=  33'= 

35-65 

49 

413  0134 

37-64 

-4=6  4333 

36.92 

■439  6051 

36.26 

■45=  545  0 

35^64 

50 

1.41J  1391 

37-63 

1.426  6548 

36.91 

.439  S226 

36.2; 

1452  7588 

35-63 

51 

.413  4649 

37.61 

.426   8762 

36.00 

.440  0401 

36.24 

■45^  97=5 

35.63 

-53 

.413  690; 

37.60 

.427  0976 

36,89 

.440  2575 

36.23 

35.61 

53 

413  9161 

37-59 

-4=7  3'B9 

36.B!i 

-440  4748 
.440  6921 

36.22 

-453  3998 

35.60 

54 

37.53 

.437   S403 

36,87 

36,20 

.453  6134 

35-59 

55 

1414  3670 

37.56 

r.427  7613 

36,86 

-440  9093 

36. 1  g 

1.453  8269 

35-5* 

56 

:,'j  s;t 

37.5s 

,427  9S24 

36.35 

.441   1264 

36. 1 S 

.454  0403 

35-57 

57 

37.54 

.43S  203  s 

36.83 

■44'   3436 

36,17 

■454  =537 

35-56 

5S 

4"!  "4*9 

-4=8  4=44 
-4=8  6453 

36.82 

■44'   5605 

36.16 

.454  4670 

35-5S 

59 

37-51 

36.81 

-44'   7774 

36.15 

,454  6Sq2 

35-54 

00 

1  415  4930 

37-50 

1.42S  8662 

36.80 

■44'    9943 

36.14 

'■454  8934 

35-53 

BiBd  by  Google 


TABLE  VI. 

For  finding  the  True  Anomalj'  or  tlio  Tiuit  from  the  Peri 


a  Pnrabolle  Orbit. 


V. 

40° 

41° 

42° 

43 

° 

logM. 

mff.  1". 

logM. 

DIK  1". 

ioBlI,      , 

mff,  1". 

logM. 

DW.  I", 

Q. 

1.454    893+ 

35-53 

■467  57 82 

34-95 

,480   0627 

34-4' 

■491.3597 

33-91 

1 

4SS   1065 

3S'52 

-467  7879 

34-94 

.480   2691 

34-40 

.491  5631 

33-90 

2 

4SS  3196 

35.5 ' 

■467  9976 

34.93 

.480  .755 
.480  6819 

34-40 

.492  7665 

33-89 

3 

45!  53^6 

35.50 

.468   1071 

34-9' 

34-39 

.491  9698 

33-88 

4 

455.  7456 

35-49 

.46S  4166 

34-91 

.480  88S1 

34.38 

.493   1731 

33-87 

5 

•455  9585 

35-48 

.46S  6z6i 

34-90 

,481  0944 

34.37 

■493  3764 

33-87 

0 

456  17J3 

35-47 

.468   8355 

3490 

,481  300a 

34-36 

-493  5796 

33-86 

1$  lis 

35.46 

.469  044^ 

34,89 

.481   5068 

34-35 

■493   7817 

33.85 

8 

35-45 

34.S8 

.481  7119 

34-34 

.493  9858 

33.34 

9 

456  S094 

35.44 

-469  4634 

34-87 

.481  9189 

34.33 

.494  iSSS 

33.83 

10 

1  457  0x20 

35-43 

.469  6725 

34.86 

.481   1249 

34.33 

-494  3918 

33.83 

457  2346 

35-41 

.469  S817 

34.85 

.4S2  3308 

34,32 

.494  5948 

33.8^ 

IJ 

457  4470 

35-41 

.470  0907 

34.84 

-481  5367 

34,31 

■494  7977 

33.81 

13 

457  6595 

35.40 

.470  199S 

34-83 

,482  7415 

34-3° 

-495   0005 

33-80 

457  8718 

35-39 

,482  9433 

.495   1033 

15 

,  458  oS.z 
458   1964 

35-38 

.470  7.76 

34.81 

.483   1540 

34.28 

,495  4061 

33-79 

la 

35-37 

,470  9165 

34-80 

-483  3597 

34-'S 

.495   60B8 

3378 

n 

+5S   5035 

35-36 

-47'   '353 

34-79 

aH  5653 

34-17 

.495   S114 

33-77 

18 

458  7=,07 

J5-35 

■47'  3440 

34-79 

-483  7709 

34.26 

.496  0140 

33-76 

19 

458  93»a 

35.34 

.471  5517 

34-78 

.483  9764 

34-15 

.496  216S 

33-75 

20 

'459   '448 

35-33 

■47'  7613 

34.77 

.484  1819 

34,24 

-496  ^19^ 

33-75 

21 

459   3567 

35-3' 

.47.  9699 

34.76 

.484  3873 

34.13 

33-74  - 

32 

459  56S6 

3-5-3' 

.471  17B4 

34.75 

-484  5917 

34-1' 

.496  8140 
■497  °'64 

33-73 

23 

459  7805 

35-30 

.47'  3869 

,-34-74 

.484  7980 

34.11 

33-7' 

24 

459  99*=^ 

35.19 

-47'  5953 

34-73 

.485  0033 

■497  1187 

33-71 

39 

I  460  2040 

35.2S 

.472  3037 

34-73 

,485   xo3s 

34.20 

.497  4310 
-497  633' 

33-71 

26 

tlttlf. 

35.^7 

.473    Olio 

34-7' 

■485  4137 
.485  ^'88 

2- 

35.26 

-473  1103 

34.71 

lt\t 

.497  S354 

33.69 

38 

460  sjh 

35.15 

-473  41*5 
,473  6366 

34-7° 

-485  8239 

34.17 

.49S  0376 

33-68 

3« 

461  0503 

3S-H 

34-69 

3+,i6 

,49a   1396 

33-68 

30 

I  461  S617 

35-13 

-473  8447 

34.6  s 

,486  2338 

34.16 

-498  4417 

33-67 

31 

:.':  till 

35-^3 

.474  0527 

34-67 

tit  till 

34 '5 

-498  6437 

3366 

32 

35.21 

,474  2607 

3^66 

34,>4 

.498  8456 

33.65 

33 

+6.    8<>;7 

35.21 

,474  4686 

34.65 

.486  84^4 

34-' 3 

-499  0475 

33-65 

34 

463    1069 

35.20 

,474  6765 

34-64 

,487    CSJ2 

34.12 

-499  '494 

33-64 

35 

I  461  3j3o 

35-1? 

-474  8843 

34.63 

.487  2579 

34.12 

-499  45" 

33-63 

36 

461  5291 

35-'8 

-475  0911 

34.62 

.487  4626 

34-11 

-499  6530 

33.62 

37 

461  7401 

35-'7 

-475  '99^ 

34.61 

.487  6672 

34,10 

.499  8547 
■5°°  05S3 

33.62 

38 

462  9511 

35-16 

■475   5075 

34.61 

.487  S718 

34.°9 
34,08 

33-61 

39 

463  1^20 

35-15 

.475  7151 

34-60 

.48S  0763 

33.60 

40 

1463  37S9 

35-'4 

-47!  9"7 

34.59 

.48 8  2807 

34-07 

T^  tm 

33-59 

41 

463  5837 

35-'3 

.476   '301 

34-5  8 

.488  4852 

34-°7 

33-58 

43 

463  7944 

35.12 

.476  3376 

34-57 

.488  6395 

34,06 

.500  8625 

33-58 

43 

464  0051 

3S-" 

.476  5450 

34.56 

.488   S939 

34.05 

.501  0640 

33-57 

44 

464  2.;S 

35.10 

-476  75*4 

34-55 

.489  0981 

34-04 

,501    2654 

33.56 

4» 

i  464  4163 

3S.°9 

.476  9596 

34.54 

.489  3023 

34^°3 

-5°|  J667 

33-55 

40 

464  6369 

35-08 

■477   1669 

34.54 

.489  5065 

34,01 

33-55 

4r 

464  S473 

35.07 

■477  3741 

34.53 

.4S9  7106 

34.02 

■'H  0^0^ 

33-54 

4S 

465   0577 

35.06 

.477  58" 

34.51 

■489  9147 

34-0' 

33-53 

11 

465   2681 

3S-0S 

-477  7883 

34-5' 

.490  1187 

34.00 

:;oi  171I 

33-51 

1     50 

'ttUllt 

35-04 

■477  9953 

34.50 

.490   3127 

33-99 

33-51 

51 

35-04 

34-49 

,490  5166 

33-98 

,501  6738 

33-5' 

53 

465  8988 

35-03 

.478  4091 

34-4S 

-490  730s 

33-97 

,502  8748 

33.50 

53 

46B  1=90 

3S-°iS 

.473  6161 

34-47 

-49°  93+3 

33,96 

54 

466  3.90 

3S-0' 

.478  8229 

34.46 

.491    .3B1 

33.95 

.503  2767 

33-48  ■ 

55 

1 466  5190 

35.00 

■479  0197 

34-46 

.491    3418 

33-95 

,5°3  4776 

33.48 

56 

466  7390 

34-99 

-479  1304 

34-45 

.49'   545; 

33-94 

■503  6784 

3  3-47 

456  9489 

34-98 

.479  4430 
.479  6496 

34-44 

-491   7491 

33-93 

■S03  879^ 

33-46 

58 

4fi7   .5S7 

34-97 

34-43 

■49'   95^7 

33-91 

33.45 

59 

467   368s 

34-96 

-479  8562 

34-4' 

,49'   '562 

33-9' 

.504  1807 

33.44 

60 

■  467  5781 

34-95 

.480  0627 

34-41 

-491  3597 

33,91 

■504  48'3 

33-44 

BiBd  by  Google 


TABLE  VI. 

For  finding  the  True  Anomaly  or  tl.e  Tunc  from  the  : 


— 

V. 

44° 

45"" 

46 

° 

47 

logM, 

Dlff.l". 

lofiM. 

Biff.  1", 

losM. 

Dtri". 

logM, 

DUf,l", 

0- 

■504  4813 

33-44 

..516  4390 
.516  6370 

33.00 

.528  2435 

32.59 

,539    9048 
.540   0980 

31,20 

1 

.504  6S.g 

33-43 

32.99 

,528  A390 
,518  ^344 

32-58 

31.20 

8 

.504.  SSss 

33-42 

.516   S349 

32.9S 

32-57 

■54°  2912 

31,19 

3 

.505  083Q 

33-4^ 

.517  0328 

32,93 

,528  8299 

32-57 

■54°  4843 

32,18 

4 

■50s  '■81s 

33-41 

■517  2306 

32,97 

-529  0252 

32-56 

.540  6774 

31,18 

5 

.505  4S39 

33.40 

1-5 17  4^84 
.517   gl62 

32.96 

,519  2206 

32-5S 

,540  8705 

32.17 

e 

■SOS  6843 

33-39 

32.96 

.519  4159 
.519  ^112 

32.55 

.541   0635 

32.17 

7 

.505  S846 

33-39 

-517   S139 

3>-9S 

32,54 

-54'  2564 

32,16 

8 

.506  084.9 

33-3» 

.5.S  021S 

3»-94 

.519   8064 
-53"  ™i6 

32.53 

-541  4494 

32.15 

fl 

.506  2852 

33-37 

.;i8  2.9^ 

32-93 

32.53 

.541   6423 

32,15 

10 

.506  4854 
.506  S8s; 

33-3^ 

..5.8  J.68 
.518  ^143 

3:»-93 

.530  1967 

32.52 

■541   8352 

31,14 

11 

33-36 

31.92 

.53°  391K 

31,51 

.542  oiSo 

32,14 

12 

.506  885S 

33-35 

.51S   SiiS 

32.9. 

.530  5^69 

32-51 

.542  2208 

32,13 

13 

,507  0857 

33-3'l- 

-519  <"'93 

32.91 

.530  7819 

31,50 

-542  4135 

32.12 

14 

■S°7  1857 

33-33 

.5.9  2067 

32.90 

.530  9769 

32.49 

-542  6063 

31,11 

15 

■S°7  43S7 

33-33 

1-519  4°4i 
■519  6o>4 

32.89 

■S3'  'm 

32.49 

-542  79S9 

31,11 

18 

•507  6855 

33-3^ 

32.89 

■S31  3«a 

32.48 

.541  9916 

32.10 

IT 

.507  S8;s 

33.31 

.519  7987 

32.88 

.531  5616 

31,48 

-543  1842 
-543  3768 

32,10 

18 

.50S  0853 

33,30 

.519  9960 

32.S7 

■S3'  75^5 

32.47 

32-09 

10 

.;o8  2S51 

33.29 

.520  1932 

32,86 

-53'  9515 

32,46 

■S43  S693 

32,09 

ao 

tl  fstt 

33-^9 

I  5ZO  3904. 

J2.S6 

.532  .460 

31.46 

■543  7618 

32.03 

21 

33-^8 

■52=  shs 

32.85 

-S32  34°7 

32-45 

■543  954-3 
-544  1467 

31,0s 

33 

.508  8843 

33-^7 

.520  7846 

32.84 

-532  5354 

32-44 

32-07 

33 

.509  0839 

33-^7 

.520  9816 

32,84 

■532  73™ 

32-44 

■544  3391 

32,06 

34 

.509  283s 

33-^6 

.521    1786 

32.S3 

.532  9246 

32-43 

■544  53'5 

32.06 

35 

.509  4830 
.509  6825 

33-25 

1.521   3756 

32,82 

■533   1192 

32-43 

-544  723S 

32.05 

2G 

33.24 

.521    5725 

32,82 

■533   3'37 

32.42 

■544  9161 

32-04 

.509  SSi9 

33.24 

.511   7694 

32,81 

-533  S°82 

31.42 

■545  1083 

32,04 

38 

.510  0S13 

33.23 

.53[    9662 

32.80 

■533  7027 

32.4" 

■545  3°oS 

32-03 

1    39 

.510  28C7 

33-2S 

-5^^  163° 

32,80 

.533  897. 

32,40 

■545  4927 

32.03 

30 

.510  4800 

33.21 

32-79 

,534  0914 

32-39 

-545  6849 

31 

.510  6791 

33.il 

■5»2  5565 

32.78 

-534  2f58 

■545  8770 

31,01 

33 

.5J0  S7S; 

33-^° 

■522  753' 

32,78 

-534  4801 

32,38 

.546  0690 

31,01 

33 

.51.  077S 

33-J9 

.522  9498 

32,78 

.534  6743 

32-37 

.546  26  „ 

31.00 

34 

.51.  276S 

33.18 

.523   1464 

32-77 

■534  8685 

32-37 

-546  4531 

31,00 

35 

.;ii  4759 

33-iS 

1,513   3429 

32,76 

■535  °627 

32-36 

.546  6450 

3'-99 

36 

-5"  6749 

33-17 

■5^3  5394 

32-75 

-535  256S 

32.35 

-546  8370 

3.,9| 

3T 

■S"   8739 

33.16 

-523  7359 

32,74 

-555  4S°9 
-535   645° 

32,35 

,547  02S9 

31,98 

3S 

.512  0729 

33-15 

-513  93^3 

32-73 

32,34 

■547  2207 

31.97 

39 

.5.2   27il 

33-15 

.524  12S7 

32-73 

■535  839° 

32-33 

-547  4125 

31.97 

40 

.512  4707 

33-14 

1,524  3251 

31,72 

,536  0330 

32,33 

■547  6043 

31,96 

41 

.512  6695 

33-13 

.514  5214 

32.71 

,536  2270 

32-32 

■547  7961 

31.96 

42 

.512  86§3 

33-13 

.514  7176 

32,7! 

■"tfi 

32,32 

■547  9878 

3' -95 

43 

.513  0670 

33.12 

.524  913S 

32,70 

32-31 

•548   1795 

-3 '-94 

44 

.;i3  2657 

33-" 

.525    IJOO 

32,70 

.536  8086 

32-30 

.548   37.1 

3'-94 

45 

.513  4644 

33-'" 

1.515  3062 

32,69 

■537  o°24 

32-30 

■54S  562? 

31,93 

40 

.513  6630 

33.10 

.525  5023 

31,68 

■537  1962 

32-29 

■548  7543 

3'^93 

4'r 

.573  S615 

J3-°9 

.525  6983 

32-67 

■537   3899 

3i.2i 

■548  94SS 

48 

.514  0601 

S3-o= 

.515  B944- 

32.67 

-537   583* 

32.28 

-549    1373 

31,91 

49 

.514  158a 

33.07 

.526  0903 

32,66 

■537  777' 

32.27 

.549.  3288 

31.91 

50 

■514  4570 
■SI+  6554 

33.07 

1,526  2863 

32-65 

,537  9708 

31.26 

■549  5201 

31.90 

51 

33.06 

:526  tjsl 

32,64 

.538    1644 

32.16 

■549  7116 

31.90 

53 

■514  8537 

33.05 

32,64 

-538    3579 

31,15 

■549  9°50 

3''!^ 

53 

.515  0520 

33-°5 

,526  8739 

32,63 

■538  SS14 

31.25 

■55°  =943 

3i,8§ 

54 

.515  2503 

33.04 

.527  0696 

32,62 

.538  7449 

32.24 

■55°  2isS 

31.88 

55 
86 

.515  4485 
.515  6467 

33.04 
33-°3 

1,527  2654 
.517  4611 

32.62 
32,61 

-538  9383 
■539  1317 

32.13 
32,13 

.55°  4769 
.550  6681 

3'-S7 
3''87 

57 

-SI 5  8449 

33.01 

,527  6567 

32-61 

-539  3250 

32.12 

,550  8593 

31,86 

58 

.Si5  0430 

33-=" 

,527  8524 

-539  5183 

32,11 

-551  °5°4 
,551  1416 

31,86 

59 

33.01 

,528  0479 

32,60 

-539  7"6 

31,85 

60 

.516  4390 

33.00 

1,528  243  s 

32-59 

■539  9048 

32,10 

■55'  4326 

3..S5 
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TABLE  VI, 

For  finding  tlie  True  Anomaly  or  the  Time  from  llie  Periliolioii  ii 


48° 


?Sa 

1876 

?W 

9601 

553 

,50a 

,4.D 

ll- 

51^1 

W 

•511" 

1^1 

2f,48 

55+ 

TAi 

Khdi 

555 

o;f.? 

556  3S8S 
556  5790 
556  7691 

556  9592 

557  1493 
557  3393 
557  5^93 
557  7193 
557  909* 


558  8584 

559  o+8j 
559  ^379 
559  4*75 
559  f"T- 
559  806S 

559  9963 

560  1659 
560  3754 
560  5648 
;6o  7543 


;6s  j6S6 

561  457 S 

562  6469 
S6u  8360 


49° 


■563  =■  - 
.563  4030 
.563  5910 

,  3  7809 
,563  9698 
.564  15S6 

•564  3475 
■564  5303 

1.564  7150 
.564  9138 
.56;  lois 
■565  19" 

565  4798 

1.565  6684 
.565  8569 


.567  3644 
1.567  5517 
.567  7409 
.567  9291 


.571  8123 
.572  9997 

1.573  187° 
■573  3743 
•573  S^'° 
-573  74S9 
■573  9301 

1.574  '^34 


50° 


i  3106 
■574  4977 
■574  6S49 
■574  87== 

I.S7S  0590 

■575  146" 

■575  433' 

■575  620! 

■575  8070 


.576  3677 
-576  5546 
.576  7414 
t.576  9281 
-577  'H9 
■577  3016 
■577  4S83 
■577  6749 

577  861; 

57 8  04S1 
,578  1347 
.578  4213 
.573  6078 


i.;8o  6575 
.580  8436 
-"I  0298 


.;8a  8896 
■5S3  °7!4 
,583  i6ia 

1-583  4470 
-583  6327 
.583  8184 
.584  0041 
.584   1898 

■■584  3754 
,584  5610 
,584  7466 
.584  9321 
.585   M76 

1-585   3=3' 


30-99 
3°-99 
30.98 
30.9S 
30.97 
30.97 


30,9s 
30.94 
3°^94 
J0.94 
30.93 
3°-93 


I  P.TraboIie  Orbit. 


.58;  4886 
.58;  6740 
.58;  8594 
.586  0448 

■586  415s 
.586  6008 
.586  7859 
.586  971J 

1.587  1565 
■587  34' 7 
.587  ;i68 
.5B7  7ISO 
.587  897, 

1.588  0821 
.588  2672 
,58s  -4512 
,58     S372 


,589  3769 
.5S9  5618 
,589  7466 


,591   1143 
■59'   4 
■59'  5935 

1.591  7780 
■59'  96^5 
.591  1470 
■59^  33'5 
■59^  5'59 

1.592  7003 
.591  8847 
.593  0690 
■593  ^534 
■593  4377 


-594  1746 
■594  358S 
1.594  54^9 
-594  7^7° 

.594  9I!1 

-595  °95J 
-595  ^79* 
'■595  4633 
■595  6473 


■595 
.596  c 
.596  I 
..596  3829 
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TABLE  VI. 

For  finding  tliG  Ti'iiQ  Aiifjnialy  or  tlie  Time  from,  the  Pecihelion  ii 


1  Parabolic  Orbit. 


•tf. 

52° 

53 

"54 

° 

55°         1 

logM. 

mn.v. 

iceM. 

Diff.l". 

iogM. 

Diff.l". 

logM. 

Mff.I", 

0' 

.596    38^9 

30.65 

.607  3703 

30.40 

.6.8  172+ 

30.17 

.639    0959 

19.96 

1 

,596    5668 

30.64 

.607  5527 

30-39 

.5.8  4534 

■629  2757 

19.96 

2 

.596  75q6 

30.64 

.607  7350 

30.39 

.618  6344 

.629  4554 

39.96 

3 

.596  9344 
.597  "Bl 

30.6, 

.607  9174 

30.39 

.61S  8)53 

.629  5351 

29-95 

4 

30-63 

.608  0997 

3o.3§ 

.6,8  99^3 

30.16 

29.95 

5 

■597  3°^° 

.608  iSxo 

30-38 

.6.9   1772 

.639  994S 

19.95 

6 

■597  4857 
■597  6694 

Hii 

:6o3  64^5 

30.38 

.619   3581 

.630  1743 

19.94 

r 

3°-37 

.6.9  5390 

.630  3538 

19.94 

8 

■597  »53' 

30:61 

.608   81S7 

.619  7.99 

■630  5335 

19.94 

9 

.598  Ojgg 

.6.9  9007 

-630  7' 3' 

29.93 

10 

.59B  1104 

30.60 

.609   1931 

30.36 

.620  0816 

30.14 

.630  S927 

29.93 

.598  4040 

.609  3752 

30.36 

.610  2623 

.631  0733 

29.93 

12 

■S9«   587^ 

30.59 

■609  5573 

30-35 

.610  4431 

.6j.    25.8 

29.92 

13 

.598  7711 

30.59 

.609  7394 

3°-3S 

.620  6239 

.631   4313 

.59S  9547 

3°-59 

.609  91(5 

30.34 

.530  8046 

.6j.   6108 

29.91 

15 

■599  '3^1 

30.58 

.610   .036 

30-34 

.620  9853 

30.12 

.631   7903 

19.91 

1» 

■599  3^17 

30.;  8 

.610  2856 

30-34 

.621   1660 

.631   969I 

19.91 

17 

.599  5051 

3°^S7 

.610  4676 
.61Q  6496 

30-33 

.62.   3467 

.632   1495 

IS 

■599  oS8s 

30^S7 

30-33 

.621  5274 

.633  3186 

29.90 

19 

■599  S7.9 

30.57 

.610  831; 

30.32 

.621  7080 

.632  5081 

29.90 

20 

.600  0553 

30.56 

.611   0135 

30.32 

.621   88S6 

.632  6S75 

29.90 

Si 

.600  1387 

30.56 

.611    1954 

30.31 

.622  0692 

.632  8668 

29.89 

33 

.600  6053 

30.5s 

.611    3773 

30.31 

.622  2497 

.633  0462 

19.89        : 

33 

3°-55 

.611    5591 

30.31 

.622  4303 

30.09 

.633  2155 

I'll 

34 

.600  788^ 

3°^5S 

.61.   74-0 

30.31 

.622  6108 

30.09 

.633  4048 

25 

.600  9718 

30.54 

,611   92x8 

30.30 

.622  7913 

30.08 

-633  5S41 

29.S8 

20 

.601   1 55 1 

30-54 

.61a     lQi6 

30-30 

.622  9718 

30.08 

■533  7634 

29. 88 

37 

.601   3383 

30.53 

30.19 

.613  1523 

.633  9417 

29.87 

28 

.601  5zil 

30-53 

i'ti  till 

30.19 

.633  3327 

30.07 

.634  12.9 

19.B7 

29 

30.51 

30.29 

.623  5.31 

30.07 

.634  30.. 

39.B7 

30 

.601  8877 

30.51 

.612  8316 

.623  6935 

30.06 

.634  4803 
.S34  6595 

29.86 

31 

30.51 

.6.3  oi3^ 

30.1S 

.623  8739 

30.06 

39.86 

32 

.602  1539 

30.51 

.613   1949 

30.28 

.624  0543 

30.06 

.634  83S7 

39.S6 

33 

:as 

3o^5' 

.613   3765 

30.27 

.624  2346 

30,05 

.6js  0178 

30.86 

34 

30.50 

.613  SS82 

30.27 

.624  4149 

30,05 

.635  1969 

29-SS 

35 

.601  803Q 

JO-5° 

.613   7398 

30.26 

.624  5952 

30.0s 

.635  3760 

29.85 

30 

,601  9860 

3°-S° 

.613  9213 

30-^6 

.624  7755 

-635  S5S1 

29.35 

3T 

.603 1690 

30-49 

.614  1029 

.624  9557 

30-04 

.635  7343 

29,84 

3S 

.603  3519 

30'4? 

.614  2844 

30.15 

.635  1360 

.63;  9133 

29.84 

39 

30.4S 

.614  4659 

30-25 

.625  3'6- 

30.03 

.6  36  0931 

29.84 

40 

.603  7177 
.603  9005 

30,48 
30-47 

.614  6474 
.614  8285 

30.25 

.625  4964 
.625  6765 

30.03 
30.03 

,636  1713 
.636  4501 

29.83 
19.83 

42 

.604  0834 

3°-47 

.615  0103 

JO.  14 

.625  8567 

30.02 

.636  6293 

29,83 

43 

.604  i66i 

3°-47 

.615   1917 

30.13 

.626  0368 

.636  B081 

29.82 

44 

.6=t  4+9° 

30.46 

.615  373" 

J0.13 

.626  2169 

30.02 

.636  9S71 

19.82 

45 

■604  6317 

30.46 

■6'5  5545 

30.23 

.626  3970 

30.01 

.637  1660 

39-82 

46 

.604  S145 

30-45 

.615  7358 

30.21 

.626  577" 

.637  3449 

19,81 

47 

.604  9973 

30.45 

.615  9171 

30.31 

.616  7571 

.637   5'.38 

19.8. 

48 

.605   1799 

30.4s 

.616  0984 

30.21 

.626  9372 

.637  7037 

29-8. 

49 

.60s   3616 

3°-44 

.6.6  Z797 

30.21 

.617  1173 

30.00 

.637  88.5 

19.8. 

60 

.605   5451 

3°-44 

.616  4610 

30,11 

.627  2972 

.63S  0603 

29.80 

51 

.60s  7^78 

30-43 

.616  6422 

30.20 

.627  4771 

29.99 

.63S  2391 

63 

.605  9104 

3  =■4  3 

.616  8^34 

30.20 

.627  6571 

29,99 

.63S  4179 

29.80 

63 

.5o6  0930 

3 =■43 

.617  004? 

30.10 

.627  8370 

29.99 

.63S  5967 

29.79 

64 

.606  ^55 

30.41 

.6.7   .858 

30.19 

.628  0169 

29.98 

■638  77S4 

29,79 

55 

.606  45«' 

30.42 

.617   3669 

30.19 

.628  1968 

29.98 

.638  9S4» 

^9-79  . 

60 

.606  6406 

30.42 

.617  5481 

30.19 

.628  37S6 

39.98 

-639   13*9 

29,7s 

57 

,606  8130 

30.41 

.617  7392 

30.II 

.628  5565 

29.97 

.639   3116 

29.78 

58 

.607  005; 

30.41 

.617  9IOJ 

30.18 

.628  73*3 

29.97 

.639  66S9 

29.7S 

59 

,607  1879 

30,40 

.6ifi  0913 

30.17 

.628  9161 

29.97 

29.77 

60 

,607  J703 

30.40 

.618'  27*4 

30.17 

.639  0959 

39.96 

.639  8475 

29.77 
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TABLE  VI. 

g  the  Tcue  Anomaly  or  the  Tlma  from  the  Perlhelioi 


a  Parabolic  Orbit. 


„. 

56 

57 

58 

59''        II 

IcgM. 

Kff.1", 

log  M. 

Diir.]". 

logM. 

DiiT.l". 

lOBM. 

Dlff.l", 

0' 

1 

3 
3 
4 

.639    8475 

^640   2048 
,640    3833 
.640   5619 

29.77 
19.77 
29.77 
29.76 
19.76 

ill  ?,it 

.650  8887 
.65.  0663 
.651  243S 

19.60 
29.60 
29-59 
29,59 
29.59 

.661    1 601 
.661    3368 
.661    034 
,661    6900 

.661  8666 

29,44 
29.44 
19.44 
19-43 
19.43 

.671    7331 
.671   9°89 
.671  0846 
.672  1604 
.671  436Z 

19.30 
19.30 
19.30 

29.19 

5 

e 

s 

9 

.640   7405 
.640   9190 
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29.42 
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19.19 
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19.18 
19.28 
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14 

.641  63Z9 
.641   8H4 
.641   9f98 
.642  1682 
.64a  3466 
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29.74 
29.74 
^9-73 

.651  30S6 
.652  4S6, 
.651  6635 
.6^1  840I 
.653  0182 
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19.57 
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29.56 
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29.42 
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19.41 
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ill  St 
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,674  0174 
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29.27 
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19 
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.643  0599 
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29.72 
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■053  5501 
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29.5s 
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.663  8081 
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29 

.644  3077 
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.667  1577 
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.677  7028 
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19.23 
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37 
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30 

-646  08  86 
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19.66 
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.656  7391 
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.657  0933 
.657  1703 
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19.50 
19.50 
19.50 
19-49 

.667  3338 
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.667   6S61 
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29.35 
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19,35 
29,35 

.677  8781 
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-67S  4041 
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29.12 
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44 

.646  9785 
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-647  3343 
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29.65 
29.65 
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.657  9781 
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.658  3318 
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29.49 
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29.48 
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29.34 
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.673  7547 
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.679  1053 
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29.11 
29.11 
29.H 
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46 
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49 

.647  8679 
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.648  S791 
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19.6J 
29.63 
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.658  6855 
.653  8614 
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.659  2161 

29.48 
29.48 
29.47 
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.669  0945 
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.669  7984 
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19-33 
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29.32 
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.679  9815 
.6S0  1567 
.680  3319 

29.10 

19.10 
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29.20 

50 
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53 
54 

.648  7569 
.648  9346 
.649  1123 
.649  ^9=1 
.649  4677 

29.63 
29.62 
29.62 
29.61 
19.6. 

.659  3929 
-659  5697 
.659  7465 

ill  nil 

19.46 
19.45 
19.46 
19.46 

.669  9744 
.670   15=3 
.570  3161 
.670  coil 
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29.32 
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29.32 
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29.31 
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50 
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59 
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29.45 
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19.18 
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.6;o  5336 
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,703  1 856 
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28.97 
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3 
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29,06 
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28,97 
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29.17 

.693   4383 

.703  S8i3 

28.96 
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Ml  .312, 

29.16 

.693    6127 

29.06 

,704  0556 
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88 

.683  3082 

.693    787° 

29.05 

,704  2293 

28.96 
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.693    9613 

29.05 

,704  4031 

28-96 

.6S3  2581 

29.16 

.694    1356 

29.05 

,704  576S 

28,96 

.6S3  S331 

29..  6 

.694  3°99 

29.05 

.704  7506 

28.96 
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29.16 

,694  4842 

.694  hh 

29,05 
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28.96 
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88 
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29.15 
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28,95 
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38 
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29.15 
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.705   2718 

28-95 
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87 
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87 
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29-I5 

■.695  1S.3 

29,04 

28.95 

87 

29.14 

•^95  3555 

29,04 

.705  7929 

28,95 

-716  199S       iS 

87 

.685  0574 

29.14 

.69;  5298 

29.04 

.70;  9666 

28,95 

.716   3730       23 

87 

.685  23^3 

29.14 

.695  7040 

29.04 

.706   1402 

2S.95 

.716  5462       1 

87 

.6S;  4071 

.69s  Sjh 

29.03 

.706  3139 

28,94 

■7"6  7194      ^ 
.716  892?      28 

87 

.685  5820 

29:14 

,696  0524 

29,03 

.706  487s 

28.94 

87 

-68s  7568 

29.14 

.696  2266 

29.03 

.706  6612 

28.94 

.717  0658      28 

86 

.68,  9J.6 

29.13 

.696  400S 

29.03 

.706  8348 

23,94 

.717  2390      2 

86 

33 

.686  1064 

29.13 

.696  5750 

29.03 

.707  00S5 

28.94 

-717    4122         28 

86 

33 

.686  1811 

29.13 

.696  7491 

29,03 

.707  1821 

28,94 

.717  !S;3      28 

86 

34 

.686  4560 

29.13 

.696  9233 

.707  3557 

23,94 

.717  7585      28 

86 

35 

.686  630s 

»9'3 

,697  0974 
.697  2716 

29,02 

.707  5293 

23.93 

.717  9317      iS 

86 

36 

.686  S055 

29.13 

29.02 

.707  7029 

28.93 

-718  1048      18 

86 

27 

.686  980J 

29.12 

■697  4457 

.707  876; 

28,93 

.718  27S0      28 

86 

29 

.687  -SSO 

.697  6198 

29,02 

.708  0501 

28,93 

.718  4!"      ^l 
.718  6242      28 

29 

.6B7  3197 

29.J2 

.697  7939 

.708  2237 

85 

30 

.687  5044 

,697  96^0 

29.02 

.708   3972 

28,93 

.71S  7974      28 

85 

31 

.687  S79. 

29.12 

.698  1421 

29.01 

.70S  5708 

.718  9705      28 

32 

.687  8sj3 

.69B   3'62 

29.01 

.70S  7444 

28.91 

.719  1436       23 

33 

.688  0185 

29.11 

:6^8  nil 

29,01 

,708  9179 

2S.92 

.719  J167       23 

34 

.688  2032 

29.11 

29.01 

,709  0914 

.719  4898       23 

85 

35 

.688  3778 

29.11 

,698  83S3 

29,01 

,709  2650 

28,92 

.719  6629    28 

85 

3G 

.688   5525 

.699  0124 

29.01 

.709  4385 
.709  6120 

28.91 

.719  8360    28 

37 

.688  7271 

29,10 

,699  1864 

.720  0090     2I 

.688  90:7 

29.10 

,699  3604 

29.00 

.709  785  s 

23.92 

.720  182.       28 

30 

.689  0764 

29.10 

■699  S345 

.709  9590 

23,92 

.720  3552    28 

84 

40 

.6S9  2510 

,699  70S5 

,710  1325 

23.91 

.720  5282     2B 

41 

.689  4256 

29,10 

.699  8824 

.710  3060 

.720  7013       23 

42 

.689  6001 

29,09 

,700  0564 

29.00 

.710  4794 
,710  6529 

28,91 

,720  S743    2B 

43 

.689  7747 

29,09 

.;oo  2304 

29.00 

44 

.689  9493 

29.09 

.700  4044 

28.99 

.710  8263 

23,91 

.721  2204    2B 

45 

.690  1133 

29,09 

,700  57S3 

2B.99 

.710  9998 

23,91 

,721    3934       2B 

84 

4© 

.690  29S4 

29,09 

,700  7523 

28.99 

.711   1732 

28.91 

.721   5665       2B 

47 

.690  4719 

29,09. 

.700  9262 

28.99 

.711   3467 

.711   7395       2B 

48 

.690  6474 

29.08 

.701   1001 

28.99 

.711   5201 

28.90 

-721  9125       2I 

83 

49 

.701  2741 

28,99 

,711  6935 

83 

60 

.690  9964 

29.08 

,701  4480 

^M 

.711   8669 

28.90 

-722  2585       28 

83 

.691    1709 

29,08 

.701  6219 

28.98 

.712  0403 

,722  4315       28 

52 

.691  3454 

,701  7958 

28.98 

.712  2137 

.722  6044      28 

53 

.691   5199 

.701  9697 

28.98 
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28.90 

.722  7774       28 

83 

54 

.691  6943 

29.0S 

.702  1435 

28.98 

.712  5605 

28.90 

-722  9504       28 

55 
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29.07 

.702  3174- 

28,98 

.712  7339 

28,90 
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83 

56 
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29.07 

.702  4913 

28,98 

.712  9072 

28,89 
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57 

.692  z,76 

29.07 

.702  6651 

28,97 
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.692  3920 

29.07 
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28.97 
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59 
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2B.97 

.713  4273 

28,89 
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82 

60 
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3 
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28,77 
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3 
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.734  8718 
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i 
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28,77 
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28.73 
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70 

5 

.714  8527 

28.82 

■735  "^9 

28,76 
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28.73 
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70 

a 

.725  0256 

28.82 

■735  3S95 

28,76 
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7 
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28,76 

-745  9097 
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8 

.725  3713 
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28,76 
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9 
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,746  2544 
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70 

10 

.725  7171 

28.8 1 
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28.76 
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28.72 
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70 

.715  S900 

28.S1 

.736  2524 

28,76 

.746  5991 
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70 

12 

.726  0628 

28.81 
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28,76 

.746  7714 

13 
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28,81 

■736  5975 

28,76 

.746  9437 

28.71 
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.726  4085 

28.S1 

.736  770' 

28.76 

28.71 
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70 

15 

.726  5814 

28.81 

.736  9426 

28.76 

,747  2884 

28.72 

■757  6235       18 

70 

16 

.726  7542 

■737   "5^ 

28,76 

,747  4607 

28.71 
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70 

17 

.726  9270 

28.8! 

,737  1S77 

28.76 

■747  6330 
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7° 

18 

,727  0999 

28.80 

■737  4602 

28.76 

■74-7  8°S4 
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70 

19 
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.737  6328 

28-75 

■747  9777 

.758  3113       iS 

70 

ao 
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28,80 

■737  S053 

2S.75 

.748  1500 

28.72 
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70 

31 

.727  6163 

28.80 
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.727  7911 
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33 
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34 
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35 
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36 
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27 
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■739  °'^9 

-749  356' 
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29 
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■749  7°°7 
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69 

30 
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69 

31 

.729  3461 
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33 

.729  5189 
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69 

33 

.729  6916 
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28.75 
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69 

34 
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69 

35 
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28-79 
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69 

30 
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28-74 
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69 

37 
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28.79 
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69 

38 
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.740  910J 

28,74 
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69 

39 
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28.74 
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69 

40 

.730  9007 
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28.74 
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69 

41 
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28,78 
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28.74 
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,762  0999       28 

69 

43 

.731  2462 

28,7s 

28-74 

-75'  9402 

,762  271,       28 

69 

43 

.731  4>a9 

28,7s 

.741  7723 

.752  1125 
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.77S  28o5       28 

69 

.788  6.17 

■798  9508 

2S.73 

Ifi 

.768  (248 
.76S  29^9 

28 

69 

.778  4527       28 

69 

■S  lit: 

■799  '132 

n 

69 

.77S  6243       23 

69 

-799  2956 

18 

.76S  4691 

38 

69 
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29,18 

.832  4818 

39.40 

16 

.851   0948 

39.06 

.861   5754 

39.16 

.873  0950 

29.38 

.882  6582 

39.41 

17 

,851   169a 

29.06 

.861  7504 

39.17 

.872  2707 

29.28 

■8  Si  3  347 

39.41 

18 

.851  4436 

29.07  , 

.861  9354 

39.17 

.873  4464 

39.28 

39.41 

19 

.851   6180 

39.07 

.863  1004 

29.17 

.872    6221 

39.39 

mI  Vsjl 

29.41 

20 

,Ssr  79H 
.851  966a 

39.07 

1.S63  I7S4 

29.17 

.873    7979 

39.39 

.883  364. 

19,42 

21 

29.07 

.863  .505 
,363  ^35  5 

.873    9736 

19,39 

.883   5406 

22 

,852  141 1 

29.07 

.873     1493 

39,19 

.883  7171 

29.42 

23 

.S;2  3157 

29.07 

,863  B006 

29.1S 

.873     3251 

19,39 

.883   8937 

29,42 

94 

.Ss2  4901 

29.07 

.863  9756 

.873  5°°3 

19,30 

29,42 

25 

.852  6646 

29.08 

1.863   1507 

29.18 

.873  6766 

39.30 

,884  2468 

29,43 

38 

.852  8391 

29.08 

.863  3358 

29.18 

.873  8524 

19.30 

.884  4233 

29,43 

27 

■^Si  0135 

39.08 

,863  5009 

19.1 8 

.874  0283 

39.30 

.884  5999 

29,43 

28 

.853   i8lo 

39.03 

.863  ^760 

29.19 

.874  3041 

29.30 

.884  776; 

29.43 

2» 

.853  3625 

39.08 

.363  85,3 

29.19 

.874  3799 

29.31 

■334  953' 

30 

■8S3  537° 

39.09 

1.S64  0363 

29.19 

■874  S5S7 

39.31 

.38;  .297 

19-44, 

31 

•853  7"5 

39.09 

29.19 

.874  7316 

39.31 

.885  3064 

.29.44  . 

33 

.853   8861 

29.09 

.864  3756 

29.19 

.874  9074 

19.31 

.885  4830 
-83;  6597 

33 

,854  0606 

.864  5518 

.87;  0833 

»9-3' 

29,45 

34 

,854  135' 

29.09 

.864  7270 

39.30 

.87;  2;93 

39.32 

.385  8364 

19-45 

35 

.854  4=97 

39.09 

1.364  9033 

29.30 

.875  435' 

19.32 

.386  0131 

19-45 

36 

.854  5S43 

39.10 

.36;  0774 
.86;  35^6 

29.20 

.875  6111 

39.31 

29.45 

37 

.854  7588 

39.(0 

29.20 

.875  7870 

19.33 

29.45 

38 

.854  9334 

39.10 

.86;  4378 
.86;  303" 

39.20 

.875  9629 

19.33 

,386  5432 

29.46 

3S 

.85s   1080 

39..0 

29.31 

.87B  .389 

^9-33 

29-46 

40 

.855  2826 

39.10 

1,86;  7783 

29.21 

.876  3143 

=9-33 

.836  8967 

29.46 

.855  4S71 

39.10 

.36;  9536 

29.31 

.876  4908 

39.33 

.887  0735 

29,46 

43 

.85s  6319 

39,11 

'.866   1388 

29-31 

.876  6663 

=9.33 

.887  2503 

29.47 

43 

,8  5  ao6; 

29.11 

.866  3041 

29.21 

.876  841S 

39.33 

.887  4=71 
-887  6039 

39.47 

44 

.855  9«" 

29.11 

.866  4794 

29.33 

.877  0.38 

»9-34 

39.47 

45 

.B56  1558 

29.11 

1.866  6547 

29.33 

.877  1949 

39.34 

,387  7807 

19.47 

46 

■Ss^  SJ"! 

29.11 

.866  8301 

29.32 

.877  3709 

39.34 

■III  9"6 

39.48 

47 

■S56  5051 

29.11 

.867  0054 

29.32 

.877  ;47o 

19.34 

,88^   1344 

19.48 

48 

.856  6799 

29.13 

.867   1807 

.877  7130 

29,34 

.888  3113 

19.48 

4» 

.8^6  sill 

29.12 

,867  3;6i 

29.33 

.877  8991 

29-35 

,883  4882 

39.48 

50 

.857  0293 

39.12 

1.867  53H 

39.23 

1.378  0752 

29.35 

.888  6651 

29.48 

51 

.857  2040 

39,13 

.867  7068 

39,23 

.87S  i5'3 

19-35 

.888  8410 

39.49 

52 

■857  3787 

39.13 

.867  8832 

19-33 

Ztli 

19-35 

.889  0189 

29.49 

53 

■SS7  5534 

39.12 

.868  0576 

39.33 

29,35 

.889   1959 

54 

.357  71S2 

29.13 

39.14 

.878  7797 

39.36 

.889   3728 

29.49 

55 

1.857  9030 

39.13 

1. 363  4084 

29.14 

1.878  9;;9 

39.36 

1.889  5498 

39.49 

56 

.358  0777 

29.13 

39,24 

■S79  '3*' 

19.36 

,889  7268 

29.50 

.858  15x5 

29.13 

,863   7;93 

39.34 

.S79  3083 

39,36 

29.50 

58 

:8^8  till 

39.13 

,863  934S 

39.34 

.8  79  4844 

39.36 

.890  0B08 

29,50 

50 

29,13 

.S69  1102 

29,3; 

.879   6606 

=9-37 

.890  2578 

29.51 

60 

,858  7769 

39,14 

1.869  ^857 

29,25 

..S79   S369 

=9-37 

1.890  4349 

'^■-^' 

BiBd  by  Google 


TABLE  VI. 

For  finding  the  True  Anomaly  oi'  tlie  Time  fram  (lie  I'eriliello 


a  PaiTibolic  Orbit. 


V. 

80 

logM. 

-«. 

81" 

82 

83'^ 

logM, 

yM.V'. 

log  11, 

Kff,!", 

logM,         1    Bilf.l". 

O" 

■390  4349 
.890  ii'9 

29.51 

.901  0841 

29.66 

.911  7893 

29.82 

,912    5548 

19.99 

29.51 

.901    2621 

29.66 

.911  9681 

19.82 

.912    7347 

19.99 

2 

.890  7890 

=  9-51 

.901  4400 

29,66 

,912  I47I 

19.81 

.911   9147 

30.00 

3 

.890  9661 

29:51 

.901   6180 

29,66 

.912  3261 

19,83 

.913    0947 

30,00 

4 

,891   143a 

29.52 

.901   7960 

29.67 

.912  soso 

29-83 

.913  2747 

30,00 

5 

.391   3203 

29.52 

.901  9740 

29.67 

.912  6840 

29.83 

■9^3  4548 

30,01 

fi 

.891   4974- 
.891  ^745 

29.52 

.902    I52( 

29.67 

.911  8630 

.913  6348 

30,01 

7 

29.52 

.902  3301 

29.67 

.913  0410 

29:84 

.91;  8149 

30.01 

S 

.S91  8517 

^9-53 

.902  5082 

29,68 

,913  2211 

29.84 

.913  9950 

30.02 

9 

.89Z  0289 

29.53 

.902  6862 

29.68 

,913  4001 

29,84 

.914  1751 

30.01 

10 

:S§7.    206l 

29.53 

.902  8643 

29,68 

■913  S79i 

29,85 

.914  3551 

30.02 

11 

■89'  3833 

19.53 

.903 ■0424 

29-69 

■913  75*3 

29,85 

■9M  5354 

30.03 

13 

.89Z  5605 

29.54 

.903  2105 

29,69, 

.913'  9374 

29.85 

.924  7155 

30,03 

.S91  7377 

*9-S4 

.903  3987 

29.69 

.914  116; 

^9-8^ 

.914  8957 

30.03 

14 

.891  9149 

29-54 

.903  5768 

29.69 

-914  1956 

.925  0759 

30.03 

15 

.893  0921 

=9-S4 

.903  7550 

29.70 

.914  474S 

29,86 

.915  1561 

30,04 

.893  1695 

*9-SS 

.903  9332 

29.70 

.914  6540 

29.86 

.925  4364 

30,04 

17 

.893  4467 

29.55 

.904  2896 

29,70 

.9'4  833' 

29,87 

.925  6166 

30.04 

18 

.893   6140 

19.5  s 

29.70 

.915  0124 

29,87 

-91s  7969 

30.05 

19 

-893   S013 

^9-SS 

-904  4678 

19.71 

.915.1916 

29,87 

.915  9772 

30.05 

20 

■893  97S7 

29.56 

,904  6461 

29.71 

.915  3708 

I'^il 

.926  1575 

30.05 

21 

.894  1560 

29.56 

.904  8243 

.915   ssoi 

.916  337S 

22 

■894  3334 
.894  510S 

29.56 

.90;  0026 

29.71 

.915  7194 

igiss 

.926  S181 

23 

29.56 

.90;  1809 

.915  9087 

29.S8 

.926  6086 

30,06 

24 

4t  hs. 

29.57 

.90s  3592 

29.71 

.916  08S0 

29.89 

,926  S789 

30,07 

25 

.894  8656 

29,57 

.90s  5376 

29.72 

.916  2673 

29.89 

,917  OS93 

30,07 

26 

,395  0430 

29,57 

-905  7159 

19.73 

.916  446S 

30.07 

37 

.89;  2104 

29.57 

.905  S94J 

19.73 

,916  6i6q 

19.90 

,917  4102 

30,03 

38 

■89s  3979 

29.5S 

.906  072I 

19.73 

,916  8054 
,916  9848 

19.90 

,917  6007 

30,08 

39 

■89s  5753 

29.58 

.906  2510 

19.73 

,917  78- 1 

30.08 

30 

.895  7528 

29.58 

.906  4^94 

29.74 

,917  1642 

29.90 

.927  9616 

30,08 

31 

.S95  9303 

29.58 

.906  6079 

29.74 

.917  3436 

29.91 

.918    1422 

_30,09 

32 

.S96  107S 

^9-59 

.906  7863 

29,74 

.917  5231 

29.91 

.918   3217 

33 

ill  Hit 

19-59 

.906  9648 

29,74 

.917  7025 

29.91 

.928   5031 

30.09 

34 

29.59 

.907  1432 

29.7s 

,917  8820 

29.92 

.918   6838 

30.10 

39 

.S96  6404 

29.59 

.907  3217 

29,7s 

,918,0615 

29.92 

,928  8644 

30,10 

38 

.S96  8180 

.907    50O2 

29,7s 

.91S  1410 

29,92 

.919  0450 

30.10 

37 

■896  99SS 

29.60 

.907  6787 

29.75 

19.91 

,929  2156 

30.11 

38 

.S57  173a 

.907  8573 

19.76 

.918  6001 

19,93 

.919  4063 

30.1. 

39 

.S97  35°S 

29.60 

.908  03 58 

29.76 

.91S  7797 

19.93 

.919  5869 

30,11 

40 

.897  5184 

29.61 

.908  2144 

29-76 

,91s  9593 

19.93 

30.12 

41 

.897  7060 

29.61 

.90S  3930 

29.77 

,919  1389 

29,94 

.919  9483 

30,12 

42 

.897  8837 

29-61 

.90S  S7i6 

29,77 

,919  3185 

29,94 

,930  1191 

43 

.898  o6;4 

29.61 

.90B  7501 

29.77 

,9>9  4982 
,919  6778 

29.94 

.930  309B 

3°.i3 

44 

.898  2390 

29.62 

.90S  9288 

29-77 

29,94 

.930  4906 

3°.i3 

45 

.898  4168 

29.62 

.909   1075 

29.78 

.919  857s 

29.95 

.930  6713 

30.13 

46 

.898  5945 

29-61 

.909  2862 

19-78 

.920  0372 

29,95 

,930  8521 

3°-i3 

47 

.89S  7722 

29.62 

.909  4648 
.909  6436 

19.78 

,920  2.69 

29,95 

.931   °33<' 

30.14 

48 

.89B  9500 

29.63 

19,73 

,920  3966 

19,96 

,931   2i;8 

30.14 

40 

.899  1277 

29.63 

.909  8223 

29.79 

-910  5764 

19,96 

.931    3946 

30.14 

50 

■899  3°55 

29.63 

.910  0010 

29.79 

.920  7561 

29.96 

.93'  5755 

3°-i5 

51 

Z&u 

29.63 

.910   1798 

19,79 

.910  9359 

19.97 

■931  7564 

3°-i5 

52 

29.64 

.9.0  35^5 

19.S0 

,911    1157 

19.97 

-931  9373 

30.I5 

.S99  8389 

29.64 

.910  5373 

29.80 

,911    1956 

19,97 

.932   iiS3 

30. 1  g 

54 

.900  0168 

29.64 

.910  7.61 

29.80 

,921  47S4 

29,98 

.932  2992 

30..  6 

55 

.900   1946 

29-64 

.910  8949 

19.80 

.921   6551 

29,98 

,932  4802 

30.16 

56 

.900  3725 

29.55 

.911  0738 

29.8. 

.921   8351 

19.98 

.931  6612 

30.17 

57 

.900  5504 

29.65 

29.81 

,922  0150 

19.9S 

.932  8422 

30.17 

58 

29.65 

■911  43'S 

19-ai 

.922   1949 

19,99 

30,17 

50 

.900  9062 

19.82 

,922   374S 

19.99 

.933  1043 

30.18 

|»_ 

.,0,  o!,, 

29.66 

.911  7893 

29.S1 

.911  SS48 

29.99 

.933   3^53 

30,18 

BiBd  by  Google 


TABLE  VI, 

For  finding  the  Tnie  Anoraaly  or  the  Time  from  the  PerJIielion  in  a  Parabolic  Orbit. 


84 

° 

85°         1 

86°        1 

87 

logM. 

Mtf.l". 

leg  M. 

Diff.l". 

1..SU. 

mtf.!". 

logM. 

Uff.l". 

0' 

•933  38;3 

30.  J  s 

,944   2856 

30.33 

-955  2602 

30.59 

,966    3140 

30.32 

1 

■933  5664. 

30. 1  s 

■944  4678 

30.3S 

■955  4438 

'060 

.966   4990 

30.82 

2 

-933  747! 

30.19 

.944  6502 

30.39 

.95;  6174 

.966    6839 

30.83 

3 

•933  92*7 

30.19 

■944  83^5 

30.39 

.955  Siio 

.966    86^9 

30,83 

4 

.934  1098 

30.19 

.945  0148 

30.39 

■955  9946 

30.61 

.967   0539 

30.84 

5 

.934  agio 

■945  "971 

30.40 

.956  '783 

30.6, 

30.S4 

fi 

■93*  47" 
■934  6533 

■945  3796 

30,40 

.956   36.9 

30.6. 

.967   4240 

30.84 

■945  S*^° 

30.40 

.956  S456 

30.62 

.967    6090 

30.85 

8 

■934  8346 

■945  7444 

30.41 

.956  7294 

30.62 

.967    7941 

30.35 

9 

-935   =158 

■945  9269 

30.41 

.956  9131 

30.63 

.967    9791 

30,8s 

10 

■935    197' 

30,21 

.946  1094 

30.41 

■957  09^9 

30.63 

.968    1644 
.968    3496 

30.86 

11 

■935   37=4 

.946  2919 

30.41 

■957  ^807 

30.63 

30.S6 

-935   5597 

30.22 

.946  6569 

30.41 

■957  4645 
•957  6483 

30.64 

.968    5347 

30,87 

13 

■935  7410 

30.64 

.968    7200 

30,87 

.935   <,ZZi 

.946  8  395 

,957  8323 

30.64 

.968    9051 

30.87 

15 

.936   1037 

30.23 

,947  0121 

3  "■43 

.958  0160 

30-65 

.969   0905 

30.88 

■6 

.936  2851 

30.23 

.947  '°47 

30.44 

■958   1999 

.969    1757 

30.88 

.936  46S; 
.936  6479 

30.13 

■947  3873 

30.44 

■958    3839 

foJ 

.969   4610 
.969    6464 

30.89 

18 

30.24 

•947  5  "9? 

3°^44 

-958  5678 

30,66 

30,89 

19 

,936  8193 

30.14 

■947  75^6 

3°45 

■958  75r8 

30.66 

.969    8317 

30.89 

20 

,937  0108 

30.24 

■947  9 35 3 

3°^45 

.958  9358 

30.67 

.970   0171 

30.90 

21 

.937   1911 

30.15 

3°^45 

■959  "98 

30.67 

.970   1015 

30.90 

2a 

■937  3737 

30.25 

.948  3007 

30,46 

■959  3038 

30.67 

.970   3879 

30,9. 

23 
24 

■937  S!53 
-937  7368 

HM 

-',$  &lt 

30.46 
30.46 

■959  4879 
.959  6710 

3C.6S 
30.68 

■970    5734 
.970   7589 

30.91 
30,91 

25 

■937  9184 

30,26 

.948  B490 

30-47 

.959  856. 

30.69 

.970   9443 

30.92 

26 

,938  0999 

30.26 

.949  0318 

3°-47 

.960  0401 

30.69 

.971    1299 

30.91 

27 

.938  28.5 

.949  2146 

30.47 

.960  1143 
.960  4085 

,971    3154 

3093 

28 

.933  4631 
.9  38  ^448 

■949  3975 

30.48 

.971    5010 

3''-93 

29 

.949  5804 

30^48 

.960  5917 

30,70 

.971  6866 

30-93 

30 

.93a   S164 

30.18 

■949  7633 

30.48 

.960  7769 

30,70 

.971   8722 

30.94 

3t 

.939  0081 

30.28 

■949  9462 

30-49 

.960  96.2 

30.71 

.971  057S 

30.94 

33 

■939   1898 

30.28 

.950  1191 

3°-49 

.961   1454 

30.71 

.971  2435 

30.95 

■939   371S 

30.29 

■95°  31^1 

30.50 

.961   3197 

30.71 

.971  4292 

30.95     1 

34 

■939  5S33 

30.29 

■95°  4951 

3°^5° 

.961  5140 

30.72 

.971  6149 

30.95 

35 

•939  735° 

30.19 

.950  6781 

3o5° 

.961   6«33 

30,72 

.971  3oo6 

30.96 

3S 

■939  9168 

30.30 

.950  8611 

3o^5i 

.961   8827 

30.73 

.971  9S64 

30.96 

37 

.llo  0986 

30.30 

■951  0441 

3o^5' 

30.73 

.973  1722 

30.97 

38 

.940  5804 

30.30 

.951  2272 

30-51 

.961  1515 

3°^73  ■ 

■973  3580 

30.97 

30 

.940  4.613 

3°-3' 

■95'  4103 

30.51 

■962  4359 

-30.74 

■973  5438 

30.97 

40 

.940  644.1 

30.31 

.951   5934 
.951  7766 

30.51 

.961  6103 

30^74 

■973  7197 

30.98 

41 

.940  8260 

30.31 

30^5^ 

.962  8048 

3='^75 

.973  9156 

30,98 

42 

.941  0079 

30.32 

-951  9597 

30-53 

30^75 

.974  1015 

30.99 

43 

.941   ,898 

30.32 

.951  1419 

30-53 

30^7S 

,974  2874 

30-99 

44 

.941   3717 

30.32 

.951  3161 

30^53 

.963  3583 

30.7S 

■974  4734 

30.99 

45 

■941  5537 

30-33 

.952  5093 

30.54 

.963  5429 

30,76 

■974  6593 

31.00 

46 

•94'  7357 

3'>^33 

.951  691; 

30.54 

.963  7275 

30.77 

■974  8454 

31.00 

47 

.941  9177 

3°' 34 

.951  8758 

3°^55 

.963  9121 

30.77 

-975  0314 

48 

.941  0997 

30.34 

■953  059' 

30'55 

.964  0967 

3°^77 

■975   ^'74 

31.01 

49 

.942  2817 

30.34 

■953  2424 

3°-S5 

.964  2814 

30.78 

■975  4035 

50 

.941  4638 

3°-3S 

■953  4^57 
■953  6091 

30,56 

.964  4660 

30.78 

■975  5896 

31.02 

51 

.942  6459 

3°^35 

30.56 

.964  6507 

30.78 

■975  7757 

31.02 

52 

.94a  8180 

30.3s 

■953  79^4 

30.56 

■964  8354 

30.79 

■975  9619 

31.03 

53 

.943  0101 

3°-36 

■953  9758 

30^S7 

.965  0102 

3°.79 

.976  1481 

31.03 

54 

■943  '913 

30.36 

■954  '59» 

30-57 

.965  2050 

30.80 

■976  3343 

31.04 

55 

.943  3744 

30.36 

■954  34^7 

30.57 

.965  3897 

.976  5205 

31,04 

56 

■943  55*^ 

3°'37 

■954  5^6^ 

30.58 

.965  5746 

30.S0 

.976  7067 

31.04 

57 

■943  738S 

3°^37 

.954  7096 

30.58 

,965  7S94 

30.81 

.976  8930 

31.05 

SB 

■943  9111 

3°-37 

■954  893' 

30.59 

.955  9441 

30.8. 

-977  0793 

31.05 

59 

■944  i°33 

30.3S 

.955  0766 

3°.S9 

.966   129, 

30.81 

.977  i6;6 

3. .06 

60 

.944  2856 

30.38 

,95s  i6oi 

30,59 

.966   3,40 

30.S2 

■977  45^° 

3.. 06 

BiBd  by  Google 


TABLE  VI, 

;  Aiiomiily  or  the  Time  from  the  Perilielioi 


a  Parjibolic  Orbit. 


88° 


H77 

4120 

97« 

1970 

978 

1S41 

97S  5706 

978  94j6 

979 

979 

1i68 

979 

;-j+ 

980 

9971 

q8> 

184.Z 

1710 

';';7Q 

93.S 

qXx 

tt8B 

,oSS 

9^. 
08 1 

t?9^ 

981 

983 

JXS3 

983  8027 

98, 

■.»<.9 

1771 

7391 

984.  9164 

ms 

101 3 

98  s 

6751 

^h 

8636 

.9S6  8014 

.9S6  9890 

987  1767 

,9|7  3644 

,987  S5I1 

.987  7398 

9S7  9176 
,98r 


8  303^ 


.988  4911 


89° 


•993  °°7J 
■993  1958 
■993  38+3 
■993  5719 
■993  7015 
■993  950' 
•994  1387 
■99+  3174 
■994  S'O' 
■994  7048 
---  8936 


■995  46': 
•995  6488 
■995  8377 


.996  ii5s 
.996  4045 
.996  S935 
.996  7815 
,996  9716 
.997  1606 


■997  7^So 
■997  9172 
.998  1064 
.998  2956 
.998  4849 
.99S  6741 
.998  8635 

■999  0529 
,999  1411 
33;^ 


90° 


:^° 

.89; 

000 

7582 

™ 

9478 
137s 

™; 

l± 

iC^J 

XS 

ooz 

E 

00; 
003 
003 
003 

8456 

0355 
"54 
4'54 
6oj4 

003 

^355 

004  I7sf 
004  3658 
°o4  5559 

004 
00; 
00s 

7461 
9363 
116; 
3.6!! 
5°7' 

00; 
oof 

006 

459° 

108  3649 
.08  ss;6 

,og  74S4 

;°9  ?i?o 

.009  31 89 


S8S 


91° 


="  6m 

"IttS 

12  7i94 
11  9508 

13  1411 

i'- 

'3  J337 
13  5152 

i'- 

13  9-083 

i'- 
31- 

3i' 

14  674-8 

15  o;8i 

3«- 

31- 

3'- 
3'- 

15  S336 
I!  S155 

3'- 
^'■ 

3'- 
3'. 

16  4011 

3'^ 

16  9771 

3^. 
31. 

17  1693 
17  3614 
17  5535 
17  937S 

31. 
31. 

31. 
31. 

.8  .3™ 

31. 

;^d 

32. 

18  ^991 

19  °?i; 

31.C 

:;  til 
,,  1613 

31.^ 
31.C 

31. 

1 980; 
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For  finding  the  True  Aiiu 


TABLE  VI. 

r  (ho  Time  from  tlic: 


a  Parabolic  Orbit. 


92^ 

93^ 

94°         1 

95°         l| 

logM,            lilff.l". 

logJVT.            Uiff.l". 

1,,.  M, 

DifT.V. 

l..'M. 

D, 

0' 

.07.1  94SO 

32.16 

034   5797 

32.48 

046    3296 

32.80 

.058  2005 

33 

15 

1 

31.17 

=34  7745 

32.48 

046    5264 

32.81 

.058   3994 

33 

'1 

3 

.013  33JI 

.034  969+ 

3^-49 

046    7233 

32.82 

.058   59S3 

33 

16 

3 

.013   5141 

31.. 3 

-035   1644 

3M9 

046    9202 

32.82 

.05  8  7973 

33 

4 

.013   7171 

■°35  3593 

32.50 

047    1172 

31-83 

.05S  9963 

33 

5 

.023  9103 

31.19 

■°3S  5543 

32.50 

047    3141 

32.83 

.059  1953 

33 

18 

e 

.014  lop 

32.19 

.03s  7494 

3M> 

047   5111 

32.84 

-°59  3944 

33 

18 

7 

.OZ4  2967 

32.20 

.035  9444 

3^-5' 

32.8+ 

■059  5935 

33 

'9 

8 

.004  4S99 
.014  6831 

.036   1395 

32.52 

047  9053 

32.85 

.059  7927 

33 

'9 

9 

32:21 

.036  3347 

31-51 

32.85 

.059  9919 

33 

20 

10 

.OJ+  S764 

JZ.2I 

.036  5198 

31-53 

048  2995 

32.  S  6 

2.060  19.. 

33 

.o4  0697 

,036  7250 

31-53 

048  4967 

32.37 

.060  3904 

33 

12 

.0^5  1630 

.036    <)7.0-L 

31-54 

048  6939 

31-^7 

.060  5897 

33 

13 

s^sa 

32,23 

31-54 

.048   8912 

.060  7890 

33 

J4 

3i-»3 

::i?  \\ii 

31-55 

.049  08 84 

32.88 

.060  9884 

3! 

13 

8432 

32.14 

.037  S°6' 

3^-55 

.049  2857 

31-89 

1.061   1878 

33 

b 

0367 

32.24 

.OJ7  701S 

32.56 

.049  48 ji 

.061   3S71 

3 

24 

17 

6  2301 

32.25 

.037  S969 

32.57 

.049  6805 

32.90 

.061   5867 

3 

15 

8 

6J.36 

6  6172 

31.26 

.03S  0923 

31-57 

.049  8879 

32.90 

.06 i  7862 

3 

^1 

10 

32.16 

.038  ih^ 

3*-!^ 

.050  0753 

31.91 

,061  9^57 

3 

16 

20 

6  8108 

31.17 

.038  4832 

32.58 

.050  2728 

31-91 

1,062  1853 

3 

17 

0044 

32.27 

.038  6787 

31-59 

.o;o  4703 

32.92 

,062  3849 

3 

^l 

2 

1980 

32.2^ 

.038  8743 

31-59 

.050  S679 

31-93 

,062  5846 

3 

28 

13 

3y'7 

32.28 

.039  0699 

32.60 

.050  8655 

31-93 

.062  7S42 

3 

18 

24 

5354 

32.29 

.039  2655 

32.61 

.051   0631 

32.94 

,062  9S40 

3 

29 

25 

7791 

.039  4611 

32.61 

.051    26o» 

32.95 

2,063   1837 

3 

.30 

36 

9729 

32.30 

.039  6568 

32.62 

-051   4585 

31-95 

,063  3835 

3 

-30 

2 

8  1667 

3S.30 

.039  8525 

32.62 

.o;r   6562 

32.96 

,063  5833 

3 

-3' 

38 

3605 

32.31 

32.63 

■051   8539 

32.96 

.063  7832 

3 

■3' 

39 

8  SS44 

32.31 

.040  2440 

32.63 

-051  0517 

31-97 

,063  9831 

3 

-31 

30 

7483 

32.32 

2.040  4399 

32.64 

,052  2496 

32.97 

2.064  1831 

3 

■33 

31 

32.32 

,040  6357 

32.64 

-052  4474 
■051  6453 

31-98 

.064  3830 

3 

-33 

3 

1361 

31-33 

32.65 

32.98 

.064  5830 

3 

■34 

3 

9  3301 

3*-J3 

.041  027s 

31.65 

.052  8432 

32.99 

.064  7831 

3 

■34 

34 

SHI 

3i'34 

.041  2234 

32.6^ 

.053  0412 

33.00 

.064  9832 

3 

-35 

3 

7182 

3^-34 

2.041  4194 

32.67 

053  1391 

33.00 

1,065   "133 

3 

■5f 

3 

9  91JJ 

32.35 

.04.   3.54 

32.67 

.053  4372 
.053  6353 

33-°' 

,065  3834 

3 

■36 

3 

1064 

3^-35 

.041   Si  14 

32.68 

33-°J 

,06;   583^ 

33  37 

38 

3005 

32.36 

.042  0075 

■°S3  S3  34 

33-°i 

,065  7839 

33  37 

39 

4947 

32.36 

.042  2036 

32.69 

-054  °3'S 

33-°3 

,065  984. 

33-38 

4 

6889 

32.37 

2.042  39?^ 

32.69 

2.054  2197 

33.03 

2.066   1844 

33-39 

41 

3*-37 

.042  s>jf>a 

32.70 

.054  4279 
.054  6162 

33,04 

,066  3847 

33-39 

43 

0774 

32. 38 

.042  7922 

32.70 

33.04 

,066  5851 

33-40 

43 

1717 

32' 39 

.042  9834 

32.71 

.054  8244 

33.05 

,066  7855 

33-4° 

44 

4660 

-3^-39 

.043   1847 

32.71 

.055   0227 

33.0; 

.066  9860 

33-4' 

45 

6604 

32.40 

1.04J  3810 

31-71 

2.055  11" 

33-°6 

1.067   1865 

3341 

46 

8548 

32.40 

■°43  5773 

31-73 

.055  4195 

33-07 

.067   3S70 

33-41 

0492 

32.41 

■043  7737 

31-73 

.055  6179 

33-°7 

■°?7  5875 

33-43 

48 

i4i7 

32.41 

.043  9701 

31-74 

.05;   8163 

33-°8 

.067  7881 

33-43 

49 

4334 

32.42 

.044  1665 

31-74 

.os§  0,48 

33-08 

.067  9887 

33-44 

50 

Ivi 

32.42 

2.044  3630 

32,75 

2.056  2133 

33-°9 

2.06B   1894 

33-45 

3 

3*'43 

■°44  559S 

.056  4.19 
.056  6105 

33-IO 

.06S    3901 

33-45 

5 

32.43 

.044  7561 

33.10 

.068  5908 

33-46 

53 

2164 

32.44 

.044  9526 

32.76 

33.11 

.06S  7916 

33-47 

54 

4111 

32.44 

■"45  '492 

31-77 

.057  0078 

33.11 

.□68  9924 

33-47 

55 

605  s 

31-45 

J-<>4S   3459 

32.78 

2.057  1065 

33.12 

1.069  1933 

33-4S 

56 

32.45 

.045  5426 

32.7S 

.057  4052 

33.12 

,069  3941 

33-4S 

57 

3  995^ 

32.46 

■045  7393 

31-79 

.057  6040 

33.13 

.069  5951 

33-49 

8 

32.47 

■045  93^° 

31-79 

.057  8028 

33.14 

,069  7960 

33-5° 

4  3I48 

32.47 

.04^   .328 

.05S  00.6 

33-14 

.069   9970 

33-50 

GO 

4  S797 

32.4S 

2.046  3296 

31-80 

2.058  2005 

33-'5 

1.070  1980 

33-51 

BiBd  by  Google 


TABLE  VI. 

■V  finding  the  Tnie  Anonuily  or  tlie  Time  Scorn  the  Perilielion  ii 


i,  Parabolic:  Orbil. 


V. 

96° 

97° 

98°        1 

99°         1 

logM. 

ffiff.l". 

l.gM. 

Dilf.l". 

logM, 

mfr,i". 

logM. 

Diffl". 

0' 

.070    1980 

33-51 

.082    3282 

33-88 

2.094   5971 

34.28 

,1C7  0109 

34.69 

1 

.070    1991 

33'S' 

.082  S3i6 

33-89 

.094   802S 

34.29 

.107  2190 

34,70 

s 

.070   6001 

33.52- 

.082  7349 

33.90 

.095    008; 

34.29 

.i°7  6355 

3+-70 

3 

.070   8014 

33.S3 

.081  9383 

33,90 

.095    2143 

34.30 

4 

33.53 

33.91 

,09s    4201 

34.31 

-107  8437 

34-72 

5 

.07!   1=37 

33'i+ 

"l^  3453 

33-92 

1.095    6260 

34.31 

..08  0521 

34,71 

6 

.071  4050 

33-5+ 

.083  548S 

33-92 

.095    8318 

34.32 

.108  2604 

34-73 

7 

J571   6065 

33-55 

-0S3  7523 

33-93 

.096   037S 

34-33 

.108  4689 

34-74 

8 

.071   S076 

33-5^ 

■0S3  955? 

33-94 

.096  24  3  8 

34-33 

.108  6773 

34-75 

0 

.071  0090 

33-56 

,084  1596 

33-94 

.096  4498 

34-34 

.108  8^58 

34-75 

10 

.071  3104 

33-57 

-084  3633 

33-95 

2.096  6558 

34-35 

.109  0944 

34-76 

.071  +1.8 

33-53 

.084  5670 

33-96 

.096  8^.9 

34.3s 

.109  3029 

34-77 

12 

.072  6131 

33-5^ 

■084  7707 

33-96 

.097  0681 

34-36 

.109  5116 

34-77 

13 

.072  8.4^ 

33-59 

.084  9745 

33-97 

.097  2742 

34.37 

.109  7202 

34-73 

14 

.073  0163 

33-59 

.08;   1783 

33-98 

,097  4804 

34-37 

,109  9189 

34-79 

15 

.073  1179 

33.60 

.0S5   3821 

33.98 

2,097  6867 

34-38 

.110  1377 

34,80 

16 

.073  4195 
.073  6^12 

33-61 

,085   5861 

33-99 

.097  8930 

34.39 

...0  3465 

34.80 

17 

33.61 

,085  7901 

33-99 

-098  0993 

34-39 

-"o  SS53 

34.81 

18 

,073  8219 

33.62 

.085  9941 

34.00 

,098  3057 

34.40 

.1.0  7^41 

34,82 

19 

.074  0246 

33.63 

.086   1981 

34.01 

.098  siji 

34.41 

.110973' 

34,82 

20 

,074  2164 

33-63 

,o8S  6062 

34.0. 

2.098  7186 

34.41 

-III  1811 

34-83 

31 

.074  pSi 
,074  63°! 

33-64 

34.02 

.098  9251 

34-42 

.III  3911 

34-84 

33 

3364 

34.03 

.099  1316 

34.43 

34.85 

33 

.074  8;io 

33-65 

.087  0.46 

34-03 

,099  3381 

34-43 

iiijsl 

34-85 

34 

■07s   °339 

33-66 

34-04 

,099  5449 

34-44 

34-86 

25 

.07;  1358 

33-66 

.0S7  4231 
.087  6274 

34-05 

2.099  7515 

34.45 

,1.1  1175 

34-87 

20 

.075   4378 

33-67 

34-05 

.099  9582 

34-45 

■\\id 

34-87    ■ 

2T 

.075   6399 

33.67 

.087  8,17 

34.06 

34-46 

34-8^ 

28 

33.6B 

.088  0361 

34-07 

.100  37. 8 

34-47 

-.128553 

34-89 

29 

.076  0440 

33-69 

34-07 

,100  57S6 

34.48 

-113  0647 

34-90 

30 

.076  2462 

33.69 

:li  c 

34,08 

1.100  7855 

34,48 

,113  1741 

34-90 

31 

.076  44S4 

33-7° 

34.09 

,100  9924 

34.49 

.113  483^ 

32 

.076  6507 

33-7' 

.088  8540 

34-09 

-101    1993 

34,50 

.1.3  6930 

34,92 

33 

.076  B529 

33-7> 

.089  05S6 

34.10 

.101  4063 

34-5° 

-'13  9025 

34.92 

34 

.077  0553 

33-72 

.089  3631 

34-" 

34-51 

34.93 

35 

.077  2575 

33-73 

.089  4-67  8 
.0S9  ^72; 

34.11 

"".Itl  iTjt 

34,52 

,114  3217 

34-94 

3S 

.077  4599 

33-73 

34-12 

34-52 

.114  5313 

3495 

37 

.077  6623 

33-74- 

.0S9   S772 

34-12 

.102  2347 

34-53 

3495 

38 

.077  8647 

33-74 

.090  oSio 

34- '3 

.102  4419 

34.54 

-114  9508 

3496 

39 

.07S  0672 

33-75 

.090  2868 

34-14- 

34.54 

-us  160s 

34-97 

40 

.07S  2697 

33-76 

-090  |9i| 

34-15 

2,102  8564 

34-55 

-115  37°4 

34-97 

.07E  471 J 
.078  6749 

33-76 

34-15 

34.56 

.lis  5801 

34-98 

43 

33-77 

.090  9015 

34.16 

.103  2711 

34-56 

.11;  7901 

34-99 

43 

.078  3775 

33-78 

.091    1065 

34.17 

■103  4785 

■  34.57 

.116  0001 

35,00 

44 

,079  0801 

33-7S 

-091    3115 

34.17 

,103  6860 

34-58 

35 -°o 

45 

.079  1829 

33-79 

.091    S16; 

34-13 

2,103  8935 

34-59 

,116  4201 
.116.6301 

35-°! 

48 

■=79  4»57 
.079  6885 

33-80 

.09,   7216 

34.19 

,104  1010 

34-59 

35,02 

47 

33-80 

.091  9268 

34.19 

,104  30S6 

34,60 

,116  8403 

35.01 

48 

.079  8913 

33-81 

.091   13 19 

34,20 

.104  5162 

34-61 

..17  0505 

35,03 

49 

Ao  0942 

33-81 

.091   3371 

34,20 

.104  7239 

34-61 

.117  2607 

3S-04 

1     50 

.oSo  1971 

33.SZ 

.091  5424 

34-21 

2.104  9316 

34.62 

,.17  4710 

3S-°5 

,oBo  5000 

3383 

.092  7477 

34,11 

-i°s  1393 

3463 

,117  6813 

35-05 

1     53 

33-83 

.092  9530 

34-22 

-105   347  E 

34-63 

.117  S916 

35-06 

i?  9°6° 

33-84 

.093   1584 

34.13 

:i:j  Utl 

34.64 

35-07 

51 

33-85 

.093   3638 

34-24 

34.65 

.118  3124 

55 

,081    3122 

33-85 

.093   5693 

34-25 

2,10;  9707 

34_66 

.118  5229 

35.08 

56 

.□3i    5153 

33-86 

.093  7747 

34-25 

.106  1786 

34.66 

-118  7334 

35.09 

57 

■°a;  7-8! 

33-87 

-093  9803 

34-26 

,106  3866 

34.67 

.118  9440 

35.10 

58 

33lj 

.094  i8;S 

,106  5947 

34.68 

.119  1546 

35.10 

59 

.082  1149 

33.88 

-094  3914 

34.27 

.106  8027 

34.68 

.119  3652 

35,11 

60 

,082  338X 

33-88 

.094  5971 

34.28 

2.107  0109 

34.69 

.119  5759 

35-12 

BiBd  by  Google 


TABLE  VI. 

For  finding  tlie  Tn:c  Anomaly  or  the  Time  from  the  Perihelion  it 


I  Parabolic  Orbit. 


*'. 

100° 

101° 

102°       1 

103°        II 

U-M. 

Biff.l". 

1„KM, 

Diir.i". 

lo-M. 

Dlftl". 

l.gM. 

Diff 

1", 

"o 

iiig  5759 

3S-'^ 

.132  2989 

35-57 

2.145   '866 

36.03 

.138    2460 
-.8  X2 

36 

52 

I 

119  7867 

35'i3 

35-57 

.14s  40:18 

36.04 

J6 

53 

2 

J 19  9974 

35''3 

'.'ill  725! 

35-58 

,145  6191 

36.0s 

.158  SS4. 
.158  9036 

36 

3 

.1"  1083 

35-H 

-I3»  9393 

35-59 

.145  S354 

36.06 

36 

55 

4 

35-15 

-'33   15*9 

35-60 

.146  0518 

35.07 

.159  1229 

36 

55 

5 

2 120  6301 

3  5- '6 

-'33   3665 

35.61 

2,146  26S2 

36.07 

■'59  34^3 
-'59  5617 

36 

56 

6 

\l°  l*l°o 

3S-'6 

-133   58<n 

35-6' 

.146  4847 

36.08 

t 

57 

35-17 

-'33  7939 

35.62 

.146  7012 

36.09 

.159  7811 

36 

58 

8 

\Vi  nil 

35-ia 

.134  0076 

35-63 

.146  917S 

36.>o 

.160  0006 

36 

» 

121    474,1 

35-19 

-134  ^^'4 

35.64 

■'47  '344 

36.1, 

.160  2202 

36 

10 

li7.l    6853 

JS-I9 

.134  4352 
.134  6491 

35-64 

2.147  351° 

36... 

.160  4398 

36 

60 

11 

l-I    8965 

35.20 

35-65 

■'47  5677 

36-'^ 

.160  6594 

36 

61 

13 

isi  1077 

35-21 

.134  8631 

35-66 

■147  7845 

36.13 

.160  879' 

36 

62 

13 

III     3190 

35-^1 

.'35  0770 

35.67 

.148  0013 

36.14 

.161  0989 

36 

63 

14 

122    S3OJ 

35.22 

-'35  *9io 

35.67 

.148  2182 

36.15   - 

.161  3187 

36 

64 

15 

Z 122    7416 

35-^3 

-'35   5°5' 

35,68 

2.14S  43SI 

36.1S 

.16.   sjSj 

36 

6S 

16 

121    9530 

35-^4 

-'35  7'9» 

35-69 

.148  652c 

36.16 

.16. 7584 

36 

^i 

17 

123    ,^44 

35-»4 

■'35  9334 
.136   1476 

35.70 

.148  8690 

^in 

..61 9784 

36 

66 

18 

11}  3759 

35-15 

35-7' 

.149  0861 

36.18 

.162 1984 

36 

67 

10 

■=3  5875 

35-2S 

.136  3619 

35-7' 

.149  3032 

36.19 

..62  41S5 

36 

68 

20 

I  123  7990 

35-^7 

.136  5762 

35.72 

2.149  S:'03 

36.19 

.162  6386 

36 

69 

SI 

124.  0107 

35-^7 

.136  7905 

35-73 

■149  7375 

36.20 

.162  8587 

36 

70 

33 

124  2223 

35-^8 

-'37  "049 

35-74 

.149  9547 

36.21 

.163  0789 

36 

70 

33 

12+   6458 

3i-»9 

-■37  2'93 

35-74 

.150  1720 

36.22 

.163  2992 

36 

2i 

35-3° 

-'37  433s 

35.75 

.150  3893 

36.23 

.163  5195 

36 

72 

25 

2  ,24    8576 

35-3° 

-'37  6484 

35.76 

2.1  so  6067 

36.23 

.'63  7.398 

36 

73 

.25    0694 

35-3' 

■'37  8630 

35-77 

.150  8242 

36.24 

.163  9602 

36 

74 

27 

12s    28.3 

35-3= 

.13S  0776 

35-77 

36.2; 

.164  IB07 

36 

'2'!  4933 

35.33 

.138  2922 

35-78 

.151  2502 

36.26 

..64   iOI2 

.164  6218 

36 

75 

20 

1 25  7052 

35-33 

..38  S070 

35-79 

36.27 

36 

76 

30 

I  125  9:73 

35-34 

.,38  7217 

35.80 

2.151  6944 

36.28 

.164  8424 

.16;  0S3O 

36 

77 

31 

126   1293 

35-35 

■'38  9365 

35.8, 

.151   9121 

36.28 

'^ 

78 

32 

126   3414 
126  5536 

35-35 

■'39   '514 

35.81 

.152  .298 

36.29 

.165  2837 

36 

79 

33 

35-36 

■'39   3663 

35.82 

.152  3476 

36.3° 

■165  5=45 

36 

80 

34 

i26  7858 

35-37 

-'39  5813 

35.83 

,152  5654 

36-3' 

.165  7253 

36 

81 

35 

21269780 

35-38 

.139  7963 

35.84 

2.152  7833 

36.32 

.165  9462 

36 

81 

3fi 

127   1903 

35-39 

.140  0113 

35.84 

.<S3  0012 

36.32 

.166  1671 

36 

82 

37 

127  4027 
127  6151 

35-39 

.140  2264 

35-85 

■'53  ^"91 

36.33 

.,66   ,SBi 

36 

83 

38 

35-4° 

.140  441; 

35-S6 

-■S3  4372 
-■53  655:^ 

36.34 

.166  6091 

36 

84 

30 

.27   8275 

35-41 

..4°  6567 

35.87 

36.3s 

.166  8301 

36 

85 

40 

35-4^ 

.140  8720 

35-88 

2,153  S734 

36-35 

.167  0573 

36 

41 

128  252s 

35.42 

.141  0873 

35-88 

-154  1915 

36.36 

.,67   2724 

36 

S7 

43 

•.At,re 

35-43 

.141    3026 

35.89 

.154  3°97 

36.37 

.167  4936 

36 

^l 

43 

35-44 

.141   5180 

35.90 

.'54  5-^^° 

36,38 

.167  7149 
.167  9362 

36 

88 

44 

128  8903 

35-45 

■'4'   7334 

35.91 

.154  7463 

36-39 

36 

89 

45 

2 129     1030 

35-45 

.141   9+89 
.142   1644 

35.92 

2.154  9647 

36.40 

..68   1576 

36 

90 

46 

129    3157 

35.46 

35.92 

.155  ■83' 

36.41 

■J  68  ^790 

36 

" 

47 

.29  52§s 

35-47 

.142  3799 

35-93 

■■55  4°'5 
.155  6200 

36.41 

36 

48 

129  7414 

35-1-8 

■141  5955 

35-94 

36.42 

36 

93 

49 

129  9542 

35.48 

.142  8112 

35^95 

-155  8386 

36.43 

.169  0436 

36 

93 

50 

2130 I67I. 

35-49' 

.143  0269 

35-96 

2.156  0572 

36.44 

.169  2652 

36 

94 

51 

130  3801 

35-5° 

■'43  =4^7 

35-96 

.156  2759 

36.45 

.169  4869 

36 

95 

53 

130  5931 

35-5' 

■'43  45^5 

35-97 

.156  4946 

36.46 

..69  7=87 

36 

96 

53 

13=  8062 

35-51 

■'43  6743 

35.98 

.156  7133 

36.46 

.169  9304 

36 

97 

51 

13.  0193 

35-5* 

.143  S902 

35-99 

.156  9321 

36-47 

.17°  1523 

98 

55 

'  iji  232J 

35-53 

.144  1062 

36.00 

t.157  1510 

36.48 

.170  3742 

36 

9 

56 

'i'  4457 

35-54 

.144  3222 

36.00 

.157  3699 

36.49 

.170  5961 

36 

99 

j3|  fsh 

35-54 

.144  5382 

36.01 

■'57   5889 

36.5° 

.170  8181 

37^ 

58 

35-55 

-'44  75-)-3 

36.02 

-157  8079 

36-50 

.171   0401 
.171   2^22 

37 

13^  =855 

35-56 

.144  9704 

36.03 

.1S&  0269 

36-Si 

37 

60 

2.13^  >989 

35-57 

.145   iS65 

36.03 

2.158  2460 

36.52 

.171  4844 

37 

=3 

BiBd  by  Google 


TABLE  TI. 

Tor  Ending  the  True  Anomaly  or  the  Time  from  tlie  Perihelion  ii 


1  Paiabolic  Orbil. 


V. 

104° 

105°       1 

106°       1 

107°       H 

losM, 

DJIf,l'^. 

log  M. 

Dift.!". 

logji. 

Biff.l". 

iogM, 

rfir.i". 

-^ 

..71   7<M 

37.03 
37.04 

1,184  9°95 
..85   1346 

37.56 

37-57 

19S  5281 

il:U 

'ill  P?l 
111  813^ 

3S.68 
38.69 

2 

..71  9isa 

37.05 

.185   36°= 

37-57 

38.13 

3 

.17Z  15II 

37-°S 

■185   |8;5 

37^S8 

■199 1144 

38.14 

113  0458 

38^7' 

4 

■17^  3735 

37.06 

37-59 

.199  443* 

38.14 

.113  27S1 

38.71 

5 

':;;:  m 

37.07 

i.,86  0366 

37-6o 

.199  6711 

38-'S 

.113   5104 

38^73 

6 

37.08 

.186  1611 

37.61 

.199  9010 

38.1B 

.113  7428 

38.74 

7 

,173  0409 
.173  1634 

37.09 

.186  4879 

37.6s 

.200  1300 

33.17 

.^'3  97S3 

38.7s 

S 

37.10 

.186  7137 

37.63 

.200  3591 

38.  i§ 

.114  1078 

38.76 

9 

.,73  4860 

37.11 

■'86  9395 

37.64 

.200  ;lli 

38.19 

.214  4404 

38-77 

10 

1.173  7087 

37.11 

1.187  1653 

37-65 

.100  8174 

38.20 

.214  6730 

38.78 

11 

-=73  93H 

37.11 

.187  39'^ 

37-66 

.loT  0467 

3B.21 

.214  9057 

38.79 

la 

■'74  'S41 

37^i3 

.187  B.7^ 

37.67 

.20.  2760 

38.22 

.2.5  '385 

3S.S0 

13 

-■74  377° 

ll-H 

f.lX 

37.67 

.201  5053 

3S.13 

.lis   37'3 

38.81 

■'74  5999 

37-15 

37.6^ 

.101  7347 

38.14 

.1.5  go4i 

3S.81 

1. 1 74  81  iS 

37.16 

i.i83   1954 

37.69 

.10.  9641 

38.15 

'"i  0"' 

38.S3 

16 

;;;?  :til 

37-J7 

37.70 

.101  1937 

38.1^ 

38^84 

IT 

37-4 

!!88  7478 

37.7' 

.101  4133 

■.116   3031 

38^g 

18 

.175  4919 

37.18 

.188  9741 

37-71 

.202  6519 

38^28 

■216  5363 

19 

.175  7150 

37''9 

37-73 

.202  8826 

38.19 

.216  7694 

38-87 

20 

1.175  9381 

37.10 

1.189  4*69 
.189  6533 

37.74 

.103  1123 

38-30 

1.117  °°J7 

38.88 

21 

.175  161; 

37.11 

37.75 

.103  3411 

38.3' 

.1.7  2360 

38.89 

22 

-Ml  Hi 

37.11 

.189  8798 

37-76 

.103  5720 

38^3' 

.117  4693 

38,90 

23 

37-»3 

.190  1064 

37-77 

.203  8019 

38.31 

.117  7017 

38.91 

24 

..76  8315 

37^H 

.190  3330 

37-77 

.204  0319 

38.33 

.117  9362 

3S.91 

25 

J.I77  0550 

37^25 

1.190  5597 

37.78 

.104  16,9 

38^34 

.27  8     1697 

3S.93 

2C 

.177  1785 

37^^S 

.190  7864 

37.79 

.104  4910 

38^35 

.218  4033 
.213   S369 

38.94 

37.18 

.191  0131 

37^80 

.104  7112 

38-36 

38.95 

3S 

.177  7156 

37.27 

.191  1401 

.104  9514 

38.37 

.118  8706 

38.96 

■■77  9493 

.191  4670 

.105  1826 

38.38 

.219  1044 

30 

..T78   .730 

37-^9 

1.191   6939 

37^83 

1.105  4'29 
.105  6433 

38.39 

.219  3382 

3S.98 

31 

■17S   3968 

37-3° 

.191   9109 

37-84 

38.40 

.219  5711 

38.99 

32 

.17S  6106 

37.31 

..91   1480 

37-85 

.20;   87 37 

38.41 

39.00 

33 

.179  0^84 

37-3^ 

.191   3751 

37-86 

.106   1042 

38.42 

.110  0401 

39.01 

34 

37-33 

.192  6013 

37.87 

.206  334S 

38.43 

39.01 

35 

"79  2954 

37^33 

1.191  8195 

37-!^ 

1.106  5654 

38.44 

2.220    5081 

39.°3 

36 

.179  5164 

37-34 

.'93  =568 

37-88 

38.45 

.2JO    7424 

39.04 

37 

■'79  74°S 
.179  9646 

.i3q  im 

37-35 

■'93   ^841 

37.89 

.107  0168 

38.46 

.220    9767 

39.05 

37-36 

■'93  5i'5 

37.90 

.107  257S 

38.47 

39.06 

30 

37^37 

■'93  7389 

37.91 

.107  4^84 

38,48 

.211    4453 

39.07 

40 

1.1S0  4131 
.180  6374 

37.3S 

1..93  9664 

37.91 

1.207  7 '9  3 

38.49 

2.221     6797 

39.08 

41 

37.39 

■'94  194° 

37.93 

.211    9141 

39,09 

42 

37.40 

.194  4116 

37.94 

38:51 

.212     1488 

39.10 

43 

.rSi  086! 

37.4' 

.194  6493 

37.95 

.108  4113 
.loS  6434 

38.52 

39." 

44 

.181  3106 

37.4.1 

.194  8770 

37.96 

38.53 

.111   6.  So 

39.12 

45 

i.i8i  S3SI 

37.+1 

1.195   "=48 

37.97 

2.108   8746 

38.54 

2.212    8528 

39.13 

40 

.181   7S97 

37^43 

.195  3326 

37.98 

.209   .058 

38.54 

.213    0^76 

39.14 

47 

.181  984.3 

37^44 

■'95  56°5 

37.99 

.Z09  3371 

38.SS 

.113     3124 

39.15 

48 

-iSa  10S9 

37.45 

..95   7885 

3S.00 

.209  56^5 

38.5S 

■^'3  5573 

39.16 

49 

.iBj  4337 

37-46 

.196  D165 

3S.00 

.109  7999 

3857 

.113  7923 

39.' 7 

50 

j.iSz  658+ 

"■47 

1.196  144s 

38.01 

2.210  0314 

38.58 

2.224  0^73 

39.18 

51 

..8z  3^33 

3748 

.196  474 

3S.02 

.110  2629 

3^59 

.324  1614 

39.19 

53 

.183   1081 

37-49 

.196  7008 

38.03 

.ijo  4945 

38.60 

.124  497S 

39.30 

53 

■■^3   3331 

37  49 

.196  9190 

38.04 

38.61 

.224  7317 

39.21 

54 

.183  ssS- 

37.50 

■197   1573 

38.0s 

-"0  9578 

38.62 

39.21 

55 

Z..83  7831 

1.197   3856 

38.06 

1.111   1896 

33.63 

2.12s  ^^033 

39.13 

50 

.184  ™Sx 

37-5^ 

.197  6140 

38.07 

.111  4114 

-2"     6533 

38.64 

.22s  4387 

39.24 

57 

.184  133+ 

37-53 

.197   8425 

38.0^ 

38.6s 

.215  6741 

39.35 

58 

.184  45S6 

37-54 

.198  0710 

38.09 

"ill    I^'l 

38.6^ 

.215  9096 

39-?6 

69 

.184  6S39 

37-55 

.19S  3995 

3S.1D 

3S.67 

.216  1452 

39.17 

00 

1.184.  9092  {  37^56 

1.198  5^81 

38." 

1.111     3493 

38.68 

2.116    3808 

39.28 

BiBd  by  Google 


TABLE  VI. 

For  finding  the  True  Aiioiualy  or  the  Time  from  the  Perihelion  in 


108° 


109° 


110° 


,  Parabolic  Orbit. 


111° 


ii6  i8o3 

ii6  6165 

116  8523 

.227  o38i 

.117  3240 

1.117  5599 

"7  79S9 


4°- 5  5 
40.56 


.131   |goi 
.131  ^171 


■133  ^4-07 
-133  47S1 


i.  4jB7 
.134  6665 
.234  9043  _ 
.235  I-- 

.233  6 

135  8S63 

136  0945 
i]6  3327 

,236  5710 

.236  S093 

.237  047  S 

.137  5861 


,.238  2407 

•n^  4795 

.138  7284 

.233  9S73 

.239  1962 

,.139  43S3 

■139  6744 

-139  9^35 

.140  .51a 

.240  3911 
.6314 


39-4! 
39.46 
39>47 
39.48 
39-49 


39.84 
,9,86 
39.87 


1.2^1  S291 
.241  0688 


39-97 
39-98 


39-57 
39-58 


a  9 

-,.145  i 
■145  0715 
.14s  9131 
.146  1541 
.246  3949 

■..2l^6  6359 
.146  S769 


,.247  8416 
.24S  0S29 
.248  J143 
.248  5658 
.24B  ^=75 

2.249  °489 
.249  3906 
,Z49  5323 
.249  7741 


S3 


.151  1955 
.152  43^0 
.251  6S06 
.151  9231 
■153  '659 
-153  4087 
■153  651 
,253  8944 
.214  1374 
.254  3" 


159  154S 
159  4992 
.259  7437 

59  9SS3 


40,38 
40.39 


.266  8619 
.267  1094 

.267  S493 

,l6S  3430 
;,268  5S99 
.168  8369 
.369  0839 
.269  3310 
.169   5781 

9  8^55 


.272  7979 
.273  0460 
-=73   1941 


.274  5364 
4  7850 


.276  527  . 
.176  7766 
=258 

1.177  1751 
.177  5146 
.277  7740 
.278  0136 
.278  1732 
.278  5129 
.178  7716 
.179  0114 


.13 1 


514s 


.28J  7751 
"2  02S8 
I  2765 

.232  5273 
,282  77S2 
.283  0291 
1S3    1801 

2.133  S3'i 
.283  7814 
.2S4  0336 
.284  2U- 
,284  53? 
.184  7878 


stsd  by  Google 


TABLE  VI. 

For  finding  Ihe  True  Anomaly  or  tlie  Time  from  tlie  Perilielioi 


112° 


114° 


115° 


185  0393 

iSs  5415 
iS5  7943 
.286  0461 
.186  1979 

it  ^o?9 

^37  0540 


■93  3797 

m  S877 


196  6870 

196  9419 

197  1969 
197  4510 

197  7071 

;97  9611 

198  2176 
,198  4710 


'99  ^395 
■99  495^ 
;99   7509 

ioo  0=67 


tv:i 


300  7746 

301  0307 
301  2869 


309  2656 
J09  5141 

.309  7818 


313  4111 
.313  6719 
3'3  931S 
1917 
4518 
,314  7119 
.314  9711 
,315  1313 


3'S  49^7 

315  753' 

316  0136 
,316  2741 
316  5343 
316  7956 
.317  0564 
■317  3173 
.517  5781 
.317  8393 


43.61 

•43-63 
13.64 


,IQ 

7159 

9778 

,Z1 

=  399 

3ZI 

764- 

311 
311 

z839 

3=3 
3^3 

=765 
339' 

3^1 

ki 

1277 

3H  3907  1 

314- 

6537 

311 

Pi 

k  ?^^^  1 

9703 

32(   76.2   1 

117 

0250 

1S89 

.3'i- 

328 

345" 

.328   8737   1 

.12c 

134^ 

■3^9 
.319 

ter. 

-11< 

1967 

■  33" 

■  ■f:i" 

9914 

33- 

2564 

43.83 
43.84 

43-85 
4387 
43.88 
43.89 


2.331 256 

;33>  7868 
.332  0521 
'-i  3175 
2.33a  SS30 
.332  8485 
■333 ' 

■333    3799 


■334  9758 
'■335  ^. 
■33S  5084 
■33!  7749 
■336  0414 
■336  3080 

'■336  5747 
■336  S414 
■337  ■■=83 
■337  3-- 
■337  6 

'■337  9093 
.338  1765 
■338  4437 
.338  7111 
■338  9785 

2.339  ^'460 
■339  5135 
■339   7 


1.341   92;; 

.342  1939 
1  4623 
!  7309 

■34'  9995 

1.343  ifiSj 
■343   537 1 

-j  80S0 
-344  °75o 
-34+  34'l-o 

1.344  6132 
■344  8824 
■345  i5'7 
■345  4^1! 
■34S  6906 

1.345  9601 
.346  2298 
■346  4995 
■346  7693 
■347  0392 
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TABLE  VI. 

ir  finding  ilie  Trae  Anomaly  or  the  Time  from  the  Peribelio 


a  Parabolic  Orbit. 


V. 

116=       1 

117 

" 

118 

° 

118 

° 

LogM, 

riir.i". 

log  M. 

Diir.i", 

logM. 

l.iff.1". 

logM. 

0' 

1-347   309^ 

45.00 

.363    6626 

45,86 

-380    3190 

& 

1.397    3210 

47.66 

1 

■347  579* 

45.02 

,363    937S 

45.87 

.j3o  6095 

.397    6070 

47.68 

■t 

■347  8+94 

45,03 

.364  =.131 

45.88 

.380  8901 

46.77 

■397  8931 

47.70 

3 

.343   1196 

45.04 
45.06 

.364  4885 

45.90 

.381    1708 

46,79 

.393  1794 

47-7' 

4 

.34a   3899 

.364   7639 

45.91 

■381  4515 

46.30 

.393  4657 

4773 

5 

1.348  6603 

45.07 

.365  OJ94 

45.93 

■381   7324 

+6.82 

2.398  75^1 

47.74 
47.76 

fl 

.34.8  9JOS 

45.09 

.365  3150 

45.96 

.382  0133 

46.83 

.399  0386 

1 

■349  2o'4 

45.10 

■3*5  5907 

.381  1944 

45.3; 

■399  3*5^ 

47-77 

8 

■349  4710 

45.11 

.365  8665 

45-97 

■381  5755 

46.86 

■399  6119 

47-79 

« 

■549  74=8 

45- '3 

.366  1413 

45-99 

.381  ^5^7 

46.88 

■399  8987 

47.81 

10 

2.350  0136 

45.14 
45-16 

tA'il 

46,00 

.383   13S0 

46.89 

1.400  1856 

47.B2 

11 

.350  11845 

.383  4.94 

46.91 

.400  4715 

12 

■350  5554 

45-17 

.366  9705 

3:6:03 

■383  7o°9 

46.91 

.400  7596 

47-85 

13 

■35°  S'65 

45.  iS 

.367  1467 

.383  9825 

46.94 

.401   0468 

47.S7 

14 

■351   0977 

45.20 

.367  5230 

.3 84  1641 

.401   3340 

47.89 

15 

1.351   3689 

45-21 

■367  7994 

46.07 

.384  5460 

46.97 

1.401   6214 

47,90 

16 

.j;i  6402 

45-13 

.368  0759 

46.09 

■384  8278 

46.98 

.401  9088 

47.92 

17 

-3S'  9'"0 

45-H 

.368  3525 

46..0 

.385    1098 

46.99 

.401   1964 

47-93 

18 

.3511  1831 

45.15 

Ji|Ba9i 

.3S5    391B 

47.01 

.402  4S40 

47-95 

10 

■3S*  4S47 

45.27 

^9059 

\^'n 

■385   6739 

47-03 

.402  7718 

47.97 

20 

1.353  7163 

45.18 

.369   1817 

46.15 

.385  9561 

47-05 

1.403  0596 

47.98 

31 

.351  9981 

45^3o 

■369  4596 

46.16 

■386   1385 

47.06 

•403  3475 

48.00 

23 

.353  1699 

45-3t 

.369  7367 

46.18 

.386  ,209 

47,08 

.403  B356 

43.0. 

23 

■353  S4'S 

45-33 

.370  0138 

46.19 

.386  8034 

47.09 

.403  9237 

48,03 

24 

■353  ^'38 

45-34 

.370  2909 

46.1. 

.387  0860 

404  2119 

48.04 

25 

1.354  0859 

45.35 

-370  5681 

46.21 

,387  3687 

47.11 

2.404  5002 

48,06 

36 

■354  55»i 

+S^37 

.370  §456 

46.14 

.387  S514 

47,14 

.404  7886 

48.08 

27 

-354  S3°3 

45^38 

.371   1230 

*6'il 

-387  9343 

47.15 

.405  0771 

48.09 

38 

■354  9°27 

45.40 

.371  4006 
.371  6781 

■388  1173 

.405  3657 

48.11 

39 

■3SS  '7SI 

45.4' 

^6:18 

■388  5003 

47,18 

.405  6544 

48.12 

30 

I-3SS  4476 

45.42 

■371   9559 

46.19 

■388  7835 

1.40;  9431 

48.14 

31 

.355  7202 

45-44 

.371  1337 

46.31 

.389  0667 

.406  2321 

48.16 

33 

■355  9928 

45.45 

.372  5116 

46.31 

.389   3500 

47-^3 

■406  J21 1 

48.17 

33 

.356  26(6 

45.47 

.372  7896 

4°-34 

■389  S33! 

47.14 
47-1^ 

48.19 

34 

.356  5385 

45.48 

■373  °(>n 

46-35 

■389  9170 

.407  0993 

48,20 

35 

1-356  8114 

45.50 

■373  3459 

46.37 

.390  2006 

47,18 

2.407  3886 

48.11 

36 

-357  0844 

45-5' 

.373  6241 

46.3S 

,390  4843 

47.29 

.407  6780 

48.24. 

37 

■357  3575 

4S-5» 

-373  9014 

46.40 

.390  76S1 

47.31 

.407  9674 

48.15 

38 

■357  0307 

45-54 

■374  1809 

46.4. 

.391   0519 

.408  1570 

^l-n 

30 

■357  9''4° 

4S-SS 

■374  459+ 

46.43 

-391   3359 

47-34 

.408  5467 

48.28 

40 

'■■35B  1773 

45-57 

■374  7380 

46.44 

.391   6200 

47.35 

1.408  8364 

48,30 

41 

.35S  450^ 

45.58 

■375  0167 

46.46 

.392  9041 
.39^  1S84 

47-37 

.409  1163 

4B.31 

42 

■35»  7M3 

45.60 

■375  2955 

46.47 

47-38 

-409  4161 

48.33 

43 

■358  9979 

45.61 

■375   5744 

46,49 

.39^  47^8 

47.40 

.409  7063 

48-35 

44 

■359  =7t6 

45^62 

■375  8533 

46.50 

.391  7572 

47.41 

.409  9964 

48-37 

45 

'■359  5454 

45.64 

.376  1314 

46.51 

■393  °4'7 

47-43 

1.410  1866 

48.3B 

46 

■359  8193 

45^65 

.376  4115 

46.53 

■393  3164 

.410  5770 

4B.40 

47 

.360  0933 

45.67 

.376  690S 

46.55 

.393  6111 

.410  8674 

48.4. 

48 

,360  3673 

45.6S 

.376  9701 

46.56 

,393  S959 

47.48 

.411   1579 

48-43 

40 

.36=  ^415 

4570 

■377  149s 

46.58 

.394  iSoS 

47.49 

.411  4486 

48.45 

50 

1,360  9157 

45.71 

.377  5190 

46.59 

1.394  4658 

47-5' 

M»   7393 

48.46 

51 

,361   1900 

45,71 

.377  8086 

46.60 

■394  7509 

47-5^ 

.412  0301 

4S.48 

52 

:i';  \% 

45.74 

.378  08  B  3 

46.61 

■395  o]6i 

47-54 

.412    |110 

48.49 

53 

45-75 

■378   3681 

46.64 

.395   3='4 

47-55 

.412    5l20 

48.51 

54 

.361  0134 

45-77 

■378  6479 

46.65 

■395  6067 

47.57 

.412  903' 

48.53 

55 

Z.361  »83i 

45-78 

■378  9»79 

46.67 

1-395  8911 

47.59 

2.413  1944 

48.54. 
48.5^ 

56 

.36X  ;6i8 

45.80 

•379  »o79 

46.68 

.396  177B 

47,60 

.413  4857 

.361  §376 

45.S1 

■379  4881 

46.70 

.396  4634 

47.62 

.413  7771 

48.53 

58 

.363   iiz6 

45.SZ 

■379  7683 

46.71 

.396  7491 

47-63 

.414  0686 

48.59 

50 

.363  3S76 

45.84 

.380  04S6 

46.73 

■397  °3S° 

47.65 

.414  360= 

00 

1.363   66ifi 

45.B6 

.3S0  3290 

46,74 

■397  3^1° 

47.66 

1.414  6519 

48.62 
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TABLE  VI. 

laly  or  the  'finite  from  the  Perihelion 


V. 

120=       1 

121°       1 

122° 

123°        1 

IobM. 

Biff.T'^. 

togM. 

Eiff.l". 

lugM, 

Difr,i", 

fcgji. 

Dift:i", 

0' 

-4H  6S'9 

48.62 

■43=   3356 

49.61 

,450  ,868 

50.67 

.468"S2^ 

5 '■75 

.414  9437 

IKJ 

■43=  "334 

49.64, 

.450  6908 

50,68 

.469   ijii 

51-77 

a 

■*'5  »3S6 

■43=  93 '3 

49.66 

.450  9950 

50,70 

.469  4418 

5i^79 

3 

.415  5176 

48,67 

■433  =^93 

,451  1992 

50,72 

.469  7516 

51-Si 

4 

.415  8197 

48.69 

■433  5=74 

49,69 

.451  6036 

50.74 

■470  06 J4 

51-82 

a 

.416  M19 

48^7i 

■433   8157 

49.71 

,45.  9=8  > 

50.75 

;:;:  iitt 

ST. 84 

6 

.416  4=4^ 

■434  1=4° 

49-73 

.451  1127 

50.77 

51.86 

.416   6965 

■434  4==4 

49-74 

■45=  5'74 

50.79 

,470  996S 

51.88 

8 

.416  9890 

48.76 

■434  7=°9 

49.76 

.451  Sill 

50.81 

,471  3081 
.471 6196 

51.90 

9 

.417   18 i5 

48.77 

■435  0'95 

49.78 

■453  "71 

50,83 

51.91 

10 

■A-I7   574-3 

*8'8i 

■435  313  = 

49.80 

.453  43^' 

-■I 

■47'  93" 

51,94 

11 

■417   BS71 

■435  6171 

49.81 

.453  737= 

,471  1418 

51.95 

13 

48:82 

■435  9160 

49^83 

.454  04=4 

So,SS 

::;*  ml 

51-97 

13 

.418  4529 

48.84 

.456  1150 

49.85 

.454  3477 

50,90 

51.99 

14 

.418  7460 

48,85 

.436  5141 

49-8§ 

■454  653= 

50.91 

,473  1785 

52.01 

15 

.419  0391 

43.S7 

.436  3i;4 

49^88 

■454  9587 

50-93 

.473  4906 

52,03 

IC 

■419  33^5 

48,89 

■437   "=7 

49.90 

.455  1644 

50.95 

.473  8028 

52,05 

17 

.419  6158 

48.90 

■437  4i=i- 

49.92 

.455  57=1 

50,97 

.474  "5= 

52.07 

18 

.419  9193 

48.91 

■437  7117 

49^93 

■455  8760. 

^0.99 

.474  4276 

51,09 

19 

420  1119 

43,94 

.438  01 14 

49.95 

.456  l8ld(  ^.00 

,474  740a 

Ji.io 

30 

.410  <q66 

48.95 

.43B   31.1 

49.97 

.456  4881 

■475  0519 

51.11 

21 

48.97 

49.98 

.456  7943 

B 

■475  3657 

R 

:E;:i 

4S.99 

.43S  9109 

50.00 

,457  1006 

.475  6786 

23 

49.00 

.439   IIIO 

50.01 

.4,57  4070 

■475  9916 

51.18 

24 

.421    £8^2 

49.0J 

■439  5"= 

50.04 

■457  713s 

51.09 

■476  3047 

52.10 

25 

.411  9764 

49.03 

■439  8n4 
.440  1118 

50.05 

.45 S  010, 

51,11 

,476  6>8o 

52.12 

26 

.421  1707 

49.05 

50,07 

■458   3=68 

Si^i3 

.476  9313 

51,13 

27 

.411  5650 

49.07 

.440  4.23 

50,09 

■458   6337 

51.15 

,477  1448 

5=.=5 

28 

.411  8595 

49.09 

.440  7129 

50.11 

-458   94<^ 

51.17 

-477   5584 

51,17 

29 

■4*3   1S4-I 

49.10 

,441  ="36 

50,11 

-459  =477 

5I.I8 

■477  87=1 

51.19 

30 

■4=3  44SS 

49. 1  z 

.441  3143 

50,14 

■459  5548 

51.20 

.478   1859 

5=.3' 

31 

■4=3  7435 

-441   615= 

50, 1 5 

.459  S611 

51.11 

.478  4998 
.478  8138 

5=^33 

32 

.424  o3«4 

49.15 

,441   9162 

50,18 

.460  1695 

51.14 

52.35 

33 

4H  3334 

49.17 

.44=  2173 

50- '9 

.460  4770 

Si-=6 

.479   1280 

5='37 

34 

■4=4  6=84. 

49.19 

■44=  5185 

50,11 

.460  7846 

.479  44== 

52.39 

35 

.4M  9=36 

49.10 

.442  8199 

50.25 

,461  0913 

51,19 

=■479  75156 

51.40  ! 

36 

.41;  2189 

49.12 

■443   '='3 

S:S 

.461   4001 

51^31 

.480  07" 

51,41 

ST 

■4=5  SH^ 

49.14 

■443  4==8 

.46.   7080 

S>^33 

.480  3&57 

li.n 

3S 

■4=5  S097 

49^=5 

■443  7=44 
■444  °=6i 

.462  o<6i 

5'^3S 

.480  7004 

-4=6  1053 

49.17 

50.30 

.462  3142 

S'.37 

,481  0151 

51,48 

40 

.416    40!0 

49.29 

■444  3=8o' 

50.31 

,461  6325 

51.38 

2.+8,    3301 

52,50 

41 

.416  6967 

■444  6=99 

50,33 

.462  9408 

51.40 

.4S1   645= 

5=^5= 

42 

.416  9936 

49^3^ 

.444  93== 

5°.3S 

.463  2493 

51,42 

,481  9604 

52-54 
52-56 

43 

49  34 

■445  =341 

50.37 

-4^3  S579 

11:8 

,482  2756 

44 

■4=7  5*47 

49^35 

■445   5364 

50,33 

.463  §666 

,482  5910 

52.53 

45 

.417  8goS 

.44;   8387 

50.40 

■464  1 754 

51.48 

1.482  9065 

52-59 

40 

.418   .771 

49-39 

.446   141 1 

50.42 

.464  4843 

51,49 

,483     ^21= 

4T 

■4=*  4735 

49.40 

.446  4437 

50.44 

.464  7953 

51,51 

■483  5379 

52-63 

48 

.428  770= 

49.41 

.446  7464 

5°-45 

,465  1024 
.465  41  iS 

5'.53 

.4S3  S537 

5=-65 

49 

■4=9  =665 

49-44 

■447  049= 

50.47 

S'.SS 

■484  '697 

52-67 

50 

.419  3632 

49.46 

■447  35=' 

S<>^49 

,465  7210 

51.57 

2,484  4S58 

51.69 

51 

49-47 

■447  6551 

S°^5i 

,466  0305 

51.59 

.4S4  8020 

S=-7i 

52 

.429  9569 

49,49 

■447  958  = 

5°^53 

■466  3400 

51.60 

.485  11  S3 

5=-73 

53 

■43°  =539 

49- 51 

.448  2614 

loit 

.466  6497 

5'-62 

.485  4347 

52-75 

54 

.430  5510 

49,52 

.448   5647 

.466  9595 

51,64 

■485  7513 

51,77 

55 

.43°  843^ 

49^  54 
49-56 

.448  8681 

Kil 

,467  2694 

51.66 

1,486  0679 

52.78 

50 

■431    '455 

■449   17  iS 

■4^7  5794 

51.68 

,486  3847 

5i.|o 

57 

49-57 

■449  4753 

lo/. 

467  8895 

51,70 

.486  7016 

58 

■431   74°3 

49-59 

■449  779':> 

50.63 

.46  R   .997 

51-7' 

,487  Q186 

u 

59 

■43=  °379 

49.61 

.450  0828 

50.65 

.468   5,01 

51.73 

,487   3357 

60 

■43=-  33Sfi 

49.62 

-450  386S 

50,57 

,468  820; 

51.75 

2,487  6529 

52.S8 
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For  fimling  the  Ti-i 


TAELE  VI. 

.r  the  Time  fram  tlio  Perihelion  i. 


t  Parabolic  Orbit. 


V. 

124° 

125" 

126"        1 

127 

■= 

logM, 

Diff.l". 

1.SM. 

]=W. .". 

log  M. 

Diff.l'^ 

logU. 

Diff.l", 

& 

.487    6539 

52.88 

^06   9006 

54- 

06 

Z.526    5813 

55-^9 

■546  7135 

56.57 

1 

.4.S7  9701 

52.90 

.507    2251 

.526   9131 

55-31 

-547  0530 

56-59 

2 

■483  I377 

52.92 

.507    5496 

■5*7  *45° 

55-33 

-547   39^6 

56.61 

3 

.488  6053 

51.94 

-5=7  8741 

5' 

.527  5771 

55-35 

547   73*3 

5^-^^ 

.488  9^30 

52.96 

.508   1990 

14 

.527  9092 

55-37 

548  0722 

56.65 

,489  n+oS 

51.98 

2.508  5239 

16 

2.518  2415 

55-39 

.548    +T21 

55.68 

.489  5587 

5  J.  00 

.508  §489 

-5^8  5739 

5541 

-548  75*3 

56,70 

.489  ^767 

53-°^ 

.509   1741 

5' 

.528  90S5 

55-43 

.549  0916 

56.72 

.490   1949 

S3-°3 

■5°9  4993 
.509  W 

-5*9  *39i 

55-45 

-549  43  3° 

f^lt 

.490'  SI 31 

S3-°5 

5' 

24 

-5*9  5719 

55-+8 

-549  7735 

.490  831; 

53^°7 

2.510   1502 

54 

26 

1.529  904S 

55-5° 

.550  1141 

56,79 

.491   1500 

53.09 

.510  475S 

54 

-53°  *379 

55-5' 

-55°  4549 

'^»' 

.49'  +686 

S3-J' 

.510  8016 

54 

30 

.53°  5710 

55-56 

-55°  79S8 

56,83 

.491  7874 

53-'3 

.511    1274 

54 

32 

-53°  9°43 

.551   1369 

^\i^ 

.492  1^163 

53-15 

-5"  4534 

54 

34 

■531   ^378 

55-58 

-551   4781 

56.87 

1.491  4152 

S3^i7 

1.5 1 1  7795 

36 

i-531   5713 

55,60 

.551   S194 

56.90 

.492  7443 

53-19 

.512  1057 

■S3'  905° 

55-6* 

.552   160S 

56.92 

■493  ™3S 

S3-*i 

.512  4321 

40 

-53*  *388 

55-6+ 

■55*  S024 

'■'^ 

.493-  3818 

53-^3 

«zg 

5- 

41 

.532  5727 

55-67 

.551  8141 
■553   iaS9 

493  70*3 

53-^5 

S4 

44 

.532  9q6S 

55.69 

56,98 

SO 

.494  0218 

53-^7 

^-513  4119 

54 

46 

2-533  ^41° 

5  5^7 1 

-553  5*79 

57.01 

ai 

-494  34' S 

53-^9 

■513  7387 

5- 

48 

-533  5753 

55^73 

-553  870° 

57-03 

%t 

.494  66.3 

53-31 

-514  °6S7 

5° 

-533  9097 

55-75 

■554  'li* 

57-05 

33 

.494  9812 

53-33 

-5'4  39*7 

5* 

■534-  2443 

55^77 

-554  5546 

57-07 

34 

•495  30" 

53-35 

.514  7199 

5' 

54 

-53+  5790 

55-79 

-554  8971 

57-10 

35 

■495  6^13 

53-37 

^-515  =473 

5' 

56 

2-534  9138 

55-81 

-555  '398 

57-1* 

20 

.495  9416 

53-39 

-5>5  3747 

1^ 

■535  H87 

Wit 

-555  58^5 

57-14 

27 

.496  zSi9 

53-41 

■515  7023 

5o 

•535  5838 

-555  9*5+ 

57.16 

28 

.496  5824 

53-4' 

.516  0300 

?J 

-535  9'9° 

55.88 

■5'!  i^H 

57-13 

29 

.496  9030 

53-44 

-S16  3578 

54 

65 

-536  *S43 

55-9° 

.556  6!i6 

57.21 

30 

■497  2238 

53-46 

M16  6857 

54 

67 

1.536  5898 

55-9* 

-556  9549 

57-*3 

31 

■497  544f 
.497  8656 

53.48 

■517  °138 

69 

■536  9^54 

55-94 

-557  *98+ 

57-^5 

32 

53-5° 

-5 '7  34*° 

.537  2611 

55.96 

-557  64'° 
-557  9857 

57.'7 

33 

.498   1867 

53-5^ 

-517  6703 

5' 

73 

-537  5970 

55.98 

57.29 

34 

.498   5079 

53-54 

-517  9987 

75 

-537  93^9 

S^.oi 

-558  3*95 

57.32 

35 

.498   839Z 

53-5^ 

1.518  3173 

54 

77 

2.538  2690 

56.03 

2.558  673s 

57.34 

30 

■499   i5°6 

53-!8 

,51s  ^559 

V^ 

.538  6051 

56-05 

■559  0176 

57-36 

37 

■499  M" 

53-6° 

.518  9S47 

Si 

■538  9416 

56.07 

-559  3618 

57-38 

38 

■499  793S 

S3^6x 

■5'9  3"37 

S3 

■539  *78> 

56.09 

.559  7°62 

57-41 

39 

.500   1,56 

53-64 

,519  6417 

85 

-539  6147 

56.1. 

.560  0507 

57-43 

40 

■S°o  4375 

53-66 

'■519  9719- 

54 

87 

*-539  9514 

56.13 

2.560  3953 

57.+5 

41 

.500  7595 

53.68 

.520  3012 

89 

-54°  ^883 

56.15 

.560  7401 
.561  0S50 

57.+7 

43 

.501  0817 

53-70 

,520  63'>6 

91 

.540  6253 

56.18 

57-5° 

43 

53-72 

.520  9S01 

93 

.540  9615 

56.20 

.561  4J0. 

57-5* 

44 

.501  7263 

53-74 

95 

-541  ^997 

;6.22 

-561   7753 

57-54 

45 

s-ioi  0488 

53.76 

2.52.  6.96 

5- 

97 

2.541  6371 

%t 

2.562  1106 

57-56 

40 

.501  3714 

53-78 

.521  9495 

99 

-5+1  97+6 

.561  4660 
.562  3ii6 

57-59 

.502  6942 

53-8° 

.522  2795 

5 

.542  3123 

56.29 

57.61 

48 

.503  0170 

53.81 

.522  6097 

5 

i 

.54*  6500 

56.31 

-563    1574 

57-63 

49 

.503  3400 

53-8+ 

.522  9400 

5 

.542  9S80 

56-33 

.563   5032 

57-65 

50 

1.503  6631 

S3-S6 

1.523  2704 

5 

.oS 

2,543   3*60 

56-35 

1.563   8491 

57-68 

51 

.503  9863 

53-88 

.523  6009 
.523  9316 

5 

-5+3  664. 

56-37 

-56+  1953 

57-7° 

52 

.504  3096 

53-9° 

5 

.544  0024 

56.39 

.564  5416 
let  \h. 

57-7* 

53 

■S°+   ojil 

53-92 

.524  2624 

5 

-\t 

■544  3+°9 

56.4* 

57-74 

54 

.504  9567 

53-94 

■51+  5933 

5 

■544  6794 

56-44 

-565  '345 

57.77 

55 

2.505  1804 

53-96 

2.524  9243 

5 

.1% 

1.54s  °i8i 

56.46 

2.565  58.1 

57.79 

.505  6042 
.505  9J2 

S3-9S 

■5^5  *5S5 
.525  5867 

5 

-545   3569 

56.48 

.565  9*80 

57.81 

57 

54.00 

5 

-545  6959 

56.50 

.566  2750 

57-84 
57.86 

58 

.506  2522 

54.02 

.525  91S1 

5 

It 

-546  035° 

56.51 

.566    6221 

59 

.506  5763 

54-°4 

■5*6  *497 

5 

■546  374* 

56.55 

,566    9S93 

57.88 

60 

1.506  9006 

54.06 

2,526  58.3 

S 

1!_ 

1.546  7,35 

56-57 

1.557    3166 

57-90 
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Vo 

fmtlLnglli 

■rnio  An 

om.lyorth 

Time  h-c 

m  Uie  Perihelion  in  a 

Parabolic  Orbit. 

128"        1 

129°        1 

130°        1 

131°  ^1 

logM- 

i.:ir,.". 

1.SM. 

Mfr.T". 

logM. 

DifT.l-', 

logM- 

DIKI", 

0' 

.567    1166 

57,90 

,588    4112 

59-3° 

.610  0188 

60.75 

-632   .611 

6228 

.567    6641 

;7^93 

.588    7670 

59-3S 

-6.0  3834 

tlil 

.632  5360 

62.30 

ti 

.56S    0.17 

57^95 

.5S9    1230 

59^35   . 

.610  74s. 

.631  9099 

6».33 

3 

,568    359; 

57^97 

.5S9   4792 

59^37 

.611    1130 

eoisf 

-633   2839 

6^.35 

4 

.568    7074. 

57-99 

.5S9    8355 

S9^39 

.6,,  47§. 

60.85 

.6|5  65^' 

62,3§ 

5 

.569    0554 

58.01 

.590    1919 

59^4* 

.6.1  3435 

60.S8 

-634  032s 

62.4, 

fi 

,569   4036 

5S.04 

-59°  5485 

59^44 

.611  1086 

.634  4070 

62-43 

T 

.569    7519 

;8.o6 

.590  9052 

59^47 

.612  5741 

60.93 

.634  7S.7 

^-'^! 

S 

.570    1004 

5S.09 

•59'  ;620 

59^49 

.612  9397 

60.9s 

-63s  1565 

61-4S 

9 

.570   4490 

58.11 

.591  6190 

59-5' 

.613   3055 

60.9S 

■635  S3'S 

61-51 

10 

■57°  7977 

58.13 

.591  9762 

59-54 
59,56 

.613   6715 

.635  9066 

62,54 

11 

■571    14SS 

s^-n 

-59*  3335 

.614  0376 

6.;o3 

-63^  i3,9 

62-56 

12 

■571   49SS 
.571    8447 

S|.i§ 

.592  6909 

59,58 

.614  403S 

61.05 

-6j6  6573 

^■59 

13 

58.2= 

■593  0485 

59.61 

.614  7705 

61.08 

.637  0329 

62-61 

14 

■572  1959 

58,22 

■593  4062 

59.63 

.615    1368 

.637  40S7 

62-64 

15 

-57^  5434- 

58.25 

■593  7641 

59.66 

.615   5035 

tw 

■637  7S46 

62.67 

16 

.572  8919 

58,27 

-594  122 1 

59.68 

.615   8703 

61.69 

.573  2426 

58,29 

.594  4803 
-594  8386 

59.70 

.6i5  1373 

6ki8 

■638  5369 

62.72 

18 

■573   59'-4 

S8.3=' 

59^73 

.6.6  6045 

61.20 

-63S  9,33 

61.75 

19 

■572  94M 

SS^34 

.59;  1970 

59-75 

.616  9718 

^6..2  3 

.630  7899 

62-77       ■ 

30 

.574  2925 

58,36 

■595  5556 

S9^78 

.617  3392 

61.25 

.639  6666 

62.80 

21 

.574  6417 

58.3S 

■595  9'43 

59.80 

.617  7068 

61.2S. 

.640  0435 

62.S2 

■574  993' 

5S.41 

,596  2732 

59. 82 

.6 1 8  0746 

61.30 

.640  4205 

23 

■57;  3436 

5S.43 

,596  6322 

59^85 

.61 8  4425 

61.33 

.640  7977 

34 

■57S  6943 

sa-4s 

.596  9914 

59^B7 

.61S  3io5 

61.36 

.641   1750 

62-90 

,    25 

"576  0451 

58.48 

-597  3507 

59-9° 

.619  T787 

61.J8 

-641  5525 

62.93 

26 

.576  3960 

58,50 

.597  7102 

59-92 

.619  5471 

61.41 

-641     9J02 

61.96 

2T 

■57"  747' 

58.51 

,598  0698 

59-95 

.619  9156 

61.44 

.642  ,080 

62-98 

28 

■577  09=3 

58.55 

■598  4^95 

59^97 

.620  2843 

61.46 

.642  6860 

63-01 

29 

■577  4496 

5S.57 

■598  7894 

59^99 

.620  6531 

61.48 

.643  0641 

63-04 

30 

.577  8o]i 

58.59 

1.599  '494 

6o.02 

.621   0220 

61.51 

.643  4424 
.643  8209 

63.06 

31 

.578   1518 

58.62 

■599  5096 

.621    3911 

61.53 

63.09 

.57S  |04S 

58.64 

58.6g 

■599  8699 

60.07 

,621   7604 

61.56 

.644  1995 

6J-11 

33 

■57S  8564 

,600  2304 

,612  1298 

.644  5783 

63.14 

34 

-579  20S5 

5B.69 

.600  5910 

60.. 2 

,612  4994 

61.61 

.644  9572 

63-17 

35 

■579  5607 

58.71 

.600  9518 

60.14 

.622   8691 

6i.6| 

.645  3363 

63-^9      1 

30 

■579  9'3° 

58^73 

.601   3127 

60.16 

.613  2390 

61.66 

.645  7155 

37 

■sSo  2655 

58.76 

.601  6738 

60,19 

.623   6091 

6i.68 

.646  0949 

4'25 

.;So  6iU 

58.78 

.602  03=0 

60,21 

■*23   9793 

61.71 

-646  4745 
.646  §542 

63.17 

39 

.;So  970S 

58,80 

■602  3963 

60,24 

.624   3496 

6.. 74 

6-i-lo 

40 

■ss.  3237 

58.83 

2.602  7578 

60.26 

,624  7101 

6,-76 

1-647  ^34 1 

63-33 

41 

.581   S768 

58,85 

.603   1 195 

60,29 

.625  0907 

6,-79 

.647  6141 

"5-35 

42 

■SSx  OZ99 

58.87 

.603  iSij 
.603  5432 

60,31 

.625  46.5 
.615   831; 

6,.8i 

-647  9944 

6338 

43 

.58Z  3831 

58.90 

60,34 

61.84 
6i,8S 

■648  3748 

63-4'      ; 

44 

.582  Uj 

58.92 

.604  1053 

60.36 

,626  2036 

■648  7553 

63-4+    ; 

45 

1.583  0903 

58.94 

2.604  5675 

60.38 

2.616  5748 
.626  94^2 

61.89 

1,649   '3^° 

63-46      i 

46 

.583  4440 

5S.97 

.604  9399 

60.4, 

61.9. 

.649  5.68 

63.49     : 

47 

.583  7979 

58.99 

.605   2924 

60.43 

.617  3178 

61.94 

.649  S978 

63^5»      1 

48 

.5S4  1519 

59.01 

.605  6551 

60.46 

.627  6895 

61.97 

.650  2790 

63.54 

49 

.584  5061 

59.04 

.606  0179 

60.48 

.628  0614 

6,-99 

.650  6603 

63^57 

50 

1.584  8604 

59.06 

1.606   3809 

60.51 

.628  4334 

62.02 

2.651   0418 

63.60 

61 

.58;   2.48 

59.09 

.606  7440 

60.53 

.628  S056 

.65,  4235 

63.61 

52 

■sS;  5694 

59.11 

.607   1073 

60.56 

.629  .780 

62.07 

.651   8053 

6J.65 

53 

■5*5   9^4' 

59-13 

.607  4707 
.607  I343 

60.58 

.629  5505 

62.09 

,652  .873 

63.68 

54 

.586  1790 

59-'S 

.629  9231 

62.12 

,652  5695 

63.70 

55 

S.586  6340 

59.18 

2.608    19S0 

.630  1959 

62.15 

2,652  9518 

63-73 

56 

.586  9S91 

59.20 

.60S  5^,8 

6o;66 

.630  elil 

62.17 

.653  3342 

63-76 

57 

■S»7  3444 

59.23 

.60S  9253 

60.6S 

.631  0420 

62.20 

.653  7168 

63-79 

58 

.587  6999 

59-^5 

.609  2901 

.631  4152 

62.12 

.654  0996 

63-8. 

59 

■588  OSS5 

59-^7 

.609  6544 

60.73 

.631   78^7 

62.2s 

.654  4826 

63.84 

60 

.;as  41,1 

59.30 

2.5,0  0.88 

60.75 

,632  1622 

62.28 

.654  8657 

63-87 
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TABLE  71. 

I  Anoiiialv  01-  tlie  Time  fi'oii!  the  Perihelioi 


a  Parabolic  Ocbit, 


V. 

132 

" 

133°        1 

134°        1 

-135'-      il 

logH. 

DLir.i''. 

loSM, 

Dllf,  1". 

logM. 

DLff.l". 

IcgM, 

Mff.l'. 

0' 

.654    865? 

63,87 

.67B    .547 
,678    548° 

^5-53 

.702-0562 

6727 

.726    5990 

69.09 

1 

.655    1490 

63.89 

65-56 

■izh 

67.30 

.727    0137 

69.12 

s 

.655    6324, 

63.92 

.678    9414 

6!-S9 

67.33 

.727    42^5 
.727    8435 

69-15 

3 

.65^  oj6o 

63.95 

.679    3350 

6;.ii 

.703  2679 

67.36 

69.19 

4 

.656  399S 

63.97 

.679   7288 

65.64 

.703  6721 

67.39 

.7^8  25^7 

69.22 

5 

.656  7337 

64.00 

.63o  1227 

65-67 

.704  0766 

67.42 

.7  28  6741 

69.25 

6 

.6j7  767S 

64.03 

65.70 

.704  4812 
.704  8860 

67.45 

.729  0897 

69.28 

.657  5521 

eld 

65.73 

67.48 

.729  5055 

69.31 

.657  936; 

64.08 

.6S1  3056 

65.76 

.705  2909 

67.51 

.729  9215 

69,34 

9 

.658  32 1 1 

64.11 

.63i  7002 

65.79 

.70s  6961 

67.54 

.730  3376 

69,37 

10 

.6sS  705a 

64.14 

.6S2  0950 

65.81 

.706  1014 

67-57 

-73°  7539 

69.40 

11 

.659  0907 

64..; 

.682  4900 

65.S4 

.706  5069 

67.60 

.731  1705 

69.44 

IS 

.659  47,8 
.659  8611 

64.19 

.682  8851 

65.87 

67.6, 

.731  5^7^ 

69.47 

13 

64.22 

.63  3  2804 

65.90 

.707  3184 

67.66 

.732-  0041 

69.50 

14 

.660  3465 

6I2S 

,683  6759 

65-93 

67,69 

.732  4212 

69-53 

15 

.660  6320 

64.28 

,684  0716 

65.96 

.708  1307 

67.72 

-73^  8385 

69-56 

16 

.661   017S 

64.30 

.6S4  4674 

65.99 

.708  5371 

67-75 

■733  ^559 

69.59 

17 

.661  4037 

64- 13 

.68^  tell 

66.01 

-7°8  9436 

t^-f 

■733  6736 

l^-k 

18 

.661   7897 

64.36 

.685  2596 

66.04 

.709   3504 

67.81 

-734  0914 

69.66 

19 

.662  1760 

64.38 

-6«S  6559 

66.07 

■709  7573 

67-84 

-734  5^94 

69.69 

20 

.662  5623 

64.41 

.6S6  0514 

66.10 

.710  1645 

67.87 

-734  9177 

69.72 

81 

,662  9489 

64.44 

.6S6  4491 
.686  I460 

66.13 

67,90 

■735  3461 
■735  7647 

69-7; 

32 

.663   3356 

64.47 

66. 1 S 

.710  9792 

67.93 

69.78 

23 

.663  7235 

64.49 

.687  2430 

66.19 

.7.1  3869 

67.96 

-736  1835 

69,8. 

24 

.664  1096 

64.52 

.687  6402 

.711  7947 

67.99 

.736  6025 

69.8; 

25 

.664  4968 
.664  8842 

64.5; 

.688  0376 

66.25 

.712  2028 

6B.02 

.737  °^>6 

69.88 

SO 

64.57 

.688  4352 

66.27 

68.05 

■737  441° 

69.91 

37 

.665   27  J  7 

64.60 

.688   S329 

66.30 

.713  0194 

68.08 

■737  8605 

69.94 

38 

.665  6594 

64.63 

.6S9  2308 

66.33 

.713  4279 

.73S  2803 

69.97 

39 

.666  0473 

64.6S 

.689  6lg9 

66.36 

.7.3  8367 

68:,4 

.738  7°°^ 

70,00 

30 

.666  4354 
.666  82  36 

64.69 

.690  0272 

66.39 

2.7 14  2456 

?!''7 

;,739   1203 

70.04 

31 

64.7^ 

.690  4256 

66,4s 

.714  6547 

68.20 

-739  54''6 
-739  9612 

70.07 

SH 

,667  2120 

64.74 
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,91! 

1678 

84,56 

-949  0941 

87,27 

90,13 

59 

:8SS  6831 

82.04 

.918 

6753 

84,^1 

.949  6.80 

87-32 

,981  6636 

90. 1  g 

60 

Z.839  1754 

82-08 

,919 

.33, 

84.55 

1,950  1420 

87.37 

1,982  1048 

90.23 
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TABEE  TI, 


For  finding  tlie  TriiB  Anomaly  c 


H  the  Perilielion  In  (i  Parabolic  Orl>It. 


V. 

144^       1 

145°       1 

146° 

147° 

T 

logM. 

DJir.i". 

1.6  M. 

Biff.l". 

logM.         i    Diif.l". 

l^M-         1    BJR-.1"-    II 

~^ 

.981    1048 
.9811   6+63 

90.23 

.015    I281 

93.16 

-049  ^73  3 

96,47 

.084   6070          99 

87 

1 

90.2S 

93.31 

.049  8512 

96.52 

92 

» 

.983    ,58^ 

90.33 

lie  S! 

93^36 

.050  4315 

96.58 

.08;    8061           99 

98 

3 

.983  7303 

90.3^ 

93.42 

.051     01I2 

96.63 

.086   4062        100 

04 

4 

.98+  2727 

90.43 

.017  3688 

93-47 

,051     591 1 

96,69 

.087   0066        100 

5 

■sH  8154 

90.48 

.017    9^98 

93-51 

,052    1714 

96,74 

.087    6073        ,00 

16 

S 

■9=5  3SH 

90'53 

.DiS  49" 

93-57 

.052  75^° 

96,80 

-088    2085        100 

7 

■985  9017 

go.A 

.019  o;i6 

53-6; 

■053  33^9 

96,85 

.088    8099        100 

8 

S  till 

90-63 

■".I  %ti 

93.68 

.053  9142 

96.91 

.08.9   4I1S        100 

33 

9 

90^67 

93'7J 

.054  4959 

96.96 

.090   0140        100 

39 

10 

■987  5334 

90.72 

.010  7393 

93-73 

-055  0778 

97,01 

.090   6165        100 

45 

11 

,988  0779 

90.77 

93-83 

.055  6601 

97.07 

.091    2194        100 

51 

13 

90.81 

:o2l  ^653 

93-89 

-osS  2427 

97-13 

.091    8226        100 

5^ 

13 

.989  1678 

90.87 

.021 4^88 

93-94 

.056  8256 

97.19 

h 

.989  713^ 

90.92 

.021 9916 

93-99 

-057  A-°h 

97.24 

-093    0302        100 

69 

15 

.990  25S9 

90.97 

.013  5567 

94.04 

,057  9925 

97.30 

■°93   634s       '°° 

'5 

18 

,990  8049 

91.01 

.024    Till 

94.10 

.058  5765 

97-35 

.094  2392       100 

17 

.991  3512 

91.07 

.024    6859 

94.15 

.059   ,608 

97-41 

.094  8442       100 

87 

18 

.991  8977 

91.12 

.025    2509 

94,10 

■°59  7454 

97-47 

.095  4496       100 

93 

1» 

.99.  4446 

91.17 

■02s    8163 

94-^6 

.060  3304 

97.52 

.096  0553       100 

98 

KO 

.991  9918 

91.11 

.0=6  38" 

94.31 

,o6q  9157 

97-58 

.096    6614        lOI 

04 

21 

■993  5393 

91.17 

.026  9480 

94-36 

.061  5013 

97-63 

.097  2678       101 

22 

■994  0S71 

91.31 

.017  5143 

94.41 

.062  0873 

97.69 

.6    i 

23 

■994  635' 

9'-37 

.028  0810 

94-47 

,062  6736 

97-7S 

.098  48.8       101 

24 

■995  '83; 

91.41 

.028  6479 

94.52 

,099   0893        lOI 

28 

25 

■995  n^^ 

91-47 

.029  2152 

94-57 

,063  8472 

97-86 

,099    6971          101 

34 

36 

.99^  dl^ 

91.52 

.029  7828 

^*-53 

,064  4345 

97.91 

.100    3054         101 

'^? 

37 

.996  8305 
■997  3S01 

91-57 

.030  3507 

94.63 

.065  0122 

97-97 

.100  9140    101 

46 

28 

91.61 

.030  9190 

94-73 

.065  6101 

.101     5130         101 

52 

29 

■997  93°° 

9.-67 

-031  487s 

9479 

.066  19S5 

98.08 

.102     1313         101 

ss 

30 

.99S  4802 

91.72 

■032  0564 

94.84 

.066  7872 

98.,4 

.102  7420     101 

64 

31 

■999  °3°7 

9(.77 

.032  6156 

94. 89 

.067  3762 

^IT 

.103   3520       101 

32 

■999  58>5 

9>.ii 

■033   1951 

94^94 

■067  9655 

.103  9624       101 

76 

33 

.000  132S 

91.87 

■033  7650 

95.00 

.068   5551 

98:31 

.104  5732       101 

34 

.000  6840 

9 '-93 

■034  335' 

95^°S 

.069   1453 

98.37 

.105   1843       101 

as 

35 

.001   1557 

91.98 

.034  9056 

95-11 

.069  7357 

9S.42 

.105  7958       101 

94 

30 

.00.   7^77 

9X.03 

.035.4764 

95.16 

.070  3264 

98.4S 

37 

.002  3400 

92.0S 

.036  0475 

95.12 

.070  9174 

9S.54 

.107  Q198       102 

07 

3S 

.002  89x6 

91. 1 3 

.036  6190 

95-27 

.071   508S 

98.60 

.107  6324       102 

13 

39 

.00  J  4456 

92,.l 

.037  i9°a 

95-31 

,071  1006 

98,65 

.108  2454       102 

19 

40 

.o=j  9988 

91.23 

.037  7619 

95-3S 

3,071  6927 

98.71 

.108  S587       102 

25 

41 

.004  5523 

91.18 

■°i^   3JS3 

95-43 

.073  2! 51 

9S.77 

.109  4713       102 

31 

42 

■°°5  l°6z 

91.33 

.038  90S0 

95-43 

.073  8779 

98.82 

..10  0^64       102 
.110  700?       102 

37 

43 

92.3^ 

.039  4811 

95-54 

.074  4710 

98. 88 

43 

44 

92.44 

.040  0545 

95.60 

.075  0645 

98.94 

-III  3'5S      '°^ 

49 

45 

.C06  7696 

92.49 

.040  6281 

95-65 

3.075  6583 

99.00 

.III  9306      102 

11 

46 

.007  3146 

92.54 

.041   2023 

95-70 

.076  2524 

99.05 

'',\l  \tll    \Z 

47 

.Q07  S800 

92.59 

-041   7767 

9^-76 

.076   8469 

99.. I 

67 

48 

.oo3  4357 

92.84 

.042  3514 

'^Ki 

.077  4418 

99.17 

.113  7782      102 

l^ 

49 

.008  9917 

92.69 

.041  9264 

95-86 

.078  0370 

99-13 

.114  3948       '02 

80 

50 

,009   54B0 

91.74 

.043  5017 

95-9= 

3.078  6315 

99,28 

.115  0118      102 

86 

{    51 

.010   ID46 

91.79 

.044  0774 

.079  1284 
.079  8246 

99-34 

.115  6291      102 

1     52 

,010  6615 

91.8; 

.044  6534 

96.03 

99,40 

.116  2468      102 

98 

1     53 

.011   1188 

91.90 

.045  1297 

96.08 

.080  4212 

99-46 

.116  8649      103 

04 

.o,j   7763 

9195 

.045  8064 

96-14 

.081   0181 

99.52 

.117  4833       ">3 

55 

.oil  534,2 

.046   3834 

96.19 

3.081   6354 

99-57 

.iiS   1021       103 

16 

66 

.oil  8933 

93^°S 

.046  9607 

96-25 

.0S2  2130 

99.63 

..18  7213       103 

23 

57 

.013  4508 

93.10 

-047   5383 

96-3° 

.082  gllO 

99,69 

.119  3409       103 

29 

59 

93.16 

.048   1163 

9M6 

.0S3  4093 

99-75 

35 

59 

:T,t  Illy 

93.11 

.048   6946 

96,41 

.084  ooSo 

99.81 

60 

.0.5  .281 

93.16 

■049  »733 

96,47 

3.084  6070 

99,87 

.121     20.8          103 

48 

BiBd  by  Google 


For  finding  tlie  True  Anomaly  ov  lii 

Time  ft 

Dm  tlie  PeriiieHon  in  a 

Parabolic  Orbit. 

V. 

148° 

149° 

"150°       1 

151"         1 

log  M. 

Diir,r'. 

]««M, 

Diir.i". 

IdgH. 

Biff.l". 

losM. 

wff.v. 

o- 

3.11.   lOiS 

103 

48 

3.159    1367 

107.31 

3.198  4984 

..1.41 

239    3820 

"5-Z7 

..11   8128 

10; 

54 

.159   7808 

'07.38 

.199   1671 

11. .48 

.140    0768 

"5^85 

s 

:!i3  Utl 

103 

60 

,160  4153 

'°7-45 

.199  8361 

111.55 

115.91 

3 

103 

66 

.i6j  Q701 

107.51 

.100  5056 

.241    4680 

116.00 

4 

.113  6831 

103 

..6,  7>;4 

107.58 

.101   1755 

117:69 

.143    .642 

5 

3.114.  3107 

103 

79 

3..61  36" 

■07.6; 

3.101  84  =  0 

1.1.76 

.242   8608 

.16..5 

6 

.11+  9336 

103 

85 

.163  0072 

.101  5.6S 

.243    5580 

116.23 

T 

-1*5  55^9 

103 

9' 

..6|  6536 

107:78 

.203  .878 

111.90 

.144   1556 

116.30 

8 

103 

97 

.164  3005 

107.65 

.203  8594 

11. .97 

■=44  9536 

.,6.38 

9 

,116  8045 

104 

.164  9478 

107.91 

■■J04  53'S 

112.04 

.145  6521 

116.4s 

10 

3.117  42S9 

104 

10 

3-165  5955 

107,98 

3.205  2040 

111.11 

.246   3511 

116,53 

11 

.118  0537 

104 

16 

.!66  2435 

io|.04 

.105  3769 

111.18 

.247  0505 

ii6,Si 

.■iS  67S9 

104 

.166  8920 

.206  5502 

1.1.16 

■*47  7503 

116,68 

13 

.119  3044 

lOi 

19 

.167  5409 

.207  1139 

..1,33 

.14B  4507 

116.76 

14 

■  >*9  9303 

35 

.168  1901 

.107  8981 

112.40 

.149  'S15 

"6.64 

15 

3-130  SS66 

104 

41 

3..6S  8398 

108.31 

3,108  5717 

112.47 

.149  85=7 

1.6-91 

18 

.13.   1833 

10, 

48 

,169  4899 

108,38 

.109  1478 

1.2.54 

.250  5544 
.15'   2553 

1.6.99 

1? 

.131   8103 

10, 

5* 

.170  1404 

108.45 

.209  9131 

112.61 

.17.07 

18 

,1311  4377 

10, 

60 

.170  79tj 

'i-5; 

.210  5991 

111.60 

.251  959= 

117.14 

19 

.133  0655 

67 

.171  4416 

108.5S 

.211  1755 

112.76 

.151  6613 

117.22 

30 

3-'33  6937 

104 

73 

3. 171  0941 
..72  74^3 

108.65 

3.2.1  95" 

II2.S3 

.253  3658 

'17.30 

31 

■■34  3^*3 

B 

.08.72 

.2.2  6294 

1.2.90 

.254  0698 

.17.37 

,134  9511 

IC 

ib 

■>73  3988 

.08.78 

.213  3070 

112.97 

■154  7743 

117.45 

33 

■'35  !^os 

91 

■174  o5»7 

.08.85 

.2.3  9851 

113.05 

.255  479= 

117.53 

34 

10, 

98 

.174  7051 

10S.92 

.214  6636 

113.12 

.25S  'S46 

i.7.i^ 

23 

3.136  8403 

105 

OS 

3-'7S   3588 

\fV(> 

3.215  3425 

113.19 

-256  8905 

.17.6S 

36 

.137  47°^ 

.176  0119 

.216   02.9 

ii3^26 

.257  5968 

117.76 

2T 

.,38  iot6 

.176  0674 

109.11 

.216  7017 

113.34 

.258  3036 

..7.84 

28 

■ijs  7319 

24 

■'77   32M 

109.19 

.217  38'? 

113.41 

.259  0109 

117.9. 

39 

■'39  3S4S 

30 

■'77  9777 

109.16 

.218  0626 

11 3-48 

.159  7186 

117.99 

30 

3-I39  996s 

105 

36 

3-'78  6335 

'09'33 

3.218  7437 

"'■|5 

,260  4268 

1.807 

43 

-'79  "97 

109.40 

.219  4251 

"3^63 

,261   1354 

118.15 

33 

'.\t°  j6i6 

49 

.179  9461 

109.46 

1.3.70 

,16.  8446 

33 

.14'   S948 

10 

55 

.180  6032 

109.53 

,120  7896 

"3-77 

■261  554= 

118.30 

34 

.141  5283 

61 

.181  2606 

,121  4724 

.,3.84 

.163  =642 

118.38 

35 

3.143    1612 

68 

3.1 8 1   9184 

109,67 

3,222  1557 

.13.91 

.263  9747 

118.46 

30 

■143  79^5 

10 

75 

.,Si   5766 

109,74 

,222  8395 

"399 

.264  6857 

"8-54 

37 

.144  4512 

81 

■'S3  1353 

109.3. 

.223  5136 

.265  3971 

38 

.HS  Zki 

10 

.87 

■'83  8943 

109.37 

114.14 

,266  1091 

39 

:,4s  7018 

94 

.,84  ssji 

109,94 

:2H  8933 

114.11 

.266  S216 

40 

3,146  3376 

10 

00 

3.,8s  1.36 

1 10.0. 

3,215  5788. 

114.28 

■167  5345 

118,85 

11 

.146  9739 

10 

,i8s  8739 

.10,08 

.225    2647 

"4.36 

.268  2478 

118.93 

4% 

.147  6105 

'4 

.186  5346 

110,15 

.226    9511 

114.43 

.26S  9616 

43 

Ml  XI 

10 

■187  1957 

.117    6379 

..4.51 

■269  6759 

.19.09 

44 

JO 

.17 

.1S7   S572 

110.29 

,22s     3152 

..4.5a 

.170  3907 

.19.17 

45 

3.149  5117 

.0 

-33 

3.1B8  5191 

110.36 

3.219    0129 

..4.65 

.171   1060 

.19.15 

40 

.150  1609 

40 

.189   1815 

110.43 

.119    7010 

114-73 

.171  8217 

119-33 

47 

■'5°  7995 

10 

lb 

■1S9  8443 

110.50 

.130    3806 

.14.80 

-=7=  5379 

119.41 

48 

.15!  4385 

■S3 

-19°  S°7S 

110.57 

.231    07I6 

.14.88 

.173  1546 

119.49 

49 

.i;i  077S 

10 

■S9 

.191   1711 

110.64 

.231    7681 

"4-9S 

.173  9717 

119.57 

50 

3.152  7176 

.66 

3-'9'  83s' 

110.71 

3.232    4581 

115.03 

.274  6894 

119.65 

51 

■'53  3577 

.192  4996 

■233     '484 

115.10 

.275  4075 

1.9.73 

52 

■153  993j 

■7' 

■'93   '644 

Mo]^ 

.233    8392 

115,17 

,276  .161 

119.81 

53 

-'54  6391 

10 

■ss 

■'93  8297 

110.91 

■^34  5305 

115.25 

.276  8j5i 
.177  5647 

54 

-15s  *8os 

.92 

■'94  49S4 

110.98 

.235    2222 

115.32 

1.9,97 

53 

j.15;  9111 

10 

-99 

3.19s   1615 

111.05 

3.235    9144 

115.40 

,178  2848 

5e 

-i  a 

10 

■05 

.195  8281 

.236    6070 

'iS^47 

.279  Q053 

110.13 

67 

.196  4950 

111.19 

.137     3001 

"S^5S 

.279  7263 

■'57  8497 

!i8 

.197  1624 

111,26 

.137    9936 

115.61 

.280  4477 

110.19 

59 

.158  4930 

10 

IS 

.197  8302 

111.34 

.138    6S76 

115.70 

■iSi    1697 

110.37 

L^ 

3.159  1367 

10 

il 

3.19S  49S4 

111.41 

3.239    3820 

115,77 

.181   89=' 

.20,45 
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TABLE  YI. 

.e  Anomaly  or  the  Time  from  the  Perihelion  iv 


1  Pai'abolie  Orbit. 


1 "" 

152°        1 

153° 

154° 

155°        1 

,.,.M. 

Diff.l". 

losM. 

UifT.  I", 

log  M, 

i.m.v'. 

logH. 

Kff,  1", 

0' 

3.181    8911 

120.45 

.316    1448 

i'S^46 

3.371  2684. 
■373  0538 

130,8; 

3.410  4064 

.36.66 

1 

\x8i  eJ,! 

120.53 

.3^6  8978 

"5-55 

130,94 

.421   2266 

.36.76 

3 

.1183  3335 

iio,6i 

,317  6513 

125.63 

■373  8397 

131,04 

,422  0475 
.4^2  8^90 

.36.86 

3 

■Sttoi 

110.69 

.328  4054 

125.72 

■374  6162 

131,13 

,36.96 

4 

120.77 

,329   1600 

125.S1 

■37!  4>33 

131,21 

,423  6910 

137.06 

9 

3.285  5116 

120. 85 

.319  9151 

125.89 

3.376  1009 

i3i^3' 

3'424  5'37 

137,16 

6 

.=,86  2570 

J10.93 

,330  6707 

125,98 

.415  3370 

137.26 

7 

.2S6  o6jS 

.331  426S 

126.07 

■.377  ?778 

131,50 

.426  1^09 

i37^37 

8 

.187  6891 

■33*  183s 

.26.16 

.378   567' 

131,60 

.426  9854 

I37^47 

9 

.283  4160 

,331  9407 

126.24 

■379  3570 

131,69 

,427  8105 

137.57 

10 

3.189  1433 

121.26 

■333  6984 

126.33 

3.3S0  1474 

'^'■7? 

3.423  6361 

137,67 

.289  8711 

■334  4567 

.26.41 

.380  9384 

.31.^^ 

,419  46^6 

'37-77 

13 

,290  5993 

111.41 

■335  ^154 

.16.5. 

.38.   7300 

131,98 

.430  2895 

.37.88 

13 

.29!   ^^'i^ 

111,50 

■335   9747 

126.59 

.382  5121 

131.07 

.431   1171 

^H-'4 

14 

.292  0574 

-336  7346 

1 16.6  3 

.383  3'4S 

.32.16 

-43'   945' 

.3^08 

15 

3.192  7871 

121.67 

■337  4949 

.16.77 

3,384  loSi 

132.16 

3.431  7740 

.38..8 

le 

■'93  5 '74 

J2I.75 

,338  255S 

126.S6 

.384  9019 

132.35 

-433  6034 

138,29 

17 

.294  m8. 

■339  o'7i 

1^6.95 

.38;  6963 

132-45 

-434  4334 

138.39 

18 

,294.  9794 

121,91 

,339  779^ 

127.03 

■3  86  4913 

"3'-54 

■435  '641 

133.49 

19 

.295  7111 

,340  S417 

1*7.12 

.3S7  1869 

132.S4 

.436  0953 

138,59 

20 

3.196  4433 

121.08 

■341   3047 
.342  0681 

127.11 

3.338  0S30 

132.73 

3,436  9172 

'5^1° 

21 

.197  1761 

121.16 

117.30 

-388  8797 

>3'-S3 

■437  7597 

.38-^0 

23 

.297  9093 

121.14 

■34'  8323 

"7-39 

.339  6770 

i3'-93 

.438  592^ 

,33.90 

23 

.298  6430 

122-33 

-343   59S9 

127.48 

.390  4749 

133.01 

.439  4266 

139.01 

24 

.299  3772 

■344  S^io 

127.57 

■39'   =733 

133..1 

.440  2609 

.39,11 

25 

3.300  1119 

■345   1277 

127.66 

3,392  0713 

133-" 

3.441  0959 

139.22 

28 

.300  8471 

111.S* 

■345  893? 

"17.75 

.391  S7.9 

'33-31 

,441  9315 

139,32 

27 

.301  5328 

121.66 

,346  6606 

127.S4 

.393  6710 

"33-4' 

,442  7677 

13942 

29 

.301  3190 

111.74 

.347  4179 

"7^93 

.394  4718 

133.50 

.443  6046 

'39^S3 

29 

.303  0557 

.348   1958 

128.02 

-395  1741 

133.S0 

■444  44" 

'39-63 

30 

3.30J  7929 

,348  9641 

128.it 

3.396  0760 

133.70 

3.445  2802 

'39-74 

.304  5306 

■349  7330 

It'll 

,396  8785 

'iJ-79 

.446  1. 89 

139-84 

33 

.305  2688 

■35°  S024 

■397  6815 

'33-89 

.446  95S3 

'39-95 

1     33 

.30S  0075 

.351  2724 

llUj 

,398  4851 

'33-99 

.447  7983 

.40,05 

i    34 

,306  746S 

123.34 

.352  0419 

.18,46 

■399  1894 

134.09 

,448  6389 

.40.. 6 

35 

3.307  486; 

''3'33 

,352  8140 

.1S.55 

3.400  0942 

'34-19 

3.449  4802 

140,26 

38 

.30S  2267 

123.4. 

■353  5856 

.28.^5 

,400  8996 

i34-'8 

.450  3221 

140,37 

37 

,30s  9674 

-354  3577 

.18,74 

.401  7056 

■34-38 

.451   .646 

140,47 

38 

.309  7086 

123.58 

■355   I 304 

.18,83 

.401  5.21 

134.48 

.452  0077 

•,t:M 

39 

.310  4504 

123.^6 

■355  9037 

128,92 

■403  3 '9 3 

'34' 57 

■45'  8515 

40 

,.3.1   .926 

123.75 

,356  6774 

119.01 

3.404  1170 

134.67 

J'4S3  6959 

140,79 

■3"   9354 

113.33 

■357  45'7 

129,10 

.404  9354 

'34-77 

■454  5410 

140,90 

43 

.312  67S6 

■13,92 

,358  2i66 

119,19 

,405  7443 

13487 

■455  3867 

43 

.313  4224 

114.00 

,359  0020 

1 29,1s 

,406  5538 

13497 

.455  1330 

44 

-314  >667 

124.09 

■359  7780 

"9-37 

.407  3639 

I35^07 

,457  oSoo 

.41,21 

3.314  911; 

114.17 

■360  5545 
.361   33.^ 

119.46 

3.408  1746 

135.16 

3.457  9276 

.4.. 31 

48 

.315  6567 

124.26 

119,56 

-40B  9359 

.35-'6 

■458  7759 

'4' -43 

47 

.316  40a; 

124.34 

.362  1091 

.i>^5 

■409  Z977 

'35-30 

-459  6248 

141.54 

48 

■3' 7   ■489 

114,43 

.362  8873 

129.74 

'35-46 

,460  4743 

141,64 

49 

■3 '7   3957 

124,51 

.363  6660 

.19,83 

■4>f  4' 33 

'35-56 

,461   3145 

'4'-7S 

50 

3.318  6430 

114,60 

.364  4453 

129,91 

3,412  2369 

135.66 

3-46'  '753 

.41.86 

■3 '9  39°9 

114.68 

.365  1251 

.4.3  05.2 

135-76 

.463  01S8 

14E.97 

52 

.366  oo;s 

.413  3660 

135.86 

,463  87 89 

141,07 

124,86 

.366  7SB4 

.414  6S15 

135.96 

■464  73'7 

,41,13 

54 

-321   637; 

124.94 

.367  5679 

130.19 

■415  497S 

,31.06 

■465  585' 

.41.19 

55 

J.  322  3874 

125.03 

.368   3499 

130.33 

3.416  3142 

•5^'^ 

3.466  4391 

141.40 

58 

-3^3  1379 

125.11 

.369   1315 

<  30-48 

.417   1314 

136.26 

.467  1939 

141.S' 

57 

.323  8g8S 

.369  9156 

'SO'S? 

.417  949' 

136.36 

,466   .492 

141.61 

58 

.324  6403 

125,19 

.370  6993 

130,66 

.4.8  7677 

.36-46 

,469  oo;i 

.41.72 

59 

.325  3913 

■iS-37 

.371  4836 

130.76 

.4.9  5867 

136.56 

,469  8619 

.41,83 

CO 

3,326  1448 

125.46 

-371  2684 

.30.85 

3.410  4064 

136.66 

3,470  7191 

141.94 

BiBd  by  Google 


For  finding  the  True  Anomaly  or  t'i 

e  Time  f 

■om  the  Perihclloii  in 

a  Parabolic  Oi-bit. 

V. 

156° 

"157= 

158° 

159°        ll 

IPSM. 

Diir.i", 

logM, 

KIT.  1". 

logM. 

wff.i". 

loeM. 

BIff.r. 

0' 

3-47°  719^ 

142.94 

3-513    3S75 

149.75 

3.57S  6i!+ 

.57.17 

3.636  6351 

165.28 

.471   S772 

143-05 

.524   2S64 

149.37 

-579   5583 

157-3° 

.637  6272 

165.42 

» 

.472  4558 

143.16 

.525    1S60 

.49.99 

.580  5030 

■S7-+3 

.638    6l02 

,65.56 

3 

.473  igs' 

'4  3- '7 

.526    0863 

.50.1. 

.581   44S0 

157.56 

.639  6.+0 
.640  60*7 

165.71 

4 

-474  '55° 

'43-38 

.526   9873 

150-13 

.582  3937 

157.69 

,65,8s 

fi 

3.47s  01  (6 

143.49 

).;27  8890 

'5°-35 

3.583  34°3 

157.82 

j.e+i  6 0+2 

,65.99 

6 

.475  8769 

.43.60 

■518  7915 

'5°-47 

.5S4  2876 

157.95 

.6+2  6oq6 

,6l,j 

.476  738i 

143.71 

.539  6947 

'5°-59 

■^?5  ^Pl 

158.08 

-6+3  5973 

16G.2S 

S 

-477  6014 
.478  4646 

143.82 

■53°  5985 

150.71 

.5S6  .846 

153.2. 

.6++  5959 

166.42 

9 

143-93 

■531   5031 

■  50.83 

.587  13+1 

158.34 

-6+5  5948 

166,56 

10 

3.479  3285 

144.04 

3,532  40S5 

150-95 

3.583  08+7 

■.$s 

3.6+6  5946 

'^5-Z' 

11 

480  1931 

144.15 

■S33  3'45 

15.-07 

■589  0359 

■647  5953 

166,85 

12 

.481   0583 

144.26 

.534  2211 

151,19 

,589  9880 

158.74 

.648  596S 

166.99 

13 

.481   9241 

14437 

.535  1188 

151.31 

.590  9408 

.53.87 

-6+9  5991 

167.14 
167.2? 

11 

.481  79=7 

144.4S 

.536  0370 

15. .43 

159.00 

.650  6025 

15 

3-483   S579 

144.59 

3-536  9459 

151-55 

159,13 

,.65.  606S 

167,41 

16 

.48+  sxsi 

144.70 

mk 

151-67 

.593  80+0 

159.26 

.652  6116 

,67.57 

17 

:tU  m 

1+4-81 

151-79 

■594  7600 

159.40 

.653  6175 

,67.72 

18 

144.93 

.539  6771 

151.91 

■595  7167 

159-53 

.65+  62+2 

167.86 

J» 

.487 133s 

145.04 

.540  5S90 

151-04 

.596  6743 

159.66 

.655  63.8 

,68,01 

30 

3.488  0040 

145.15 

3-S+'  5015 

15^.16 

3.597  6327 

159-79 

3,656  6+03 

;63.i5 

31 

.4S8  8751 

145-26 

.541  4148 
■543  318? 

151-13 

-598  59'9 

159-93 

.657  6497 

3» 

.489  7472 

■45-37 

152.40 

-599  551S 

160.06 

,658  6599 

368:45 

33 

.490  6198 

145.49 
145.60 

■544  1436 

152.52 

.600  5126 

160.19 

.659  6710 

,68.59 

34 

■491  49  JO 

-S45  1591 

152.65 

.601  4742 

160.33 

.660  68  30 

168,74 

35 

3.491  3670 

145.7' 

3.546  0754 

152,77 

3.601  4365 

160,46 

3.661   6959 

■68,89 

26 

■493  *4i6 

145.81 

.546  9924 

152.89 

.603  3997 

160.60 

.662  7096 

169,03 

2T' 

.494  "68 

145 -94 

-547  91°' 

153.01 

-C-L  3637 

160.73 

.663  72+3 

169,18 

38 

.494  9918 

.46.05 

.548  l23s 

'53-14 

.605  3285 

■60.^7 

.664  7398 

'69,33 

39 

.495  869; 

.46.16 

-549  7477 

'S3.26 

.60B  2941 

161.00 

.665  7562 

169,48 

30 

3.496  7468 

146.28 

3.550  6677 

i53^38 

3.607  2605 

161.14 

3.666  7735 

169,61 

31 

.497  6x48 

146.39 

.55'   5883 

i53^5i 

.608  2277 

161.27 

.667  7917 

169,77 

32 

-49«   5035 

146.50 

-551  S°97 

153-63 

.609  1957 

.61.41 

.668  8108 

33 

■499   38^5 

146.62 

■553  4319 

153-75 

.610  1646 

lllit 

.669  8308 

.70,07 

34 

,500  1619 

146.73 

-55+  3548 

"53-sa 

.611  1342 

.670  S516 

170.22 

35 

3.501   1436 

.46.8; 

3-555  1785 

154,00 

3.612  10+7 

161.81 

3.671  373+ 

'70,37 

36 

.503  0150 

146.9! 

.555  2029 

iS4^«3 

.613  0760 

.61.95 

.671  S96. 

170,52 

37 

.501  9071 

147-08 

.557  1280 

1 54.15 

.61+  0481 

.62.09 

.673  9196 

,70,67 

38 

.503  7S99 

147.19 

.553  0539 

154.38 

.6.5  0210 

162.21 

,675  9J9+ 

170,82 

39 

.504  6734. 

147.31 

.558  9S06 

154-50 

.615  9948 

.62.36 

170,97 

40 

3.505  5576 

147-4^ 

3.559  oo3o 
.560  ij6. 

154-63 

3.6.6  9693 

16250 

3.676  9957 

171,12 

.506  4415 

147-54 

'54-75 

.617  9447 

162.63 

.678  0228 

171,27 

43 

,507   3x80 

147-Ss 

.561  7650 

154-38 

.62.77 

.679  0509 

,7.,+! 

43 

.508  XI43 

147.77 

.562  69+7 

155-01 

.619  S980 

162.91 

.680  0799 

'71,57 

44 

.509    IOI3 

147.88 

.563  6251 

155-13 

.620  8758 

163.05 

.681   .09S 

171,71 

43 

3.509  9889 

148.00 

3-S%  !S62 

155-16 

3.621  8545 

163.. 8 

3,682  1406 

.7..S7 

46 

.510  §77X 

148.11 

.565  4882 

155-33 

.622    S340 

163,32 

.6S3  1723 

.51.   7^62 

148.23 

.566  4209 

15551 

.6^3  8,4+ 

\ttt 

Si 

lli-tl 

48 

.5.2  6560 

148.34 
i+S.4g 

-5^7  3543 

155-64 
155-76 

.624  7956 

'71-3  3 

49 

■513  5464 

.56S  Ms 

.625  7776 

163,74 

172.48 

50 

3-514  4375 

143.58 

5.569    2235 

155-89 

3.626  7604 

163,88 

j,687   3082 

,72.64 

51 

,515  3294 

148.70 

.570  1592 

156.02 

Td  ;it; 

164.02 

ill  mi 

171-79 

53 

.516    2219 

143.^. 

-571  0957 

156.15 

.64,16 

J  72.94 

53 

-517  nji 

143.93 

-571  0330 

156.27 

.629  7140 

164.30 

.690  41.^ 

173.10 

54 

■SiS  0090 

149.03 

.572  9710 

156.40 

.630  7002 

164.44 

.69. 45S8 

,73.25 

55 

5.518  9037 

149,17 

3-573  9098 

156.53 

J.631  6873 

164.58 

3.692  4988 

173.40 

56 

.519  7990 

149.2^ 

■574  8+94 

156,66 

.632  6751 

164.71 

.693   5397 

173.56 

57 

.520  6951 

149.40 

■57!  7397 

156,79 

.633  6638 

.64.86 

.694  58.S 

173.71 

58 

-5^1  5918 

149.52 

-576  730S 

156.92 

,63+  6534 

.65,00 

,69;   6243 

,73,87 

59 

.522  4^93 

.49-64 

■577  6717 

^57,04 

,63s  6433 

165.14 

.696  66S0 

,74,02 

60 

3-513  3875, 

149-75 

3.578  6.54 

157.17 

3.636  6351 

,65.28 

3.697  7126 

174.1S 
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TABLE  ?I, 

For  finding  tlie  True  Anomaly  or  the  Time  from  t!ie  Perihelion  in  a  Parabolic  Oi'bit. 


V. 

160°       1 

161 

^ 

162'' 

163°        II 

lOKM. 

T,m.v: 

1.SM. 

Mff,l", 

logM, 

Diff.l", 

Diff.l", 

0' 

.697  7ij6 

174.18 

-761    1539 

183-99 

3,830   3147 

194,87 

3,902  6107 

107.00 

.698  7sSi 

174-34 

184,16 

.831    4845 

.95.06 

■903  8534 

107.11 

3 

.699  8046 

174.49 

.764    3639 

184,34 

,832   6554 

'9S.=5 

.90;  0973 

207.43 

3 

.700  8510 

174^65 

.765    4704 

184,5. 

.833    S275 

'95^44 

.906  3425 
.907  5S90 

207.64 

.701   9003 

174.S0 

.766    5780 

,84,68 

,835    0008 

'95-64 

207,86 

5 

.701  94.96 

1 74.96 

.767    6867 

18486 

3.836    1752 

.95-83 

3,908  Bj6a 

20B.0S 

6 

.703   9999 

175.12 

.768    7963 

185.03 

.837  35°8 

196-01 

7 

.70;  0511 

175.28 

.769    9070 

,8;,20 

■838  5=75 

196.22 

.91.  3363 

108,51 

8 

.706    10|Z 

'7S-43 

.77.    0,87 

185.38 

■839  7°54 

196-4. 

108.72 

9 

.707  1561 

>7S'S9 

.771    .315 

'85.55 

,.840  ^844 

196.60 

:9;3  ^4.0 

208.94 

10 

.708  2102 

'75.75 

.773    2454 

185.73 

3.84'-  0646 

196.80 

3.9'S  °953 

209,16 

.709  1652 

'75-9' 

■774  36=3 

185,90 

,843  1460 

.96.99 

.9.6  3509 

209.38 

IS 

.710  3111 

'76^o7 

■775  47^1 

.8g,oS 

.B44  .186 
.8+5  giij 

197.19 

.917  6078 

2O9.g0 

13 

.711 3780 

176.22 

.776  5931 

■86.25 

.97.38 

.918  866. 

209.81 

14 

.7"  4358 

176.38 

■777  71" 

186.43 

.845  7972 

.97-58 

,910  1256 

110.03 

15 

.713  4.946 

176.54 

.778  8303 

1B6.60 

3.847  9833 

.97-78 

3.91,   3865 

1.0.15 

16 

-7'+  S54J 

176.70 

■779  95°5 

1B6.78 

.849  .705 

197,97 

.922  64B7 

2.0.48 

17 

.715  6150 

.76.86 

,781  0717 

.86,96 

.850  35B9 

.9^.7 

.923   9.12 

18 

.jii  6766 

,782  1940 

'87.,4 

.851  5486 

'98.37 

■9=5    '77° 

10 

.717  7393 

I77,I« 

■7^3  3174 

187.31 

.S;2  7394 

19^.57 

.91B  4432 

211. 14 

30 

.718  8018 

'77.34 

,784  44'8 
.785  567'' 

187.49 

3.853   93'4 

.98.76 

3.927  7107 

^..■36 

31 

.719  8671 

177.50 

lis 

-855  '=4-5 

.98,96 

.9=8  9795 

33 

.710  9ji8 

I77.66 

.788  6938 

.856  3.89 

199,. 6 

,930  2497 

33 

•7"   9993 

'77-83 

,78,  81.4 

■857  S'4S 

199,36 

.93.   52.2 

2.1.03 

34 

.713  06U 

I7a^oo 

,78^  950' 

.858  71.2 

.99.56 

,931  7940 

1.1.25 

25 

■7H  '3S^ 

178.1; 

,790  0799 

.88,39 

3.859  9°9= 

.99,76 

3,934  06S2 

2.1.48 

30 

,725  204S 

178.31 

,791  2108 

'So-57 

,861    .084 

.99.96 

.935  3438 
.936  6107 

1.1.70 

sr 

.726  2749 

178-47 

.791  3427 

18S.75 

,862  3087 

100..  6 

1.1,93 

28 

.727  3462 

178.63 

■J^lltlU 

188,93 

,863    S.03 

iOQ-36 

.937  8989 

1.3,15 

29 

.7^8  41S5 

178.30 

189.?; 

,864  7'3' 

200.56 

.939  '785 

113.38 

30 

,729  491 S 

178,96 

■.lU  m: 

.89.29 

3,865  9.71 

100.77 

3,940  4595 

1.3,6. 

31 

,730  566. 

17913 

189.47 
189.6s 

.867  .223 

-94'   74' 8 

213.83 

33 

■73'   6413 

179-29 

-798  0.86 

.868  3187 

■943  0=54 

1,4.0s 

33 

.731  7176 

179.45 
179.62 

.799 .1571 

J  89.8  3 

.869  5363 

201.37 

■944  3>°5 

1.4.29 

34 

■733  794S 

.800  1966 

.870  74S2 

201.58 

■945  59*9 

114.51 

30 

.734  8730 

17978 

,801 4371 

190.10 

3.871  9Sp 
,873  .^^s 

201.78 

3.946  8847 

2.4,74 

36 

■735  95" 

179.95 

,801  579° 

190.38 

20..98 

■948  '738 

2.4,97 

37 

,737    OJ24 

180.11 

,803   711B 

190.56 

.874  379" 

101..9 

.949  4644 
.950  7563 

i,;,20 

38 

.738  1136 

180.28 

.S04  8657 

190.^5 

■.m  E78 

101,39 

^'5.43 

39 

■739   1957 

1S0.45 

190.93 

103.60 

-952  0496 

1.5,66 

40 

.740  2789 

1S0.61 

,807   1569 

191.11 

3.878  0140 

202.Bo 

3.953   3443 

41 

■741   3631 

180,78 

.808  304. 

191.30 

.879  24.4 
.880  460. 

103.0. 

■954  6403 

2.6,13 

43 

.742  4482 

180.94 

.809  45=5 

191.48 
191,67 

.955  9378 

116,36 

43 

■743   5344 
.744  62.5 

181.11 

,810  6010 

.881  6800 

103,41 
103.63 

-957  =366 

1.6,59 

44 

.81.28 

.8.1  7S'.5 

191.8S 

.882  9011 

-958  5369 

45 

-74!  7097 

'.lit 

.812  9042 

192.04 

3.884  .236 

103.84 

3-959  838; 

117.06 

46 

.746  7089 

.814  0570 

191,13 

.885  3473 

104,0; 

.9^.    14. g 

1.7,29 

47 

■747  8891 

ir.£ 

204.26 

.962  4460 

117,53 

48 

.74S  9303 

i8,;95 

'.Sil  3660 

:887  7983 

204.46 

.963  7519 

I'iil 

4a 

.750  0725 

181.11 

.817  5222 

,91,79 

.889  0257 

IO+.67 

,965  0592 

50 

■7SI    »6s7 

182.29 

,8,8  6795 

191.93 

3.890  2544 

204.BS 

3,966  5678 

2,^3 

-75'  2599 

182.46 

,819  8379 

193.16 

.891  4843 

205,09 

.967  6779 

=j8,47 

-753   355= 

g      ^T 

'93.3s 

.892  7155 

20;.  31 

.968  989s 

53 

■75+  45H 

182.80 

'93.54 

.893  9480 

205.52 

.970   3024 

2.8,94 
219.1s 

54 

•75S  5487 

.S2.97 

.813  3.99 

'9373 

.895    1S.7 

105.73 

.971  6.68 

55 

.756  6470 

.83.,4 

.824  4819 
.S25  %o 

193.91 

3,896  41S7 

105,94 

3.971  9326 

:\l:tl 

56 

.757  7464 

183.3. 

194.1. 

,897  6519 

206.1 5 

■974  2498 

57 

■75S  8467 

.83.48 

.826  8122 

'94-3° 

.898  8905 

106,36 

.975   5684 

2.9.90 

58 

■759  94S1 

183.65 

.827  978s 

llttl 

.900  .193 

206,57 

59 

.76,  os^S 

,829  .460 

.901    3694 

206,79 

[978   1.00 

220.37 

CO 

.762  1539 

'83-99 

.830  3.47 

194,87 

3.901  6.07 

"7-°° 

3.979  533° 

120,6. 
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TABLE  VI. 

For  finding  (he  Tcue  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


164° 


167° 


,584  3394 
3.986   1696 


,998  1077 
3-99'»  5517 


.007  6; 3* 
.009  0093 


■o«  3957 
.044  7915 
.04^  1S90 
..047  5880 
.048  9887 
.050  J909 
,o;j  7948 
.053  JOOJ 
,.054  6074 


.61  6673 

.064  5027 
.065  9219 
.067  3447 
068  7681 
070  1933 


.075  9106 
■077  3441 

■°ll  nil 

6546 


117.05 


27  1077 
IS  6oii 
30  09B8 


256.28 
236.56 
236,83 
237.11 

Wit 
238.50 

^38-78 


=47-75 
148.35 


.88  3538 
89  9146 
■"  4974 
■93  0721 
:94  6490 

:97  3o86 
99  3915 
.00  9764 
.02  5633 
204  1523 
105  7433 

37  3363 

38  9314 
10  5186 

12  127S 

13  7291 

15  3325 

16  9379 
i«  S4S5 
10  1551 


:3 12 

.8  2347 


36  3674 
39  6354 


.246  1975 
.247  8434 
.149  4916 


..161  0902 

.264  4240 
.266  0943 
.267  7669 
,.269  44T7 
.271   1187 


327  7688 

4-3*9  5^^3 
,3ji  2863 
■333  0487 


.341  8986 
.343  6762 
■345  4561 
1-347  =3^8 


282.75 

283-14 
283.52 
283.91 

2^1° 
285,08 
285.47 
285.87 


287.0s 
287.45 


289-05 
289.45 
289.86 


293.13 
^93-54 
293.95 
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TABLE 

VI. 

For  finding  tlie  True  Anomaly  or  tli 

e  Time  from  the  Pctiiielion  in  a  Parabolic  OrHL 

V, 

168° 

169° 

170'' 

171" 

losM. 

Dltt.l". 

logM, 

])iff,i". 

losM, 

Difr.i", 

1<^M, 

Dlff.l",    1 

0' 

4-347  ^388 

297.31 

M59   '^42 

315.07 

4.581    9445 

.584  09^1 
.586  2516 

358.31 

4-717  9835 

398.87    1 

1 

■34-9  0^40 

^& 

.461  0761 

3=^5-57 
32S,oi 

358.91 

.720   3790 

399.62    ■ 

2 

.350  8117 

.463  0311 

359-53 

,722  7790 

400,38 

3 

.352  6019 

198.59 

.464  9891 
.466  9501 

3=6.59 

.588  4106 

360-15 

.71;  i8j; 

401,14 

4 

■354  394= 

199.0a 

327,10 

-590  5734 

360.7^ 

.717  5926 

401,90 

9 

t.356  1901 

199-45 

4-468  9i4i 

327,61 

4-59*  7398 

361-38 

4,730  0063 

402.66 

« 

■357  988^ 

199,88 

.470  8814 

■594  91°° 

362,00 

.731  4245 

4°3-43 

7 

300.31 

,472  8517 

328:64 

.597  "838 

361.62 

-734  8474 

404,19 

8 

.361  5919 

300,75 

.474  8250 

329,15 

-599  2615 

3^3-;s 

-737  1749 

404-96 

ff 

.363  3977 

301.18 

.476  8015 

329,67 

.601  4428 

363.88 

-739  7°7° 

405.74 

10 

1-36;  Z061 

,o,.62 

4.478  78  J I 

330.19 

4,603  6180 

364-50 

4,742  1438 
-744  5851 

4.06.52 

.367  01 7 1 

301.05 

.480  7637 

330.71 

.605  8169 

365-14 

407-30 

12 

301.49 

.482  7495 

331.23 

.608  0096 

365-77 

.747  0114 

4«8.o8 

13 

.370  6470 
.373  4.659 

302.93 

.484  7385 

33'-7S 

.6  to  2061 

366,40 

.749  4811 

408.87 

14 

303-37 

,486  7306 

331,18 

,611  4064 

367.04 

-751   9378 

409-66 

13 

4.374  -^^75 
.376    IJ17 

303.S1 

4.488  715  S 

33^-8. 

^,614  6106 
616  8186 

367,68 

4-754  393' 

410-45 

16 

304.16 

,4.90  7242 

33  3-33 

36S.32 

,756  B632 

17 

■377  93«6 

304,70 

,49^  7^53 

333-86 

,619  0304 

368.96 

■759  333° 

412,04 

18 

■379  768' 

305.15 

■494  73™ 

334-40 

.511  2461 

369,61 

,761   S077 

411.84 

19 

,381  6003 

3°5^53 

.496  7386 

334-93 

.623  4657 

370.26 

.764  1871 

4'3^65 

20 

4-3|3  «S^ 

306.04 

4,498  7^98 
,500  7641 

335.46 

4..615  6892 

370-91 

,,766  7715 

414.46 

21 

306.49 

336.00 

.617  9166 

371-56 

,769  1606 

415,17 

22 

%l  iHi 

306.94 

■5°^  JsiS 

336-54 

.630  1480 

371-21 

■771  7547 

23 

.388  9561 

307.39 

.506  8267 

337-oS 

.632  3832 

372-87 

.774  1536 

24 

.390  8019 

3=7.85 

337.62 

.634  S224 

373-53 

.776  7574 

417,71   I 

25 

t-39*  6503 

308.30 

I..508  854.1 

338-16 

4.636  8656 

374.' 9 

4.779  1661 

418.54   1 

26 

■394  S°iS 
■396  3S54 

308.76 

tdil 

338.7- 

.639  1127 

374,86 

.781  779? 

419-37 

27 

339.26 

.64.   3639 

375-5^ 

.784  1986 

28 

.59S  1,1. 

309,67 

-S»4  9558 

339-8° 

.643  6190 

376.19 

.7S6  8222 

421,03 

29 

.400  0715 

3 10.  J  3 

.5,6  99^2 

34°- 35 

.645  S781 

376,86 

.789  3509 

411.86 

30 

+.401  9337 

310,59 

4.519  0400 

340,91 

4,648  14.3 

377-53 

4.791  8846 

411.70 

31 

,4.03  7986 

311,06 

.521   0871 

341-46 

.650  .o8< 
,652  6798 

378-11 

.794  4233 

413.54 

32 

.405  6063 

3M,5i 

.523    1376 

341,02 

378-89 

-796  9671 

424,39 

.407  5368 

3JI-99 

.525   1913 

341-57 

■654  9551 

379-57 

-799  5160 

34 

.409  4102 

3 '1.45 

-S'.7  2434 

343-13 

-657  ^346 

380.25 

.802  0700 

426.09 

35 

^.411  2863 

311,91 

4-5^9  3°S9 

343-69 

4.659  5181 

380,93 

4.804  6291 

426.95 

36 

.413  1651 

313-39 

.531  3728 

344,26 

.661  8059 

381,61 

.807   1934 

427.81 

37 

3-3-8S 

-533  44°° 

344.82 

frs 

3a=-3i 

.809  7628 

428.67 

38 

.416  9315 

314.33 

■535  5'o6 

345-39 

383-00 

-812  3374 

419-53 

39 

,418  8189 

314,80 

■537  5846 

345-95 

.663  6937 

383-70 

.814  9172 

430.4.0 

40 

4.420  7091 

315-18 

4.539  6620 

346,52 

4.670  9980 

384-39 

4.817  5012 

431.18 

.422  6022 

315-75 

.541  7419 

347-09 

,673  3064 

385-09 

.820  0925 

432,15 

42 

.424  4982 

316.23 

■543  8172 

347,67 

.675  6191 

385.80 

.822  6881 

433.03 

43 

.426  3970 

316.71 

IS  ss 

348.24 

,677  9360 

38^.50 

.825  2889 

433-91 

44 

.42S  29S7 

3'7->9 

348.82 

,6^0  1571 

387.11 

.827  S950 

434-8° 

45 

4.430  1033 

317.67 

4,550  ioo7 

349.40 

4,681  S815 

387.91 

^.830  5065 

435-69 

46 

.432   .loS 

3i&,r6 

.551  1989 

349-98 

.684  9'^' 

Jsa-63 

.833  1234 
-835  7456 

436,59 

47 

.434  0112 

318,64 

-554  3°o5 

35°.56 

.687  2460 

389.34 

437.48 

48 

■4-35  9345 

3i9-'3 

.556  4056 

351-15 

.689  5841 

390.06 

■838  373^ 

438.3a 

49 

-437  8507 

319,61 

■558  5143 

3S'-73 

.691  926S 

390-78 

.841  0062 

439.19 

50 

4.439  769S 

310.10 

4.(60  6264. 

35^.3= 

4.694  2736 

391.50 

4.843  6446 

440.10 

.441   6919 

320,59 

■if  11-^ 
%t  98it 

352-91 

.69!  6248 

391.13 

.84.6  2S86 

441.  II 

52 

.443   6169 

32..08 

35350 

.698   9803 

391.96 

.848  9380 

441.03 

53 

■445   5449 

3"-S8 

354.10 

.701   3402 

393.68 

.851   5929 

442.95 

54 

■447  4758 

J11.07 

.569  1106 

354.69 

■7°3  7046 

■854  1533 

443.87 

55 

t.449  4097 

311.57 

4.571  2405 

355-19 

4-7=6  0733 

395-15 

4.856  9193 

444. So 

56 

.45,   3.66 
■453  ^865 

313.06 

-573  3741 

355-89 

.708  4464 

395.S9 

-8|9  5^°9 

sai 

57 

313,56 

■575  S"3 

356,49 

.710  S2|0 

396-63 

58 

•455  ^^94 

324.06 

.577  6521 

357,10 

397-38 

1864  9508 

447.60 

53 

.457  1753 

324,56 

■579  796S 

357-7° 

■71S  5915 

39i.i 

.867  6392 

448.54 

00 

t.459  1242 

325.07 

4,581  9445 

358,31 

4.717  9S35 

398.87 

].,87o  3333 

449-49 

BiBd  by  Google 


TABLE  Yl. 

■I-  Liie  Time  from  the  Perihelloi 


n  a  Piii'itbolie  Orhit. 


r" 

V. 

172°       1 

173° 

174° 

175°        11 

^!- 

Biff.  1". 

logW. 

D1ff,l". 

logW, 

Diff-r'. 

loS  M, 

Mtr.i". 

0' 

4.870 

3353 

449.49 

.043    3185 

5 '4.47 

5.143   3165 

601.00 

5,480    1373 

711.00 

1 

.873 

450.44 

.046   4191 

5'5-7i 

.146  9176 

601.69 

.484   4765 
.488  5jo4 

lits, 

3 

.S75 

°^\l\ 

451-39 

.049    517' 

51S.96 

.150  5488 
,154  '801 

ai 

3 

.37§ 

\m 

45^-35 

.051  6is6 

S.B.ii 

.493   '989 

7'9-33 

4 

453-3' 

-055  7356 

519-47 

,257  8118 

607.80 

.497  58'3 

731.S0 

5 

^883 

SS96 

454.18 

.058  8561 

S=.o-73 

5-261  4738 

609-53 

5.501  9S06 

\\n: 

6 

61S: 

4!5-*S 

.061  9843 

511-00 

.265  .361 

611,16 

■506  3939 

t 

S89   3516 

456.13 

.06  c  1102 

513.18 

.26S  S089 

613.00 

.510  I223 

739-33 

8 

892 

0919 

457.10 

.o6g  1637 

5^4.56 

.27a  4-9" 

IWA 

.515  '6s9 

741-87 

S 

«94 

S391 

458.19 

.071  4149 

515.85 

.176   i860 

.519  7148 

744-44 

10 

4.897 

5911 

459-' 7 

■074  5738 

527.14 

5.179  S904. 

618,19 

5.514  199' 

747.02 

11 

900 

3491 

462.16 

.077  7406 
.080  9151 

516.44 

.183  6055 

610,08 

.528  6&90 

749-61 

12 

903 

1131 

46. .16 

5'9.75 
Sji-06 

-287   3313 

611.87 

■533  1946 

751.13 

13 

90; 

883. 

461.16 

.084  0976 

.291   0680 

613.67 

-537  7158 

754.86 

14 

?og 

6591 

463.16 

.087  =879 

532.38 

-294  8154 

625-49 

-54'  ^5'9 

757.51 

15 

^911 

464.17 

.090  4861 

533-71 

5.198  573S 

627.3. 

5.546  8060 

760.18 

16 

914 

1291 

465.16 

.093  6914 

53S-04 

.301   3432 

619,15 

•55'  3751 

762.S7 

17 

9'7 

□133 

466.10 

.096  9067 

S3S-38 

.306   ,137 

63..00 

■555  9605 

765.53 

18 

919 

813; 

467.11 

.100  1190 

537-73 

.309  9152 

631.85 

.jSo  562. 

768-3' 

Ifl 

911 

6199 

46^.15 

.(03  3594 

539.08 

.313  7'79 

634.72 

.56;   iKoi 

771.05 

20 

iTS 

Xi 

469.1a 

.106  5980 

540-44- 

!-3'7  53'9 

636.60 

5.569  814.8 
.574  4661 

773.81 

21 

9iS 

.109  8447 

541-81 

.321  3571 

638.49 

776,61 

Hi 

?3i 

471-35 

.113  0997 

543-18 

.315  1938 

640.39 

.579  '34' 

779-4'    1 

23 

)33 

9174 

471.39 

.116  3629 

544-56 

.319  0418 

642,30 

.jl,  8190 

761.2. 

24 

936 

7549 

473.44 

.119  6344 

545-95 

.331  9014 

644.13 

-588  5"° 

785,08 

2S 

19:,9 

5987 

474-49 

.111  9143 

547-34 

5.33S  77'6 

64.6.16 

5.593  '401 

787-95 

2G 

94" 

44S9 

475-55 

.116  1016 

548-74 

.340  6554 

.597  9764 

790.84 

27 

945 

i°S3 

476.B. 

.129  4-991 

550-15 

.344  5499 

65007 

.602  7302 

793.75 

28 

94B 

i68i 

477.68 

.131  S044 
.136   1181 

551-57 

.343  456a 

652.04 

.607  5014 

796.68 

29 

9" 

°375 

478-75 

551-99 

.351  3744 

654.0' 

.611  2903 

799.63 

30 

4-953 

913s 

479.83 

.139  44°3 

fS& 

",t  m 

656.0, 

'111  92^6 

801.60 

31 

95S 

7954 

480.9' 

.14-2  771 1 

658.02 

805.60 

32 

959 

6841 

& 

.146   1106 

557.3° 

.364  1007 

660,04 

:6i6  7642 

3oa.6i 

33 

96= 

1791 

..49  4588 
.152  S157 

558.75 

,368  1671 

661.07 

.651  6150 

811.66 

34 

^5;  4SM 

Xilii 

5^0.11 

.371  1456 

664.1. 

.636  504' 

S  14.71 

35 

4  9fi8 

3894 

4S5-»8 

.156  1813 

561.68 

5-376  1364 

666.17 

5.641  4017 

36 

g-Ti 

3044 

435.38 

■159  5558 

563-16 

.380 1396 

668.14 

.6+6  3179 

820,92 

37 

974 
97- 

2260 
1543 

m\ 

.161  9391 
-166  331S 

$t\\ 

:llS  \¥i 

670.31 
672.41 

.651   2518 
.656  1065 

824.05 

817.1. 

39 

9?o 

0893 

489-73 

.169  73^S 

567.63 

.391  1142 

674.5' 

.661   1793 

330,39 

40 

4,983 

0311 

490.85 

-173   143' 

569.13 

5.396  1777 

676.64 

5.666   .7.3 

S33.60 

41 

985 

9795 

491 -9S 

.176  5614 

570.65 

^00  3439 

67S.77 

.671    1825 

S36.83 

42 

9^i 

9348 

491-15 

■179  99°S 

571-17 

.404  4129 

6S0.91 

.676  113' 

840.08 

43 

99' 

§970 

494.16 

.IB 3  4^84 

573-70 

.408  5149 

683.08 

.6S1   163; 

843.36  ; 

44 

994 

8659 

495-4° 

.18S  5751 

575-^4 

.41'  6199 

685.15 

.686  3336 

846.67 

45 

t997 

S418 

4.96.55 

-19°  33i» 

576-78 

5-4'6  7379 

687-44 

5.691  4236 

850.00 

40 

;o  0 

B.46 

497.7' 

■193  7966 

578-34 

^.lo  S692 

689.^4 

ti  Wl 

853-36 

'     47 

003 

8143 

498.87 

.197  1713 

579.90 

.415  0136 

691.85 

Ir'-'^i 

48 

006 

500.04 

.100  7554 

581.47 

.419  1714 

694.01 

[706  8147 

R60.16 

49 

009 

8^8 

501.11 

.104  1489 

583.05 

■433  34^7 

696.33 

.711  9860 

863.60 

50 

;oi2 

8256 

501.39 

5.107  7510 

584.64 

5-437  5'74 

698,59 

5.717   1779 

867.06 

01; 

lil\ 

503-57 

.111   1646 
.114  7868 

586.13 

-44'  7'58 

700,86 

.712  390S 

S70.56 

52 

018 

504.76 

587-84 

-445  9378 

703.15 

.727  6247 

S74.08 

63 

505-95 

.118   3186 

589.45 

.450  .I36 

705.45 

.731  §798 

wd\ 

54 

014 

9399 

5=7-15 

,111    S601 
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^^^ 

lose 

riff. 

, 

lOgK 

Bilt, 

^L 

i^s^ 

.,.. 

0360    Q 

ooz  4399 

Q 

420 

0.003  3720 

~^        0 

480  0 

004  4858 

561 

ooi  4540 

.003  3S90 

481 

361 

O02  4681 

421 

.003  4061 

482 

004  5263 

363 

O03  4824 

423 

.003  4133 

483 

004  5467 

364 

oo^  4967 

'43 

424 

.003  4404 

4S4 

004  5670 

0 

365   0 

001  5110 

0 

43; 

0.003  4576 

0 

43=  0 

004  5875 

_ 

366 

T:.r,ii 

144 

.003  4749 

'73 

48S 

67 

144 

.003  4923 

174 
'73 

•.11 

4S7 

™*  ^^2 

368 
369 

^iim 

41^ 
419 

.003  5096 
.003  5171 

48  8 

004  6698 

206 

° 

370   0 
371 
37a 
573 

IS 

'47 

430 
431 
432 
433 

0,003  S44S 

.003  5^2> 

.003  5797 
.003  597 3 

'77 

490   0 

492 
493 

004  6906 
004  7113 
004  7322 
004  7531 

209 

374 

002  6421 

.003  6,50 

49* 

004  7740 

211 

° 

^3   ° 

ooj  6;68 

149 

437 

0.003  6327 
!ooj  6lll 

178    ° 
178 

495   0 
497 

004  7951 

2I2 

s« 

O02  7015 

149 

438 

.003  6S63 

III 

498 

004  8585 

379 

00.  7.6; 

150 

439 

.003  7042 

+99 

004  8797 

213 

0 

jl=   0 

O05  7315 

440 

0.003  7222 

iSo  ° 

500   0 

004  90:0 

If^ 

381 

001  7A6B 

.003  7402 

S' 

005  1 1  73 

]I= 

00,  ih, 

'5" 

442 

.003  7583 

52 

005  3397 

B 

3S3 

00.  7,6, 

152 
152 

443 

,003  7765 

S3 

oos  5681 

3!* 

00a  79U 

.003  7947 

183 

54 

005  ^029 

° 

387 

□0=,  8380 

•53  ° 
'54 

5 

447 

0.003  813° 

■:tl  till 

r 
'.'4 

57 

006  0441 
^6  5464 

Z478 

3S8 

00a  s|34 

'54 
'55 
'55 

448 

.003  8680 

58 

llll 

389 

o=a  S^l5 

449 

.003  S865 

59 

M7  0765 

2760 

° 

390  ° 
391 

001  8844 
ooi  S999 

^5^ 

45° 

45' 

0.003  905? 
.003  9236 

1S6  ° 

60   0 

6! 

z',m 

2836 

391 

593 
394 

001  9155 

~:  nil 

4 
III 

452 
453 

454 

.003  9609 
.003  9797 

is 

187 

62 

64 

ooS  5345 

2994 

3077 
3163 

0 

395  ° 

ooi  9626 

455 

0.003  99% 

Isg 

65   0 

008  Sso8 

3251 
3344 
3439 

3539 
3642 

39S 

ooi  97S4 
001  994s 
003  OIOI 

1^8 
159 

456 

457 
458 

.004  0551 

66 

u 

009  1759 
009  5103 
009  8542 

399 

003  0260 

]tl 

459 

.004  0741 

69 

010  2081 

0 

400   0 

003  0410 

160   ° 

460 

0.004  "93^ 

0 

70     D 

010  5723 

3980 
4103 
4233 

003  058c 

461 

.004  1 123 

010  9473 

401 

003  0741 

462 

.004  i3'S 

192 
'93 
'93 

72 

oil  3336 

403 

003  0903 

4^3 

.004  1507 

73 

on  7316 

404 

003  1064 

\6j 

.004  1700 

74 

012  1419 

405   0 

003  1117 

46^ 

0.004  '893 

"94 

ii 

75    0 

Oi2  5652 

4370 

Hit 

4819 
5002 

406 
409 

003  .3S9 
^3  JSsi 

If 

469 

.004  10S7 
.004  1476 

76 

11 
79 

013  9102 

014  +031 

0410    Q 

003  104; 

470 

0.004  28  6S 

.96  ° 

Bo    Q 

014  9033 

411 

zizn 

471 

.004  3064 
,004  3261 

si 

01;  9603 

151 

5599 

+'3 

=°3  =S43 

473 

.004  3459 
.004  3657 

P 

016  5202 

414 

003  2709 

168 

199 

'99    ° 

017  1033 

loi; 

°r.i  - 

003  3877 
003  3044 

■'7  ° 

til 

0.004  3856 
.004  4055 

ll        ° 

t]i  Hit 

6366 
6679 
7030 

+'7 

003  3213 

Se^ 

477 

.004  4155 

87 

0.9  0.6s 

+18 

003  3381 

,6, 

478 

.D04  4456 

019  7.9; 

419 

0Q3  3550 

479 

.004  4657 

201 

89 

790a  i 

04."   0 

"°3  3720 

480 

0.004  4858 

90   0 

oj.  2529 
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r 

,.„. 

log™. 

V        II 

'"1 

», 

.,. 

™. 

™, 

», 

™, 

"., 

-  0  0 

. 

I^ 

;'o 

90     0 

90    0 

iSo    '0 

,So     0 

,8''o    '0 

;'o 

;'o 

4.2976 

9.9999 

90  10 

90  20 

17S  40 

,78  40 

179     0 

359  0 

359  5 

3.3950 

9.9996 

4  46 

90  40 

90  40 

177   lo 

,77  20 

178     0 

3,8     0 

358  9 

1.8675 

9.9992 

7      8 

9,     0 

9,     0 

176  0 

,76     0 

357     ° 

357   '4 

M93S 

9.9986 

9   31 

9,     20 

91  10 

,74  40 

176     0 

356     0 

356   IS 

2.2044, 

9.997S 

11   55 

9,     4, 

9,  4, 

173  ,9 

173   19 

'75     ° 

35S     0 

355  ^3 

1.9686 

9.9968 

,+  19 

91       I 

91     , 

171   59 

171  59 

■74    0 

354    0 

354  ^8, 

1.769a 

9-9957 

16  41 

91    21 

91  11 

170  38 

170  38 

'7^  59 

353     ' 

353  3^ 

1.598. 

9,9943 

,9     7 

92    42 

92  42 

169  iS 

,69  iS 

,7,  59 

35^     ' 

35*  37 

1-4+73 

9-9928 

II  31 

93     3 

93     3 

■67   57' 

'67  57 

,70  58 

35'     ^ 

35'  4* 

10 

1.313° 

9.99,1 

93  '5 

93  25 

.66  35 

166  35 

,69  57 

350     3 

35°  47 

11 

1.1922 

9.9892 

2613 

93  46 

93  46 

.65  .4 

165  14 

,6S  55 

349    4 

349  5' 

12 

18  so 

94    S 

163  52 

163  52 

167  54 

348     6 

348  56 

13 

o;932i 

31    >7 

94  3' 

94  31 

162  19 

,66  51 

347     8 

348     ■ 

14 

0.8898 

9.9823 

33  46 

94  53 

94  53 

161     7 

,65  48 

346  " 

347     6 

15 

0.804; 

9.9796 

36  '5 

95  17 

95  '7 

159  43 

'59  43 

,6444 

345  '4 

346  1, 

18 

0.7254 

9.9767 

38  46 

95  40 

95  40 

i;8  .0 

,58  20 

.634" 

344  '7 

345  16 

17 

0.65,8 

9.9736 

96     s 

96     5 

■5655 

'56  55 

■  62  3+ 

343   ^' 

344  *■ 

18 

0.5830 

9.9701 

43  SI 

96  30 

96  30 

155  30 

15;  30 

161    27 

342  17 

343  17 

19 

0.5,85 

9-9667 

46  16 

96  s6 

96  56 

"54    4 

'54    4 

>6o  ,9 

34'    31 

342  3* 

90 

0.458, 

9.9629 

49    2 

97  n 

97  »3 

■S'-  37 

'5^  37 

'59     9 

340  38 

341   37 

0.4013 

9.9588 

5,  4' 

97  5° 

97  SO 

.5.   10 

,51   10 

■57  58 

339  45 

340  43 

23 

0.3+79 

9-9545 

54  " 

9S  ,9 

98  -9 

149  41 

i;6  45 

338  S3 

339  49 

38 

0.2976 

9.9499 

57     S 

98  49 

98  49 

148   II 

,48   ,, 

155  29 

338     0 

3  38  54 

24 

0.1501 

9-9451 

59  51 

99  20 

99  10 

146  40 

,46  40 

'54  " 

337     9 

338    0 

25 

0.2053 

9.9400 

61  40 

99  53 

99  53 

145     7 

145     7 

'5^  5° 

336   '9 

337      6 

26 

o.,63. 

9-934S 

6s  33 

,00  sS 

iOO    28 

'43  32 

'43  31 

151  15 

335  =8 

336  13 

27 

9,9287 

68   30 

101     5 

.0,      5 

,4,  55 

,4,   S5 

'49  56 

334  38 

335  '9 

28 

0,0857 

9.9126 

71   33 

,01  45 

loi  45 

140  15 

,40  IS 

.48  22 

333  49 

334  as 

20 

0.0503 

9.9.61 

74  41 

102  17 

,02  37 

,38  33 

'38  33 

146  42 

333      " 

333  3^ 

80 

0.0,70 

9.909^ 

77   5a 

,o]  13 

103  13 

13646 

13646 

'44  55 

331  'a 

33*  39 

SI 

9-9857 

9.9019 

104    4 

134  56 

134  56 

142  59 

33'  34 

33'  46 

82 

9-9565 

9.S940 

,05     1 

,05     , 

■3^  59 

'3'  59 

140  SI 

33°  37 

330  54 

33 

9.9291 

9.S856 

88   54 

106     6 

106     6 

13°  54 

130  54 

,38  27 

319  49 

330     1 

34 

9-9040 

9.S765 

93  I" 

107  22 

107  22 

,28  38 

118  38 

'35  39 

319     1 

329  10 

S5 

9.88og 

9-B665 

98     7 

loS  58 

,oa  ss 

126    2 

126     1 

,32   ,3 

318   H 

318   ,9 

36 

9.8  600 

9.8555 

104  10 

,11  ,3 

,22  47 

112  47 

127  29 

327  17 

-3fi  52.2 

9.S443 

9.8443 

,16  34 

1,6  34 

"634 

116  34 

,.6  34 

„6   34 

32645 

3^6  45 

This  table  exliibits  tho  limits  of  the  roots  of  the  equation 
sia  (/  —  C)==  mo  sin*  z', 
'lien  there  arc  four  real  roots.     The  quantities  m,  and  TOz  are  the  limiting 


values  of  m„,  and  the  values  of  z,',  %',  z,',  and  .^ ,  ^■.... 
these,  give  the  limit?  of  the  four  real  roots  of  the  equat; 


ng  to  each  of 
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'(      ' 

logffla 

.'      I      ^.' 

-     ~      \ 

m. 

m 

™i 

m. 

w. 

mi 

™> 

™= 

+  00 

„ 

^ 

90  0 

90  0 

I  So  '0 

lS°o  '0 

180  '0 

1     4 

2976 

9,9999 

8940 

89  40 

177  37 

i8o  55 

181  0 

a   3 

3950 

9.9996 

1  40 

175  14 

182  0 

3     ^ 

3675 

9.999! 

4  0 

4  0 

89  ^0 

89   0 

172  51 

!82  46 

4     a 

4938 

9.9986 

4  0 

5  ao 

8840 

170  28 

■  83  41 

184  oj 

5       2 

2044. 

9.997  s 

S  ° 

6  41 

6  41 

88  19 

83  19 

.68  5 

18437 

.8;  0 

fl     I 

96S6 

9.996a 

87  59 

87  59 

.6;  4. 

185  31 

186  0 

7    I 

7693 

9-9957 

7   1 

9  ii 

9  23 

87  38 

87  38 

■  63  .8 

186  28 

8 

59S. 

9-9943 

10  41 

87  18 

87  JS 

160  53 

187 13 

"87  591 

9    I 

4473 

9.9913 

9  1 

11  3 

11   3 

86  57 

86  57 

158  28 

I8S  18 

188  58 

10    I 

3130 

9.991 1 

10  3 

13  15 

13  15 

86  35 

86  35 

■56  3 

189  13 

189  57 

11 

9.9891 

11  5 

14  46 

14  46 

86  14 

86  14 

153  37 

J90  8 

190  56 

12    1 

0S54 

9.9871 

11  6 

16  8 

8s  ;i 

85  5= 

191  4 

"9"  54 

13 

9S2> 

9.984s 

13  9 

17  31 

17  31 

85  19 

85  19 

148  43 

"9>  59 

191  52 

li     o 

8898 

9.9813 

.46  14 

'9^   54 

'93  49 

15 

S04; 

9.9796 

i;  .6 

10  17 

10  17 

84  43 

8443 

'43  45 

"93  49 

194.  46 

l!i 

7354 

9.9767 

11  40 

11  40 

8420 

84  20 

141  J4 

"94  44 

'95  43 

17     0 

6518 

9.9736 

17  16 

13  5 

13  5 

83  55 

83  55 

■38  4^ 

"95  39 

196  39 

18 

5830 

9.9701 

18  33 

14  3° 

H  30 

83  30 

83  3= 

.36  9 

196  33 

197  33 

19     0 

5.3s 

9.9667 

.9  41 

15  56 

IS  56 

83  4 

"33  34 

197  iB 

.98  28 

20 

458. 

9.9619 

so  51 

17  13 

17  13 

81  37 

3i  37 

130  58 

.98  13' 

199  12 

21     0 

4013 

9.9588 

18  50 

81  10 

ii8  19 

199  >7 

200  15 

22 

5479 

9-9545 

13  .5 

30  19 

30  19 

81  41 

125  38 

23    0 

1976 

9-9499 

Z4  31 

31  49 

3'  49 

81  ir 

"11  55 

24 

1501 

9-945  J 

IS  49 

33  10 

33  10 

80  40 

80  40 

110  9 

aoi  0 

101  51 

25 

1053 

9.9400 

17  10 

34  53 

34  53 

So  7 

80  7 

117  10 

101  54 

203  41 

26    0 

163. 

9-934S 

z8  35 

36  18 

36  18 

79  32 

79  31 

114  17 

103  47 

204  31 

27 

II3Z 

9.91B7 

30  4 

38  5 

38  5 

78  55 

78  55 

III  30 

104  41 

205  21 

28    0 

0857 

9.9116 

3'  38 

39  45 

39  45 

78  -5 

78  .5 

.08  17 

los  35 

29    0 

oS°3 

9.91 61 

33  '8 

41  17 

41  17 

77  33 

77  33 

105  19 

106  28 

106  59 

30 

0170 

9.9091 

35  5 

43  13 

43  13 

7647 

7647 

101  3 

207  31 

107  48 

31     9 

9857 

9.9019 

37  1 

45  4 

45  4 

7S  56 

75  56 

98  37 

108  36 

82    9 

9565 

9.894= 

39  9 

47  I 

74  59 

74  59 

95  ° 

209  q6 

109  23 

33    9 

9192 

9.88.56 

41  33 

49  6 

%     6 

73  54 

73  54 

91  6 

209  58 

34    9 

9040 

9.S765 

51  11 

51  12 

72  38 

86  49 

210  50 

2,0  58 

85    9 

S808 

9,8665 

47  47 

53  SS 

S3  58 

71  1 

71  2 

81  53 

III  41 

2„  46 

86    9 

8600 

9-8555 

5^  3' 

57  '3 

68  47 

68  47 

75  ¥> 

112  32 

111  33 

-l-Se  52.2  9 

8443 

9-8443 

63  16 

63  a6 

63  z6 

63  16 

63  16 

63  26 

113  "5 

i'3  15 

This  table  exhibits  the  limits  of  the  roots  of  the  equation 

sin  (/  —  :)  =  ??Jo  sin' s', 

wlien  there  are  four  real  roots.  The  quantities  ti^  and  m^  are  the  limiting 
values  of  mo,  and  the  values  of  z/,  %',  a,',  and  z/,  corresponding  to  each  of 
these,  give  the  limits  of  the  four  real  roots  of  the  equation. 
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TABLE  Xni. 

For  fimiiiig  the  KiLLin  of  the  Sector  to  the  Tri; 


S3 


o  8672 
0  9634 


j;  2569 

'S  3515 

=S  446' 


.007  6133 
,007  7071 
.007  8009 


7»S7 

S785 

o  9712 

0039 


3  1871 
3  =791 
3  37'° 
3  4629 
3  SS47 
3  6465 
3  7383 
3  8301 
3  911S 


5  6589 
5  7500 
5   8411 
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TABLE  Xni. 

)r  finding  the  Katio  of  the  Sei;toc  to  tlie  THangk'. 


.18  ml 

D18  469S 

318  560c 

aig  6501 


■Xlll 


I  0736 

I  1630 

[  1513 

1  3416 


I  7876 

I  S768 

1  9^59 

2  0549 


11  499S 
11  5S87 
11  6776 


014  3606 
4489 


S!  '543 
15  2413 

IS   3  3°3 

.5  4.83 

'5  5063 

i;  594! 

15  68ij 

.025  7700 

.025  8579 

"-  9457 

0535 


"  ■(>  5597 
,026  6473 
026  7345 


.017  8708 
>.oi7  95SQ 


8  3065 

S  3936 

S  4S06 

.02S  5676 

.028  654.6 

tS  7415 

iS  S2S4 


>,029  2626 

■"^9  3494 

19  4361 


.39  8653 

129  9559 

130  0424 


.031  1511 

.031  3373 

1.031  4134 

•031  5°95 

■031  5956 

.031  6S16 

.031  7676 


?i  itti 
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TABLE  Xni. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


■0377 
.037S 


.0596 
-°397 
.0398 


.31  7976 
,32  8S33 
>3i  96S9 
>3  3  054^ 


>33  73=5 
)J3  8139 
>J3  9091 
>33  9946 
>34  0799 
.034  1 65 1 
.034  2504 
.□34  3356 
.03+  4208 
,034  5059 
,034  591  ( 
,034  6762 
-34  7613 

34  8464 
,034  9314 
.03s  0164 


.03  s  8651 
\  9499 
6  0346 


.043  6376 
4607 

.  0997 
.046  9157 
'47  7=94 
148  5407 
'49  3496 
'5°  15^3 
,50  9E07 
.05:  7618 


061 

" 

063 

064 

06^ 

' 

069 

v,° 

° 

°73 
074 

Si 

til 

079 

080 

0 

081 

til 

tli 

0R7 

° 

090 

0 

091 

°93 
094 

09s 

=97 
09S 
099 

J°° 

° 

103 

t"8 

109 

\]° 

° 

114 

° 

119 

„ 

4  1556 

4  94S8 
S-  7397 
6  s^Ss 


]Ti 

" 

1^3 
124 

i 

"7 

°'i 

1x9 
130 

ol 

'31 
133 
'34 

136 

139 

140 

J4I 
142 

'43 

°'.\ 

149 

150 

0.1 

152 
'53 
'54 

0.1 

159 

160 

°:\ 

in 

\ti 

°'.'i 

,6, 

"jl 

'74 

"'? 

0,1 

177 
178 
179 

r8o 

6796 

67!= 
676s 

6749 


1  3x37 

.106  986; 

.107  6478 
.108  3076 


64S3 

6455 
6440 
6427 
6413 


6372 

6358 
634s 

6304 
6192 


■'34  7773 
■135  3804 


603S 
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TABLE  XIII. 

For  finding  tte  Ratio  of  the  Sector  to  llie  Triangle. 


1.135  3S04 

.135  9Si5 

.13^  5821 

.137  iSii 

->37  7789 
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TABLE  Xni. 

For  fiiiding  tLe  Eaiio  of  the  Secior  ti 
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TABLE  XIII, 

For  finding  llie  Ratio  of  (lie  Sector  (o  She  Triimglc. 
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TABLE  XIY. 

For  finding  the  Katio  of  the  Sector  to  the  Triangle. 
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TABLE  XI?> 

■iiiding  (he  Eatio  of  the.  Hector  U 
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8^ 

141 
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001  2560 
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000  4136 
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000  4773 

ii? 

000  4.306 
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000  4991 

JSB 

001  5^95 
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TABLE  XIV. 

For  finding  the  Ratio  of  thu  Setlor  to  the  Trianslc. 
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003   H19 

.003  1427 
0.003  1736 
003  1047 
003  1359 
.003  1674 


■°°i  394-9 
003  4272 
003  4597 


3  S9'A 

0.003  ^5^4- 

.003  6921 

.003  7601 

.003  7944 

003  8289 


°:'4i 


8635 

oo; 

003 

00-59 

004 

004  3305 

004  3677 
004  4051 
004  4427 
004  4804 
004  51 84 

004  5566 
004  5949 

■™5 

1517 
19 10 

oo.s 

1'7« 

00s 

3598 

35  5298 

=S   |7^8 

=5   6594- 

.00;   7468 


OOJ 

S3«7 

003 
003 

003 
003 

3618 
3871 
4114 

4603 

003 
003 

4848 
5094 

003 
003 

i& 

003 
003 
003 
Q03 
003 

ii 

6839 
7091 

003 

7344 

.003 
003 
003 

8363 

003 
003 
003 

8620 
8877 
9'3S 

003 

965! 

003  9914 

004  0175 
004  0437 
004  0700 
0D4  0963 

.oo< 

1491 

BiBd  by  Google 


TABLE  XV. 

For  Ellipde  Orbits  of  great  oe 
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TABLE  XVI. 

For  Hyperbolic  Orbits 
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TABLE  XVII. 

For  special  Pectui'batioiis. 
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TABLE  XVII, 

For  special  Perturbations, 
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0977 

481 

Z089 

6540 

48q 

,6„ 

49° 

^995 
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TABLE  XVII. 

Fot  special  Perturbations. 
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TABLE  XVII. 

For  special  Perturbations. 


og/'.  log/"      Diff- 
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TABLE  XVn, 

''or  special  Pei'tuvbations. 
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TABIE  Wm. 

Elements  of  the  Orbits  of  Coineis  ivhitli  have  been  observed. 
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TABLE  XVm. 

Eletnevits  of  the  Orbits  of  Comets  wliicli  have  been  observed. 
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TABLE  xyin, 

Elements  of  the  Orbits  of  Comets  lyliifeh  have  heen  ohsei-vei!. 


liSJll    istl  J   Ib.I -gl'.f  s|sl|  igl3»s  I     s 


i||)  |1|  I  111! 

•  ^  1  =  "-  I  III  IJsl- 


^fet^tSHa  ^i-^d^^H  ^as^Ut  i^-<o<^  "if^^'i^  tg^i-jKK  i4'^<ii^>? 


stsd  by  Google 


TABLE  XVIIl, 

EiementH  of  tlie  Orbits  of  Cometa  wMoli  have  been  observed. 


■J        -I  ■■    ■'    ^li 

is  ss    tSsIa  Ss 


iiiillmilliiii 


'I  "-ill  lll'l  S' 


I,?  Is 


-«3.3:"   iS^S  m  g-S^Jfl 


-j«g;3"$  g:83,s.S  g-^S"'" 


"$  ^^"S2  "S,?" 


^ei'^^4  ■M^A'^'z  (5-^>?-^a  ^&^S^  '^^^S^  ^r^^a<^  ^S^S^ 


stsd  by  Google 


TABLE  X?III, 

Elemente  of  fhe  Orbits  of  Comets  ivhich  liave  been  observed. 
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TABLE  SVIII, 

Elcmetiis  of  the  Orbits  of  CondF;  which  have  been  observed. 
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TABLE  XVIII. 

Elements  of  the  Orbits  of  Cornels  which  liavc  been  observed. 
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TABLE  SVIII, 

Elemenls  of  the  Orbits  of  Comets  \yhich  have  beiin  observed. 
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TABLE  XIX. 

Elements  of  the  Orbits  of  the  Minor  Planets. 
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TABLE  XIX, 

ElementB  of  tho  Orbits  of  tho  Minor  Pkr 
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TABLE  XXI,    Constants,  &c. 

Base  of  Naperkn  Ic^arithms g  =  2.71828183  0.43429448 

Modulus  of  the  common  logaritlims         .        .        .       \  =  0.43429448  9.63778431  —  10 

Radius  of  a  Circle  in  seconds i- =  206264.806  5.31442513 

H         "        "       "  rainuteg i-  =  3437.7468  3.53627388 

«        II        '•       'f  degrees r  =  57.29578  1.75812263 

Circumference  of  a  Circle  in  seconds       ....       1296000  6.11260500 

"  "       "      iviieii  T  =  \.       .       .       .  ir  =  3,1415926-5  0.49714987 

Sine  of  1  second 0.000004848137    4.68557487 

Equatorial  horizontal  parallax  of  the  Run,  according  to 

Encke 8".57]16  0.9330396 

Length  of  the  sidereal  year,  according  to  Hansen  and 

Olufaen  .........        365.2563582  days    2.56259778 

Length  of  the  tropical  year,  according  to  Hansen  and 

Olufeett 365.2422008    "       2.56358095 

This  value  of  the  length  of  the  tropical  year  ia  for   1850.0.      The   annual  variation   is 
—  O.'W)0O000e24. 

Time  occupied  by  the  passage  of  light  ovev  a  distance 

equal  to  the  nieau  distance  of  the  eitrtJi  from  the 

sun,  according  to  Struve 497 ,'827  2.6970785 

Attractive  force  of  the  sun,  according  to  Gauss         .  k  =  0.017202099  8.23558144  ~  10 

condsofarc  .       .       .   , 3548.18761         3.55000657 

Constant  of  Aberration,  according  to  Struve      , 20".4451 

«         ti  Nuta,tion,  ii  «  Peters 9".2231 

Mean  OWic[uity  of  tlio  ecliptic  for  1750  -|-  i, 

according  to  Bessel        ....        23°28' 18".0O  — 0".48368(  — 0".00000272295l' 
Mean  Oblii[uity  of  the  ecliptic  for  1800  +  *, 

according  to  Struve  and  Peters      .        .        23°27' 54".22  — 0".4738(   —  0".0000014f 

General  Precession  for  the  year  1750  +  t,  according  to  Bessel  50" .21129  4 

H  »         «  Ii  I'         «   Struve  60".22980  +  0".( 
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EXPLANATIOH  OF  THE  TABLES. 


Table  I.  contains  tlie  values  of  the  angle  of  the  vertical  and  of  the 
logarithm  of  the  eartli'a  radius,  with  the  geographical  latitude  as  the 
argument.  The  adopted  elements  are  those  derived  by  Bessel,  De- 
noting by  p  the  radius  of  the  earth,  by  f  the  geogi'apliieal  latitude, 
and  by  f'  the  geocentric  latitude,  we  have 

f'  =  f  —  11'  Sr.eS  sin  2?'  +  1".16  sin  i<fi  ~  &c., 

log  p  =.  9.9992747  +  0.0007271  cos  2^  —  0.0000018  cos  i-p  +  &c., 

p  being  expressed  in  parts  of  the  equatorial  radius  as  the  unit.  These 
quantities  are  required  in  the  determination  of  the  parallax  of  a 
heavenly  body.  The  formulfe  for  the  parallax  in  right  ascension  and 
in  declination  are  given  in  Art.  61. 

Table  II.  gives  the  intervals  of  sidereal  time  corresponding  to 
given  intervals  of  mean  time.  It  is  required  for  tlie  conversion  of 
mean  solar  into  sidereal  time. 

Table  III.  gives  the  intervals  of  meau  time  corresponding  to 
given  intervals  of  sidereal  time.  It  is  required  for  the  conversion 
of  sidereal  into  mean  solar  time. 

Table  IV,  furnishes  the  numbera  required  in  converting  hours, 
minutes,  and  seconds  into  decimals  of  a  day.  Thus,  to  convert 
ISA  19m  43,5s  into  the  decimal  of  a  day,  wo  find  from  the  Table 

13ft  =0.5416667 
19w  =0.0131944 
43s  =  0.0004977 
0.6s  =  0.0000058 
Therefore  13/(  19ffl  43.58  =  0.5553646 
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652  THEORETICAL   ASTRONOMY. 

The  decimal  corresponding  to  0,5s  is  found  from  that  for  5s  by 
changing  the  place  of  the  decimal  point. 

Table  V.  serves  to  find,  for  any  instant,  the  number  of  days  from 
the  beginning  of  the  year.  Thus,  for  1863  Sept.  X4, 15/i  53m  37.2s, 
we  have 

Sept  0.0  =  243.00000  days  fi-om  the  heginning  of  the  year. 
Ud  15h  53m  37.2s  ==   14.66224 
Eequired  number  of  days  —  257.66224 

Table  VI.  contains  the  values  of  M=  75  tan  ^v  +  25  tan^  Ju  for 
values  of  v  at  intervals  of  one  minute  from  0°  to  180°.  For  an  ex- 
planation of  its  construction  and  use,  see  Articles  22,  27,  29,  41, 
and  72. 

In  the  case  of  parabolic  motion  the  formulae  are 

m  =  -%,  Jf=mC(  — T), 

■wherein  log  C„=:  9.9601277.  From  these,  by  means  of  the  Table,  v 
may  be  found  when  ( —  2"  is  given,  or  f  —  T  when  v  is  known.  From 
v^30°  to  i!^=180°  the  Table  contains  the  values  of  log  M. 

Table  "VH-,  the  construction  of  which  is  explained  in  Art.  23, 
serves  to  determine,  in  the  ease  of  parabolic  motion,  the  true  anomaly 
or  the  time  from  the  perihelion  when  v  approaches  near  to  180°. 
The  forraulre  are 

w  being  taken  in  the  second  quadrant.  The  Table  gives  the  values 
of  Ay  with  to  as  the  argument.  As  an  example,  let  it  be  required  to 
find  the  true  anomaly  corresponding  to  the  values  t  —  2"^=  22,5  days 
and  log  5^7,902720,     From  these  we  derive 

log  1/=  4.4582302. 

Table  VI.  gives  for  this  value  of  log  M,  taking  into  account  the 
second  differences, 

i;=168°50'32".49; 

but,  using  Table  VII.,  we  have 

w  =  168"  59'  29".ll,  A.  =  3".37, 
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=  w  +  A„  =  168"  59'  32".48, 
completely. 


Table  "VIII.  serves  to  find  the  time  from  the  perihelion  in  the 
case  of  parabolic  motion.  For  an  exjilauation  of  its  eoustruetioo 
and  use,  see  Articles  24,  69,  and  72. 

Table  IX.  is  used  in  the  determination  of  the  true  anomaly  or 
the  time  from  the  perihelion  in  the  case  of  orbits  of  great  eccen- 
tricity. Its  construction  is  fully  explained  in  Art.  28,  and  its  use  in 
Art-  41. 

Tabi.e  X.  serves  to  find  the  valne  of  «  or  of  i  — jT  in  tlie  case  of 
elliptic  or  liyperholic  orbits,  The  construction  of  this  Table  is  ex- 
plained in  Art.  29.  The  first  part  gives  the  values  of  log  B  and 
log  C,  with  A  as  the  argument,  for  the  ellipse  and  the  hyperbola, 
Id  the  case  of  log  C  there  are  given  also  log  T.  Diff.  and  log  iialf  II. 
Diff.,  expressed  in  units  of  the  seventh  decimal  place,  by  means  of 
which  the  interpolation  is  facilitated.  Thus,  if  we  denote  by  log  (C) 
the  value  which  the  Table  gives  directly  for  the  ai^ument  next  less 
than  the  given  value  of  A,  and  by  4^  the  difference  between  this 
ai^ument  and  the  given  value  of  A,  expressed  in  units  of  the  second 
decimal  place,  we  have,  for  the  reqnii-ed  valne, 

IogC=log(C)  + A^  Xl-MfK  +  A^^X  half  II,  Diff. 

For  example,  let  it  be  required  to  find  the  value  of  log  0  correspond- 
ing to  A ^=: 0.02497944,  and  the  process  will  be: — 

(1)  (2) 

Ai^.  0,02,  log{C)  =  QMU986      logl, Diff.  =  4,2453-5  loghaifILDi£f:  =  3.773 

(1)=  8770.6   logA^     =9.69713  21og4^  ^9-S94 

A^  =0.497944,         (2)  =  I4,S  3.94303  1.172 

log  0=- 0.0043771 

The  second  part  of  the  Table  gives  the  values  of  ^  corresponding 
to  given  values  of  r. 

Table  XI.  serves  to  determine  the  chord  of  the  orbit  when  the 
extreme  radii-vectores  and  the  time  of  describing  the  parabolic  arc 
are  given.  For  an  explanation  of  the  construction  and  use  of  this 
Table,  see  Articles  68,  72,  and  117. 
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Table  XII,  exliibits  the  limits  of  the  real  roots  of  tlie  equation 

The  construetion  and.  use  of  this  tabic  arc  fully  explained  in  Articles 
84  and  93. 

Tables  XIII.  and  XIV.  are  used  in  finding  the  ratio  of  the 
sector  included  by  two  radii-vectores  to  the  triangle  iueluded  by  the 
same  radii- vectores  and  the  chord  joining  their  extremities.  For  an 
explanation  of  the  construction  and  use  of  these  Tables,  see  Articles 
88,  89,  93,  and  101. 

Table  XV.  is  used  iii  the  detern^in  t    n    f  tl  hord  of  the  part 

of  the  orbit  described  in  a  given  tim     n  ti     c  f  very  eccentric 

elliptic  motion,  and  in  the  determin  t   n    1  tl  nterval  of  time 

whenever  the  chord  is  known.     For  an      [  I  nat  of  its  construc- 
tion and  use,  see  Articles  116,  117,  and  11*^ 

Table  XVI.  is  used  in  finding  the  chord  or  the  interval  of  time 
in  the  case  of  hyperbolic  motion.  See  Articles  118  and  119  for  an 
explanation  of  the  use  of  the  Ta.ble,  and  also  the  explanation  of 
Table  X.  for  an  illustration  of  the  use  of  the  columns  headed  log  I. 
Diff.  andloghalflLDiff. 

Table  XVII.  is  used  in  the  computation  of  special  perturbations 
when  the  terms  depending  on  the  squares  and  higher  powers  of  the 
masses  are  taken  into  account.  For  an  explanation  of  its  construc- 
tion and  use,  see  Articles  157,  165,  166,  170,  and  171. 

Table  XVIII.  contains  the  elements  of  the  orbits  of  tiie  comets 
which  have  been  observed.  These  elements  are:  T,  the  time  of  peri- 
helion passage  (mean  time  at  Greenwich);  ti,  tlie  longitude  of  the 
perihelion;  S2,  the  longitude  of  the  ascending  node;  i,  the  inclina- 
tion of  the  orbit  to  the  plane  of  the  ecliptic;  e,  the  eccentricity  of  the 
orbit;  and  q,  the  perihelion  distance.  The  longitudes  for  Noa.  1,  2, 
12,  16,  91,  92,  115,  127,  138,  155, 156, 159, 160, 162,  171, 173-175. 
180,  181,  185,  191,  192,  195-199,  201,  203,  204,  207,  208,  212-215, 
217-219,  221-228,  230,  233,  234,  237-248,  251-258,  261-267, 
269—275,  277-279,  are  in  each  case  measured  from  the  mean  equinox 
of  the  beginning  of  the  year.  In  the  case  of  Nos.  134,  146,  172, 
182,  189,  190,  205,  231,  232,  236,  259,  and  268,  the  longitudes  are 
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Hieasuretl  from  the  mean  equinox  of  the  beginning  of  the  next  year. 
The  longitudes  for  Nos.  19-  and  27  are  measured  from  the  mean 
equinox  of  1850.0;  for  No,  186,  from  the  mean  equinox  of  July  3; 
for  No.  187,  from  the  mean  equinox  of  Nov.  9;  for  No.  200,  from 
the  mean  equinox  of  July  1 ;  for  No.  202,  from  the  mean  equinox 
ofOct.l;  for  No.  206,  from  the  mean  equinox  of  Oct.  7;  for  No.  211, 
from  the  mean  equinox  of  1848.0;  for  No.  216,  from  the  mean  equi- 
nox of  Feb.  20 ;  for  No.  229,  from  the  mean  equinox  of  April  1 ;  for 
No.  250,  from  the  mean  equinox  of  Oct.  1;  and  for  No.  276,  from 
the  mean  equinox  of  1865  Oct.  4.0. 

Nos.  1,  2,  11,  12, 20,  23,  29, 41,  53,  80,  and  177  give  the  elements 
for  the  successive  appearances  of  Bailey's  comet;  Nos.  104, 116, 126, 
143,  149,  157,  167, 170,  176,  178,  183,  194,  210,  220,  235,  249,  and 
260,  those  for  Encke's  comet,  the  longitudes  being  measured  from  the 
mean  equinox  for  the  instant  of  the  perihelion  passage.  Nos.  92, 
127,  159,  172,  196,  and  222  give  the  elements  for  the  sueeesaive  ap- 
pearances of  Biela's  comet;  Nos.  187,  216,  250,  and  276,  those  for 
Faye's  comet;  Nos.  197  and  238,  those  for  Brorsen's  comet;  Nos. 
217  and  243,  those  for  IVAiTCst's  comet;  and  Nos.  145  and  245, 
those  for  Winnecke's  comet.  For  epochs  previous  to  1583  the  dates 
are  given  according  to  the  old  style. 

This  Table  is  useful  for  identifying  a  comet  which  may  appear 
with  one  previously  observed,  by  means  of  a  similarity  of  the  ele- 
ments, its  periodic  character  being  otherwise  unknown  or  at  least  un- 
certain. The  elements  given  are  those  which  appear  to  represent  the 
observations  most  completely.  For  a  collection  of  elements  by  vari- 
ous computers,  and  also  for  information  in  regard  to  the  observations 
made  and  in  regard  to  the  place  and  manner  of  their  publication, 
consult  Carl's  Reperiorium  der  Gomden-Astronomie  (Munich,  1864), 
or  Galle's  Cometen-Verxdehniss  appended  to  the  latest  edition  of 
Olbere's  MeHwde  die  £akn  eines  Oomden  zu  berecknen. 

Table  XIX.  contains  the  elements  of  the  orbits  of  the  minor 
planets,  derived  chiefly  from  the  Berliner  Asironomisches  Jahrbudi 
fur- 1868.  The  epoch  is  given  in  Berlin  mean  time;  Jf  denotes  the 
mean  anomaly,  (p  the  angle  of  eccentricity,  /( the  mean  daily  motion, 
and  a  the  semi-transverse  axis.  The  elements  of  Vesta,  Iris,  Flora, 
Metis,  Victoria,  Eunoraia,  Melpomene,  Lutetia,  Prosei'pina,  and 
Pomona  are  mean  elements;  the  others  are  osculating  for  the  epoch. 
The  date  of  the  discovery  of  the  planet,  and  the  name  of  the  dis- 
coverer, are  also  added. 
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Table  XX.  contains  the  mean  elements  of  the  orbits  of  the 
major  planets,  together  with  the  amount  of  their  variations  during  a 
period  of  one  hundred  years.  The  ejMJch  is  expressed  in  Greenwich 
mean  time,  and  L  denotes  the  mean  longitude  of  the  planet. 

Table  XXI.  gives  the  values  of  the  masses  of  the  major  planets, 
and  also  various  constants  which  are  used  in  astronomical  calcula- 
tions. 
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A.  Precession. — If  we  adopt  the  values  foi'  the  precession  and  for 
the  variation  of  the  position  of  the  plane  of  the  ecliptic  given  in 
Art.  40,  and  put 

M^  171°  36'  10"  +  39".79  (i  - 1750), 

the  formulae  for  the  annual  precession  in  longitude  (A)  and  latitude 
ifi)  become,  for  the  instant  t, 


+  (0".4889  —  0".OOOOOG14  (i  —  1750))  cos  (A  —  M)  tan  A        (1) 
-^  =  —  (0".48S9  —  0".00000614  (i  —  1750))  sin  {I  ~  M). 

If  we  denote  the  planetary  precession  by  a,  the  luni-solar  preces- 
sion by/,,  and  the  obliquity  of  the  fixed  ecliptic,  at  the  time  1750  + r, 
by  e^,  we  have,  according  to  Bessel, 

-^  =  0".17926  —  O".O005320786  r, 
at 

dl, 


=  23°  28'  18".0  +  O".0000098423  r-, 


and  if  WG  put 


the  formula)  for  the  annual  precession  in  right   ascension  (o)  and 
declination  [S)  become 
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E.  Nwrnmcal  OaladaUons. — ^The  extended  niimerieal  calculations 
required  in  many  of  the  problems  of  Theoretical  Astronomy,  render 
it  important  that  a  judicious  arrangement  of  the  details  should  be 
effected.  The  beginner  mil  not,  in  general,  be  able  to  effect  such 
an  arrangement  at  the  outset ;  and  it  would  only  confuse  to  attempt 
to  give  any  specific  directions.  Familiarity  with  the  formulae  to  be 
applied,  and  practice  in  the  performance  of  calculations  of  this 
character,  will  speedily  suggest  those  various  devices  of  arrangement 
by  -which  skillful  computers  expedite  the  mechanical  part  of  the 
solution.  There  are,  however,  a  few  general  suggestions  which  may 
be  of  service.  Thus,  it  will  always  facilitate  the  calculation,  when 
several  values  of  a  variable  are  to  be  computed,  to  arrange  it  so  that 
the  values  of  each  function  involved  shall  appear  in  the  same  verti- 
cal or  horizontal  column.  The  course  of  the  differences  will  then 
indicate  the  existence  of  eiTors  which  might  not  otherwise  be  dis- 
covered until  the  greater  part  if  not  the  entire  calculation  hm  been 
completed ;  and,  besides,  by  carrying  along  the  several  parts  simulta- 
neously the  use  of  tlie  logarithmic  and  other  tables  will  be  facilifeited. 
Numbers  which  are  to  be  frequently  used  may  be  written  on  slips  of 
paper  and  applied  wherever  they  may  be  required ;  and  by  performing 
tlie  addition  or  subtraction  of  two  logarithms  or  of  two  numbers  from 
left  to  right  (which  will  be  effected  easily  and  certainly  after  a  little 
practice),  the  sum  or  difference  to  be  used  as  the  argument  in  the 
tables  may  be  retained  in  the  memory,  and  thus  the  required  number 
or  arc  may  be  written  do^vn  directly.  The  number  of  tlie  decimal 
figures  of  the  logaritlims  to  be  used  will  depend  on  the  cliaracter  of 
the  data  as  well  as  on  the  accuracy  sought  to  be  obtained,  and  the  use 
of  approximate  formulae  will  be  governed  by  the  same  considerations. 
Wlienever  the  formulee  furnish  eheelts  or  tests  of  the  accuracy  of  the 
numerical  process,  they  should  be  applied;  and  whenever  these  are 
not  provided,  the  use  of  differences  for  the  same  purpose  should  not 
be  overlooked.  By  propei'  attention  to  these  suggestions,  much  time 
and  labor  will  be  saved.  The  agreement  of  the  several  proofe  will 
beget  confidence,  relieve  the  mind  from  much  anxiety,  and  thus 
greatly  faeilitat«  the  progress  of  the  work. 


THE    END. 
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